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SUMMARY

Machine learning has been growing beyond data living on Euclidean spaces (e.g., texts,
audios, images). Graph machine learning models, e.g., graph neural networks (GNNs),
succeed in learning from graph-structured data using the graph topological information.
In this thesis, we focus on a new domain, simplicial complexes. Not only are they a popular
higher-order network model that generalizes graph models encoding pairwise relations
between nodes, but they also allow us to support signals on various network objects (nodes,
edges, and faces). For example, edge flows defined on a simplicial complex can be studied in
terms of both divergent and rotational properties, providing a better model for real-world
flows like traffic flows, water flows, money flows, etc.

The main theme of the thesis is to develop principled machine learning models for signals on
simplicial complexes. By principled, we mean that the models leverage the intrinsic priors
of the domain and the signals, namely, the topological structure of simplicial compelxes
and the Hodge decomposition of simplicial signals. The latter states that, for example, edge
flows can be decomposed into a divergence-free part and a curl-free part, each modeling
the distinct properties of real-world flows — the conservation of flows (e.g., water flows)
and the rotational properties of flows (e.g., electric currents).

We start by defining a simplicial convolution operator. In analogy to the classical convolution
operator in Euclidean spaces, the simplicial convolution acts as a fundamental tool for signal
processing, and a building block for learning on simplicial complexes. Spatially, it performs a
shift-and-sum operation within the local simplicial neighborhoods. Spectrally, we show that
this operator regulates the different Hodge subspaces individually, allowing for a flexible
control on the different Hodge components of the signals. Inspired by convolutional neural
networks (CNNs) and GNNs, we then build neural network models on simplicial complexes
based on the convolution operator. These models allow us to perform reconstruction,
classification and regression tasks on simplicial signals, yet in a deterministic sense.

To enable probabilistic learning of simplicial signals, we later construct Gaussian processes
on simplicial complexes owing to its Gaussian nature. We achieve the separate model-
ing of different Hodge components by once again leveraging the Hodge decomposition.
Finally, we investigate the fundamental challenge of matching arbitrary distributions of
simplicial signals for generative learning on simplicial complexes. By generalizing the
classical Schrodinger bridge problem—a dynamic entropy-regularized optimal transport—to
simplicial complexes, we formulate the topological Schrédinger bridge problem with respect
to a topology-aware reference process (e.g., topological heat diffusion). The solution to this
problem allows us to build topological Schrodinger bridge models for generative learning
and matching of simplicial signals.

We have evaluated these models on networks involved with edge flows, such as road/water
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networks, collaboration networks, financial networks, brain networks and so on. Across
various tasks, we show the effectiveness of the proposed models and the importance of
leveraging both the topological structure and the Hodge decomposition of simplicial signals.
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SYMBOLS
SETS
« G:agraph
« SCg: a simplicial 2-complex (this is a set)

« V: a set of nodes/vertices

E: a set of edges

« F: aset of faces, or T: a set of triangular faces

« 1,2,..., Ng: nodes in V and Ny: the number of nodes

+ e1,€e2,...,en,: edges in £ and N1: the number of edges

e t1,t2,...,tN,: faces in F and Na: the number of faces

o 8:=U;,S*: aset of simplices for k =0,..., K

« Sk a set of k-simplices and Ny, := |S¥| the number of simplices
. S’f,sg, .. .,s’]i]k: simplices in S*

« N: aset of neighbors

SIGNALS
« x*: k-simplicial signals
e v=[v1,...,0n,] T € RN0: node signals
e £=[f1,...,fn,] T €RNI: edge flows
e t=1[t1,...,tn,] | € RM2: triangle flows

« X* € RNeXP: D-dimensional k-simplicial signals

OPERATORS

« ker(+): the kernel space of a matrix (linear operator).

« im(+): the image space of a matrix (linear operator).

I: identity matrix of appropriate size.

« By: the incidence matrix between (k — 1)- and k-simplices, a.k.a., the k-th boundary
operator. The transpose B,;r is the coboundary operator.

« Bj: the node-edge incidence matrix of size Ny x Nj.
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« Ba: the edge-triangle incidence matrix of size N1 x Na.

« Lj: the k-th Hodge Laplacian operator. Sometimes, we denote the 1-Hodge Laplacian
as L for brevity. Ly is the graph Laplacian.

+ Ly, 4 is the down (or lower) Laplacian and Ly, ,, is the up Laplacian.

« L, = UkAkU,I: the eigendecomposition of the k-th Hodge Laplacian. Uy =
[u1,...,upn,] T is the eigenvector matrix and Ay, = diag([A1,...,An,]) is the eigen-
value diagonal matrix, where (\;,u;) is the i-th eigenpair.

« Hj: the k-th simplicial convolutional filter. Hg: graph filters. Hy: edge filters,
sometimes, breviated as H.

« Subscripts 11, @, -c denote mathematical objects associated with the harmonic, gra-
dient and curl subspaces, respectively, given by the Hodge decomposition.






INTRODUCTION

In the past few years, we have witnessed a surge of interest in developing machine learning
models for various types of data. By various types, we mean that the data can be of different
nature. For example, audios, images, videos, etc., are often referred to as regular data, as
in data defined over regular domains, because they are often mathematically treated as
signals over a 1-dimensional (1D) time span, a 2-dimensional (2D) image grid, and so on,
and they are thus known as Euclidean data. In contrast, irregular data, or non-Euclidean
data, refers to the data defined over, or associated with, irregular domains, such as graphs,
groups, manifolds and other non-Euclidean domains. The success of machine learning
models to extract patterns from these data is then to exploit their local relationships and
the invariants of the underlying domain.

Among them, graphs are simple and general topological structures, composed of a set of
nodes and edges connecting the nodes that can be used to capture the local relationships
between data points. Note that 1D discretized timepoints and 2D image grids can be viewed
as special graphs, as shown in Fig. 1.1. The graph in Fig. 1.1c has seven nodes ({1,2,...,7})
and ten edges ({e1,...,e10}), where, e.g., €1 connects nodes 1 and 2. Graphs have been
used to model many real-world applications associated to networked systems where nodes
represent entities and edges represent relationships or interactions between these entities.
For instance, a social network can be modeled as a graph where users are represented
as nodes and their relationships are represented as edges; a sensor network is a graph
composed of sensors and their closeness as edges; and a molecule can be represented as
a graph where atoms are nodes and bonds are edges. This representation allows various
graph-based methods to process related graph data and perform downstream tasks such as
classifying malicious users in the social network, route planning in road networks, and
classifying molecules.

In these applications, the networked graph data often refers to data (or signals) associated
with the nodes of a graph, as shown in Fig. 1.1d. In a sensor network, the sensor measure-
ments at a timestamp may be modeled as a node signal. The node signal could also be
the user profiles in a social network, or the atom properties in a molecule. In addition to
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Figure 1.1: Discretized time span and image grid can be viewed as special graphs.

node signals, networked data can also be associated with the edges in a network. Such edge
data may represent dynamic processes with both magnitudes and orientations, such as
energy flows in power grids [Jia et al.,, 2019] or synaptic signals between neurons in brain
networks [Faskowitz et al., 2022]. In financial markets, currencies can be modeled as nodes
and exchange paths as edges, with exchange rates viewed as signals on the edges [Jiang
et al, 2011]. Thus, we also call them edge flows. Sometimes, we have both node data and
edge flows. Consider a water supply network, as shown in Fig. 1.2, where the nodes (tanks)
have the water pressure or head data, and the edges (pipes) support the water flow rates.

Head
Source _
4 ° .\._ \..0.: :I
l. - "I O-G:-u. l.
H RS SN s S
So ] ...l.l...l
oo 4 o 8 2 n uum
2 .'O ..l. :o
.. ..
l....
1 .

-20 -15 -1.0 -0.5 00 05 1.0

Figure 1.2: A water supply network with node data (water pressure/head) and edge data (water flow).

The recent development of machine learning for networked data revolves around the
node data. Graph neural networks are among the most outstanding methods for graph
machine learning. While there are many forms of graph neural networks, they are generally



developed from the most modest form of graph convolutional networks (GCNs) [Bruna et al.,
2013; Defferrard et al., 2016; Duvenaud et al., 2015; Kipf & Welling, 2017]. The fundamental
idea of GCNs is to generalize the convolution operation from regular Euclidean domains
to the graph domain. Essentially, the graph convolution is a local, learnable and linear
transformation. It aggregates data from the neighboring nodes of each node, weighted by
learnable parameters. This utilizes the topological structure encoded in the graph model to
learn the node representations such that GCNs serve as a general framework for various
graph-based tasks, such as node classification, link prediction, and graph classification.

The concept of convolution has long been fundamental in the field of classical signal
processing. Similarly, in graph signal processing [Shuman et al., 2013], graph convolution
based on the graph Laplacian has been better understood under the help of spectral graph
theory [Chung, 1997]. This generalizes the notion of frequency to the graph domain, i.e.,
graph frequency, and allows for the construction of signal processing tools like graph filters
[Sandryhaila & Moura, 2013; 2014]. Notably, the graph convolutions in the aforementioned
GCNss are closely related to the graph convolutional filters [Gama et al., 2020b; Isufi et al.,
2024]. In short, the graph convolutional filters are the building blocks of GCNs, and they
are the key to the success of GCNs in various graph-based tasks. Here, we refer readers to
the recent work of Isufi et al. [2024] which offers a comprehensive review of graph filters
for graph signal processing and graph machine learning.

In this thesis, we go beyond graphs and node signals. First, we focus on a more general
network model, namely, simplicial complexes. Simplices can be viewed as sets of vertices
along with a relational structure. A 0-simplex is a node, a 1-simplex is an edge, a 2-simplex
is a triangular face (triangle), and so on. To put it simply, a simplicial complex is a collection
of simplices, where each subset of the simplices is also included in the complex. Graphs,
also known as simplicial 1-complexes, are then a special case of simplicial complexes where
only 0-simplices (nodes) and 1-simplices (edges) are present. The connectivity between
nodes can be encoded in the graph adjacency matrix, indicating if two nodes are connected,
and the relationships between nodes and edges are stored in the node-edge incidence matrix,
showing which two nodes form the boundaries of an edge. A simplicial 2-complex is then
a generalization of a graph where 2-simplices (triangles) are also present. To represent
the richer topological structure, in addition to the graph representations, we also need
the higher-order (edge-triangle) incidence matrices, showing which three edges form the
boundaries of a triangle.

Secondly, instead of node signals, we focus on signals associated with the simplices of a
simplicial complex, namely, simplicial signals. Node signals and edge flows are then also
called 0- and 1-simplicial signals. To accommodate the directional information of simplicial
signals, e.g., edge flows, we may additionally assign an orientation to each simplex in the
complex, i.e., an ordering of the vertices. For an edge e = {4, j}, we choose the orientation
as e = [i,j] for ¢ < j. For a triangle t = {4, j, k}, we choose the orientation as t = [i, j, k]
for ¢ < j < k. This provides a reference for the signal directions on simplices with respect
to their chosen orientation — if the signal value is positive, it is then aligned with the
orientation; otherwise, it is against the orientation.

We refer to Fig. 1.3 for an oriented simplicial 2-complex and an edge flow. Compared to the
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(a) simplicial 2-complex. (b) edge flow.

Figure 1.3: An oriented simplicial 2-complex and an edge flow signal.

graph in Fig. 1.1c and the node signal in Fig. 1.1d, the simplicial 2-complex includes also
triangles (shaded in green) and the additional chosen orientations for edges (and triangles,
denoted by arrows) to indicate the directions of each edge flow signal. Out ultimate goal is
to exploit this more complex local and structual information between the signal elements
to enable machine learning tasks.

1.1 EARLY WORKS

By the beginning of this PhD project, the research on simplicial complexes and simplicial
signals was still in its infancy. Yet, a few works among others laid noteworthy foundations
to enable our research. Grady & Polimeni [2010]; Lim [2020]; Lovasz [2004] first introduced
the notions of gradient, divergence and curl operators on simplicial complexes, which are
closely related to the algebraic representations (specifically, the incidence matrices) of
topological structures in the simplicial complexes. These first-order discrete derivative
operators enable us to perform fundamental calculus on simplicial complexes and, more
importantly, make the celebrated Hodge decomposition theory applicable to simplicial
signals. When it comes to edge flows, this decouples the flow into divergence-free and
curl-free components — the former has the property that the flow is conserved at each
node, meaning that the total in-flow equals the total out-flow at each node; and the latter
has the property of being irrotational, namely, the flow does not circulate around any loop
(triangles). This decomposition plays an important role in real-world applications. For
example, in circuit networks, the electric current respects the Kirchhoff’s current law,
being divergence-free, while the electric voltage respects the Kirchhoff’s voltage law, being
curl-free [Grady & Polimeni, 2010]. Similarly, water flows in water supply networks respect
the conservation of mass, being divergence-free [Zhou et al., 2022]. Jiang et al. [2011] also
introduced this decomposition to analyze the statistical ranking problem, and interpreted
exchange rates respecting the arbitrage property in foreigen currency exchange markets
as curl-free edge flows. The Hodge decomposition also finds its application in the analysis
of game theory problems [Candogan et al., 2011], and in various other fields, e.g., brain
networks [Vijay Anand et al., 2022], health care delivery networks [Gebhart et al., 2021]
and finance networks [Fujiwara & Islam, 2020; Wand et al., 2024].

Moreover, the signal processing work on simplicial complexes was initiated by Barbarossa
& Sardellitti [2020]; Barbarossa et al. [2018] where the notions of simplicial signals and
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simplicial Fourier transform were introduced. Early works of Jia et al. [2019]; Schaub &
Segarra [2018] investigated the signal processing tasks of flow smoothing, denoising and
interpolations in the context of graphs. In analogy to how graph Laplacians underpin
graph signal processing, these works are built upon the Hodge Laplacian—a generalization
of the graph Laplacian to simplicial complexes, constructed from the incidence matrices.
These works pioneer the signal processing from graphs to simplicial complexes, and drive
the follow-up research on general signal processing and machine learning on simplicial
complexes, including this thesis. Note that in parallel to our development, a branch of
graph neural networks started looking into leveraging topological structures for graph
machine learning tasks like graph or node classification [Bodnar et al., 2021b; Bunch et al.,
2020; Ebli et al., 2020; Roddenberry & Segarra, 2019]. These works mainly generalize
the convolution or message-passing scheme directly from graphs to simplicial complexes,
without considering the Hodge decomposition of simplicial signals.

1.2 RESEARCH GoALS AND CONTRIBUTIONS

In this thesis, with the goal of developing tools for signal processing and machine learning
on simplicial complexes, we aim to provide researchers and practitioners with a principled
framework for modeling, analyzing, processing and learning from the networked simplicial
data—such as aforementioned edge flows arising from real-world applications. They should
allow for downstream tasks like denoising, interpolation and predictions on simplicial
complexes, going beyond node signals on graphs. However, while simplicial complexes
offer a richer topological structure than graphs and simplicial signals enjoy more flexibility
than node signals owing to the Hodge decomposition, they also pose new challenges
compared to graph signal processing and machine learning that necessiate a different
perspective. This in turn motivates the design of principled and flexible tools for simplicial
signals that not only leverage the topological structure of simplicial complexes, but also
respect the Hodge decomposition of simplicial signals. To this end, we address the following
four research questions.

1 How to process simplicial signals efficiently to achieve a desired output by leveraging
the simplicial topology and the Hodge decomposition?

This is addressed in Chapter 2, which is based on Yang et al. [2021; 2022b]:

« Maosheng Yang, Elvin Isufi, Michael T. Schaub, and Geert Leus. Finite Impulse
Response Filters for Simplicial Complexes. In 29th European Signal Processing Conference
(EUSIPCO), 2021.

« Maosheng Yang, Elvin Isufi, Michael T. Schaub, and Geert Leus. Simplicial Convolu-
tional Filters. IEEE Transactions on Signal Processing, 2022.

We develop the simplicial convolution operation by leveraging both the simplicial topology
and the Hodge decomposition. Specifically, we construct the simplicial convolutional filters
to process simplicial signals in an efficient manner—by aggregating information within local
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simplicial neighborhoods. More importantly, simplicial convolution has a clear spectral
interpretation. Upon building the simplicial Fourier transform in terms of the Hodge
decomposition, we analyze the frequency responses of the filters, and show that they are
able to regulate the different Hodge components of the signals individually. This allows
us to design filters that can preserve certain Hodge components for edge flows that are
either divergence-free or curl-free. Simplicial convolution enjoys not only the locality and
desired efficiency in the spatial domain, but also flexible and interpretable properties in the
spectral domain, respecting the convolution theorem in classical signal processing. Similar
to the role of any convolution, it lays the foundation for building more advanced signal
processing tools, and allows for the design of convolutional neural networks for learning on
simplicial complexes.

Simplicial convolutional filters perform however a limited linear operation. Having wit-
nessed the success of learning models in various domains, e.g., neural networks, we are
motivated to design more powerful learning models on simplicial complexes.

2 How to perform efficient and interpretable learning on simplicial complexes?
This is addressed in Chapter 3, which is based on Isufi & Yang [2022]; Yang & Isufi [2023]:

« Maosheng Yang, Elvin Isufi, and Geert Leus. Simplicial Convolutional Neural Networks.
In IEEE International Conference on Acoustics, Speech and Signal Processing (ICASSP),
2022.

« Maosheng Yang, Elvin Isufi, and Geert Leus. Hodge-Aware Convolutional Learning on
Simplicial Complexes. arXiv, 2023.

We propose convolutional neural networks for learning on simplicial complexes, which
are built upon composing multi-layer simplicial convolutions with nonlinear activation
functions. Inheriting the properties of simplicial convolutions, the proposed models are
efficient since the learning is performed within local simplicial neighborhoods, and inter-
pretable since the learned is independent in different Hodge subspaces and able to capture
the different Hodge components, namely, Hodge-aware. They are flexible to perform
learning across simplices of different orders, e.g., nodes, edges and triangles, incorporating
the inter-simplicial interactions. We also investigate the robustness of the models against
perturbations in the simplicial topology, showing that they are stable to small perturbations.
These models offer a principled design to convolutional learning on simplicial complexes,
demonstrating strong performance across various applications, including financial markets,
simplex prediction and trajectory prediction.

The first two research questions focus on the deterministic method for processing and
learning on simpplicial complexes. However, often learning benefits from probabilistic
methods because they account for the uncertainty in the data and model, offer more
interpretability to model performance, and allow for uncertainty quantification. One
fundamental and tractable approach that provides probabilistic insight into learning is to
rely on Gaussian process modeling. Existing works however do not leverage the topology
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and it remains unclear how to incorporate this topological prior into the modeling of
simplicial signals. This leads to the following question.

3 How to model simplicial signals using Gaussian processes and perform learning?
This is addressed in Chapter 4, which is based on Yang et al. [2024]:

« Maosheng Yang, Viacheslav Borovitskiy, and Elvin Isufi. Hodge-Compositional Edge
Gaussian Processes. In International Conference on Artificial Intelligence and Statistics
(AISTATS), 2024.

We construct simplicial Gaussian processes as random functions defined over simplices,
where any collection of these function values follows a multivariate Gaussian distribution.
We can then view simplicial signals such as edge flows as samples from such a Gaussian
process. We detail the formulation of Matérn Gaussian processes, where the diffusion instant
is associated with the heat diffusion on simplicial complexes. To capture the practical
properties of real-world edge flows being either divergence-free or curl-free, we further
build the Gaussian processes as a composition of three, each only modeling a specific
part given by the Hodge decomposition. This allows us to perform separate learning of
different Hodge components. We demonstrate their performance in financial markets,
ocean current analysis and water supply networks, bringing new approaches with both
performance and interpretability to these applications. Our construction not only extends
the framework of Gaussian processes for irregular domains, but also provides a principled
way of probabilistic modeling of simplicial signals that respects the Hodge decomposition.

Given the previous probabilistic view of simplicial signals, we consider the more chal-
lenging task of matching two simplicial signal distributions. Distribution matching is
the fundamental problem in generative modeling, which aims to learn a transformation
from one data distribution to another for efficient sampling and inference. When one
is a noise distribution, this promotes the generative modeling of simplicial signals and
tackles the lack of lagre amount of labeled data in real-world applications. In the case of
two data distributions, this allows us to learn a transport map between simplicial signals,
providing insights to, for example, how divergence-free edge flows transform to curl-free
flows. Therefore, we are interested in the following question.

4 How to perform topology-aware generative learning of simplicial signals?
This is addressed in Chapter 5, which is based on Yang [2025]:

+ Maosheng Yang. Topological Schrodinger Bridge Matching. In The Thirteenth Interna-
tional Conference on Learning Representations (ICLR), 2025.

We consider the Schréodinger bridge problem, originated from Schrédinger’s gas experi-
ments [Schrodinger, 1931; 1932], which seeks the most likely random evolution between
two boundary distributions with respect to a reference process. It is a dynamic version
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of the optimal transport between two distributions [Villani, 2009]. In the calssical setting,
the reference process is a Brownian motion. Schrodinger bridge based methods have been
used in image generation and image-to-image translation, which unify other alternatives
such as the popular score matching and flow matching based methods [Chen et al., 2022b;
De Bortoli et al., 2021; Lipman et al., 2022; Song et al., 2020b].

We adapt the problem to graphs and simplicial complexes, referred to as topological
Schrodinger bridge problem, where we set the reference to be driven by the simplicial con-
volution, which is topology-aware, linear and tractable e.g., the stochastic heat diffusions on
graphs and simplicial complexes. The solution to this problem follows a forward-backward
topological stochastic process with some hard-to-solve unknown terms. Upon this result,
we propose the topological Schrodinger bridge matching models for topological signal
generative modeling and maching. Specifically, we parameterize the unknowns by some
(topology-aware) learnable models (e.g., graph/simplicial neural networks), and train them
by maximizing the likelihood of the model based on the framework of Chen et al. [2022b].
Such models help us to build primitive dynamics on how brain signals evolve from one
state to another, or how ocean currents to evolve from being curl-free to divergence-free.
In single-cell dynamics, they excel in inferring the intermediate states of cells given the
initial and final observations, which is a challenging task in single-cell RNA sequencing
data analysis. They also help practitioners to generate graph and simplicial signals such as
seismic events and traffic flows for data-hungry applications.

Overall, this thesis extends the field of signal processing and machine learning on graphs,
and positions its contributions in the emerging fields of topological signal processing and
topological machine learning. This thesis provides not only the fundamental and systematic
theoretical analyses of the methods, but also justifies the methods in various real-world
applications. Though some of the initial ideas are developed and extended from graph
signal processing and machine learning, our proposed methods do not take routes away
from the important principle of Hodge-decomposition of simplicial signals, as well as the
simplicial spectral theory. For example, our convolutional filters are designed to process the
different Hodge components of the signals individually, our neural network models are able
to learn from the different components separately, and our Gaussian processes model the
different components independently. Driven by real-world applications, as briefly discussed
earlier and will also be detailed per chapter, this offers more flexibility and interpretability
in the signal processing and machine learning tasks on simplicial complexes.

RECOMMENDED MATHEMATICAL READING

In this thesis, beyond the standard signal processing and machine learning curriculum, we
also make use of mathematical tools including (spectral) graph theory and fundamentals on
simplicial complexes like simplicial signals, discrete calculus and Hodge Laplacians. Though
they can be accessed by basic linear algebra, we refer readers to the pioneering works of
Barbarossa & Sardellitti [2020] and Lim [2020] for the introduction of simplicial complexes
where simplicial signals and properties of Hodge Laplacians are studied. However, note
that in each chapter, we provide the necessary background from the above two materials
for an accessible and self-contained reading.
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For readers who are familar with graph signal processing, we refer to Isufi et al. [2024] for
the most recent overview on the role of graph filters in graph signal processing and machine
learning. This helps understand the importance of building simplicial convolutional filters
for more advanced signal processing and machine learning methods on simplicial complexes.
We also refer to Schaub et al. [2021] for a smooth overview on the signal processing from
graphs to simplicial complexes. For readers who are familar with graph neural networks,
we refer to Besta et al. [2024] for a recent overview of the neural networks on higher-order
networks.

OUT-TAKES*

In order to keep the thesis focused and concise, I have omitted some other works I col-
laborated on with my supervisors and colleagues during the PhD. Here, we give a brief
overview of these:

1. Topological Volterra Filters [Leus et al., 2021] — Volterra-type filters on graphs taking
into account the node-tuple interactions, led by my promotor Geert Leus, where I
contributed to the experimental design and implementations.

2. Online Filter Learning on Simplicial Complexes [Yang et al., 2023] — Online learning of
simplicial convolutional filters on expanding simplicial complexes where the edges
join the complex, where I contributed to the method design and analysis, under the
help of my colleague Bishwadeep Das, and the experimental implementation.

3. State Estimation in Water Distribution System via Diffusion on the Edge Space [Kerimov
et al., 2025] — Estimating of the pressure and flow rates in water distribution systems
based on the edge diffusion process, where I contributed to the method design and
part of the paper writing.
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SiMPLICIAL CONVOLUTIONAL
FILTERS

In this chapter, we aim to build a convolution operator on simplicial complexes that can be
used to process simplicial signals. Such an operator can be built upon the existing works
(as reviewed in Isufi et al. [2024]) on graph convolution operators. These graph convolution
operators are able to regulate graph signals in terms of the graph frequency, which measures
the smoothness of graph signals. To construct such an operator for simplicial signals, it is
necessary to have a clear understaning on the notion of frequency of simplicial signals. If
the simplicial frequency also measures the smoothness of simplicial signals, how should this
smoothness be defined? Moreover, as discussed in Chapter 1, simplicial signals admit the Hodge
decomposition where different components have distinguishing properties — different parts of
edge flows reflect the conservation and rotational properties, respectively. Thus, we intend to
build the convolution operator that acts differently on the different Hodge components such
that we have individual control on the Hodge components. This will allow us, for example,
to preserve certain properties of the signals, such as the conservation of flows, while filtering
out the rotational noisy parts. Finally, we aim to design the simplicial convolution operators
such that they can achieve the desired filtering properties. This chapter is based on the work of
Yang et al. [2021; 2022b].

2.1 INTRODUCTION

Methods to process signals supported on non-Euclidean domains modeled as graphs have
attracted substantial research interest recently. Most of these graph signal processing (GSP)
methods focus on signals supported on nodes, e.g., temperature measurements in weather
stations network or EEG signals in a brain network [Ortega et al., 2018; Shuman et al., 2013].
Using linear shift operators that couple node signals to each other via the edges of a graph,
e.g., in terms of an adjacency or a Laplacian matrix, we can design graph filters to process
such node signals [Ortega et al., 2018; Sandryhaila & Moura, 2013; 2014; Shuman et al., 2013].
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However, we often encounter signals that are naturally associated with edges or sets
of nodes in real-world applications. For example, blood flow between different areas
in the brain [Huang et al., 2018], water flow in a hydrological network, data flow in a
communication network, or traffic flow in a road network [Leung et al., 1994; Schaub &
Segarra, 2018]. We typically model these signals as a flow over the edges of a network.
Edge flows have also been used in statistical ranking, to describe financial markets, to
analyze games, etc. [Candogan et al., 2011; Gebhart et al., 2021; Jiang et al., 2011; Mock &
Volic, 2021]. Similarly, we may even encounter signals supported on sets of nodes [Bick
et al,, 2023; Huang & Ribeiro, 2015]. For instance, in a co-authorship network, the number
of publications with more than two authors can be seen as such a signal [Patania et al.,
2017].

In these cases, rather than focusing on utilizing the relationships between the nodes to
process node signals, it can be fruitful to study relations between the node-relationships
(edges, higher-order edges) themselves. In the case of edge-signals, we want to understand
couplings between edges, e.g., mediated through a common incident node (lower adjacency)
or because these edges contribute to a triadic relation (upper adjacency). To account for
such relationships, we can model a (network) system as a simplicial complex (SC). Using
this representation we can analyze signals associated to subsets of nodes, i.e., simplicial
signals, with algebraic tools via so-called Hodge Laplacians [Barbarossa & Sardellitti, 2020;
Grady & Polimeni, 2010; Lim, 2020], which generalize the familiar graph Laplacians.

In addition, the Hodge Laplacian admits a Hodge decomposition, which allows for an
intuitive physical interpretation of signals supported on SCs [Grady & Polimeni, 2010; Lim,
2020]. Namely, the Hodge decomposition states that any edge flow can be decomposed
into gradient (curl-free), curl (divergence-free) and harmonic components, respectively.
For instance, a water flow may contain a non-cyclic component which can be seen as the
potential difference between water stations, a locally cyclic component with non-zero curl
and a harmonic component being flow-conservative [Schaub & Segarra, 2018].

Previous works [Barbarossa & Sardellitti, 2020; Schaub et al., 2021] have established a
framework to analyze simplicial signals and focused mostly on low-pass filtering appli-
cations. However, general linear filters for simplicial signals have not been considered in
detail. In this chapter, we propose a simplicial convolutional filter via the shift-and-sum
operation as a matrix polynomial of the Hodge Laplacians to enable a flexible simplicial
signal filtering. Our filter accounts for lower and upper adjacencies in an SC, e.g., the
relationships between edges via a common node or a common 2-simplex, and allows to
separately filter the three signal components provided by the Hodge decomposition.

Contributions. Our three main contributions include:

1) Simplicial convolution. We study simplicial shifting via the Hodge Laplacians as a
basic operation to propagate signals locally using both lower- and upper-connectivities
in an SC. Leveraging this shifting and the shift-and-sum operation, we develop simplicial
convolutional filters by aggregating multi-step shifted signals. Their local shifting operation
allows a distributed implementation of the filter with a cost linear in the number of simplices.
We show such filters are linear, shift-invariant, and equivariant to permutations of the
labeling and the orientation of simplices.
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2) Filtering in the spectral domain. Leveraging the simplicial Fourier transform (SFT)
[Barbarossa & Sardellitti, 2020], we show that the principles of the convolutional theorem
apply to the proposed filter, i.e., the filter output in the frequency domain operates as a
point-wise multiplication between the filter frequency response and the SFT of the input
signal. We further show how the simplicial frequencies act as measures of signal variations
w.r.t. the lower and upper adjacencies and divide them into gradient, curl and harmonic
frequencies. More precisely, the eigenmodes associated to these frequencies span the
subspaces provided by the Hodge decomposition. Ultimately, this implies that the proposed
filter can regulate signals independently in the three subspaces provided by the Hodge
decomposition.

3) Filter Design. To implement a desired frequency response, we first consider a standard
least-squares (LS) approach to design the filter. To avoid the eigenvalue computation, we
then consider a grid-based universal design. As both strategies may suffer from numerical
instability, we propose a numerically more stable Chebyshev polynomial design.

Related works. The idea of processing of signals defined on manifolds and topological
spaces has been discussed in various areas, such as geometry processing [Botsch et al.,
2010], and topological data analysis [Wasserman, 2018]. For an introduction that is geared
more towards a signal processing perspective see Barbarossa & Sardellitti [2020]; Grady &
Polimeni [2010].

Filtering of simplicial signals has been partly approached from a regularization perspective.
The works in Schaub & Segarra [2018]; Schaub et al. [2021] proposed a regularized opti-
mization framework based on (simplified variants of) the Hodge Laplacian, to promote flow
conservation of the resulting estimated edge flows. The solution is a low-pass simplicial
filter. The same regularizer was used in Jia et al. [2019]; Schaub et al. [2021] to perform edge
flow interpolation by exploiting the divergence-free and curl-free behaviors of real-world
flows. However, these assumptions do not always hold and the filters arising from the
considered regularized optimization problems have limited degrees of freedom.

Filtering simplicial signals has also been analyzed in the Fourier domain, akin to how
graph filters are analyzed via the graph Fourier transform [Shuman et al., 2013]. The
analogous SFT, defined via the eigendecomposition of the Hodge Laplacian was described
in Barbarossa & Sardellitti [2020]. The eigenvectors provide a simplicial Fourier basis and
the eigenvalues carry a notion of frequency.

Outline. We begin by introducing some preliminaries in Section 2.2. Then we propose the
simplicial convolutional filter in Section 2.3 and investigate its properties. In Section 2.4,
we introduce the simplicial Fourier transform. We then analyze the simplicial filter in
the spectral domain and study the notion of simplicial frequency. Different filter design
methods are discussed in Section 2.5. Finally, we use simplicial filters for subcomponent
extraction and edge flow denoising, and consider applications to financial market and
transportation networks in Section 2.6.
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(a) A simplicial complex. (b) A random edge flow.

Figure 2.1: Simplicial Complexes and Signals. (a): An SC of order 2 containing seven nodes, ten edges and
three 2-simplex (the shaded filled triangles). Reference orientations of the simplices are indicate by correspond-
ing arrows (the reference orientation of a node is trivial). (b): An arbitrary edge flow, where a negative flow
indicates that the actual flow direction is opposite to the reference orientation and the magnitude is denoted
by the edge width.

2.2 BACKGROUND: SIMPLICIAL COMPLEXES, SIGNALS AND
HoDGE LAPLACIANS

In this section, we review SCs [Lim, 2020] and signals supported on simplices [Barbarossa
& Sardellitti, 2020; Schaub et al., 2021]. We also introduce the Hodge Laplacians as an
algebraic representation of a simplicial complex, that acts as a shift operator for simplicial
signals.

Simplicial complexes. Given a finite set of vertices V, a k-simplex s* is a subset of V
with cardinality k + 1. A subset of a k-simplex s* with cardinality k is called a face of s*;
hence, s* has k + 1 faces. A coface of a k-simplex is a simplex s**! that includes it. A
simplicial complex S is a finite collection of simplices with an inclusion property: for any
sk € S all its faces s*~1 C s* are also part of the simplicial complex, i.e., s*~! € S. The
order of an SC is the largest order of its simplices. For an SC of order K, we collect the
k-simplices into a set S¥ = {s¥,..., s’j{,k} where N, = |S*| is the number of k-simplices
[Barbarossa & Sardellitti, 2020; Lim, 2020].

Based on its geometric realizations, we call a 0-simplex a node, a 1-simplex an edge and
a 2-simplex a (filled) triangle. Note that an “empty triangle” formed by three vertices
and three pairwise relations between them is not a 2-simplex. Henceforth, we refer to
2-simplices as triangles for simplicity. A graph is an SC of order 1 with Ny nodes and Ny
edges. Fig. 2.1a shows an SC of order 2 including nodes, edges and triangles where edge
{5,6} has nodes {5} and {6} as its faces and triangle {5,6,7} as its coface.

Two k-simplices in an SC are lower adjacent if they have a common face and are upper

adjacent if they are both faces of a common (k + 1)-simplex. Thus, for the simplex sf, we

define its lower neighborhood /\/;-kd as the set of its lower adjacent k-simplices and its upper
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neighborhood /\/fu as the set of its upper adjacent k-simplices. For the ith edge {5,6} in
Fig. 2.1a, we have that ./\/’il’d ={{4,5},{3,6},{5,7},{6,7}}, and the upper neighborhood
is Njhy = {{5,71.{6,7}}-

Simplicial signals. For computational purposes, we fix an (arbitrary) reference orientation
(see Lim [2020] and Schaub et al. [2020, p. 5] for more details) for each simplex according to
the lexicographical ordering of its vertices. Given this reference orientation for k-simplices,
we define a k-simplicial signal x* = [z} ... ,x’ka]T € RNk by attributing the value ¥ to
the ith k-simplex sf. If the signal value xf is positive, then the corresponding signal is
aligned with the reference orientation; opposite otherwise. Fig. 2.1b illustrates an arbitrary
edge flow on an SC, in which some flows are aligned with and other are opposite the
reference orientation (negative). For convenience, henceforth, we denote a node signal by
v =[v1,...,0n,] " € RN0 and an edge flow by f = [f1,..., f,] T € RV1,

Hodge Laplacians. We can describe the relationships between (k — 1)-simplices and
k-simplices by the kth incidence matrix By, € R™Ve-1*Nk which maps each k-simplex to
the (k — 1)-simplices that are its faces; cf. [Barbarossa & Sardellitti, 2020; Lim, 2020] for
more details. Specifically, B is the node-edge incidence matrix, and By is the edge-triangle
incidence matrix. The rows of By, are indexed by (k — 1)-simplices and the columns by
k-simplices, with entries defined as:

e k—1 k k—1 k
1, if s} Cs; and s; ~ s

Bglij = ¢ -1, ifsf_1 C sf and sf_l * sf (2.1)

0, otherwise,

where sffl ~ 3;“ indicates the orientation of sffl is aligned with that of sf and + denotes

their orientations are opposite [Barbarossa & Sardellitti, 2020]. For example, in Fig. 2.1a,
edge {5,6} and {6, 7} are aligned with triangle {5,6, 7}, while {5, 7} is not. As the ordering
of a node is trivial, we consider the node-to-edge incidence matrix B as in graph theory.
Bs is the edge-to-triangle incidence matrix. By definition, incidence matrices have the
property [Barbarossa & Sardellitti, 2020; Lim, 2020]

BiBy+1 =0. (2.2)

Upon defining the incidence matrices, we can describe an SC S of order K via the Hodge
Laplacians

L, =B/B,+By 1B, k=1,....K—1, (2.3)

with the graph Laplacian Lo = B1B] and L = BB . The kth-Hodge Laplacian Ly,
contains the lower Laplacian Ly, q := B,CTB,IC and the upper Laplacian Ly, ,, := Bk+1BkT+1~
The lower Laplacian encodes the lower adjacency relationships between simplices through
faces while the upper one encodes the upper adjacency relationships through cofaces.
In particular, L; 4 encodes the edge adjacencies through their incident nodes and L1
through the common triangles that they form.
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2.3 SIMPLICIAL CONVOLUTIONAL FILTERS

In this section, we propose a simplicial convolutional filter based on the Hodge Laplacian.
We study its basic building block, the simplicial shifting, and show how its local character-
istics make it amenable to a distributed implementation. We then look into the properties
of shift-invariance and permutation and orientation equivariance in the simplicial domain.

Given the kth-Hodge Laplacian Ly, we define a simplicial convolutional filter to process a
k-simplicial signal x* as

I, Lo
H; =hol+ Z ag, (BgBk)ll + Z 512 (B]H,lBg_i_l)lQ, (2.4)
=1 lo=1

where Hy, := H(Lj, q,L ) is a matrix polynomial of the lower and upper Hodge Lapla-
cians with filter coefficients ho, o = [a1,...,ar,]", B =[B1,. .. ,ﬁLQ]T and filter orders
Ly, Ls. When k = 0, we obtain the graph convolutional filter Hy := H(Lg) built upon the
graph Laplacian Lg [Sandryhaila & Moura, 2013; 2014; Shuman et al., 2013].

In the following, we will see that assigning two different sets of coefficients to the lower
and upper Laplacian parts in Hj, enables the filter to treat lower and upper adjacencies
differently, which results in a more flexible control of the frequency response. Instead, the
filter Hy, = ZZL:O hngﬁ, which is equivalent to setting L; = Lo = L and o = B in (2.4),
cannot differentiate between the two types of adjacencies and loses some expressive power.

When applying Hy, to a k-simplicial signal x*, it generates an output x¥ = Hyx" which is
a shift-and-sum operation where the filter Hy, first shifts the signal L times over the lower
neighborhoods and Lo times over the upper neighborhoods, and then sums the shifted
results according the corresponding coefficients. This is analogous to the convolutions
of graph signals, images and time series [Shuman et al., 2013]. For ease of exposition, we
study the filtering process of an edge flow f via an edge filter H; hereafter.

Simplicial shifting and local implementation. Consider an edge filter H; applied to
an edge flow f with an output

L, Lo
fo =Hif =hof + > o, Li'yf+ > B, LEf, (2.5)
11=1 lo=1

where the basic operation consists of applying different powers of the lower/upper Hodge
Laplacian to the edge flow. This basic operation is denoted simplicial shifting. Let us first
consider the one-step lower shifting f ((11) := L1 qf and one-step upper shifting £ = Ly f.
We can express the one-step shifted results on the ith edge, [fél)}i and [fl(ll)]i, as

GRS 2jeint uipLnali[fl;, (€59 = YjeintuppLaulilfly, (26

which are the weighted linear combinations of the edge flows on the lower and upper
neighborhoods, N, ii and NV! ., of edge i. This implies that one-step shifting is a local

u,i?
operation in the edge space within the direct lower/upper neighborhoods.
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Figure 2.2: Simplicial shifting. (a): An edge flow indicator f of edge {5,6}. (b): One-step lower shifting L 4f.
Edge {5,6} and its direct lower neighboring edges (green) update their flows by aggregating information
from their lower neighbors and themselves. (c): Two-step lower shifting Li qf- lower neighboring edges
(green) update their flows through faces within two hops away from edge {5,6}, which can be obtained by
one-step shifting L qfq. (d): One-step upper shifting L1, f. Edge {5,6} and its upper neighbors (red) update
their flows through local information aggregation. (e): Two-step upper shifting Liuf . The output is localized

within the one-hop upper neighborhood, as there is no upper neighboring edge two hops away from {5,6}.
(f): Two-step shifting result L%f , as the sum of (c) and (e).

Consider now the [-step lower shifting of an edge flow f, f(gl) = LlLdf = Llydfélfl),
where the second equality indicates that the I-step lower shifting can be computed as a
one-step shifting of the previously shifted result, fél_l). Accordingly, the [-step upper
shifting follows fl(ll) = LlLuf = Ll,ufl(ll_l). Thus, the simplicial shifting allows a recursive
implementation. For example, the two-step shifted results, £ 52) and f1(12), can be computed

from f(gl) and flgl) via another shifting. Each edge thus collects the flows from its lower
and upper neighbors two hops away. Fig. 2.2 illustrates such shifting operations. Likewise,

the [-step shifted results f G(ll) and fl(ll) contain the information up to the [-hop lower and
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Figure 2.3: Simplicial convolutional filtering is a shift-and-sum operation.

upper neighborhoods. Finally, we can express the output (2.5) as

fo=hof© + 7 ay £V + 5002 B, (2.7)

which is a weighted linear combination of lower and upper shifted simplicial signals after
different steps. Fig. 2.3 illustrates such a shift-and-sum operation.

Thus, the simplicial convolutional filter admits a simplicial locality, i.e., the output £, is
localized in the L;-hop lower neighborhood and L2-hop upper neighborhood of an edge.
If two edges are lower adjacent more than I.; hops away or upper adjacent more than Lo
hops away, H; does not mix signals defined on such edges. Note, however, if two edges
are lower or upper adjacent at distance d, a d-step lower or upper shifting via L‘li q or
L1 . does not necessarily cause an interaction between them: the aggregation might be
cancelled out by the combination of the filter coefficients and the topology of the SC which
leads to positive and negative entries in Ly q or Ly .

As a local operation within the simplicial neighborhood, the simplicial shifting allows for a
distributed filter implementation, in which each edge updates its information only by a
direct communication with its lower and upper neighbors. The communication complexity

mainly comes from operation (2.6), which is of order O(Dq4) with Dq := maX{ |V, & i ‘f\hl

for the lower simplicial shifting at each edge and O(D,,) with D,, := max{|N |, 1} for
the upper simplicial shifting, i.e., the maximum number of lower and upper nelghbors
among all edges, respectively. Then, the total communication cost of the distributed
implementation for each edge is O(DqL1 + Dy L2) due to the Ly lower shifting steps and
Ly upper ones.

Linearity and shift invariance. Simplicial convolutional filters are linear operators that
are invariant to shifts.

Proposition 2.1. The simplicial filter Hy, [cf. (2.4)] is linear and shift-invariant. Specifically,
in the edge space, given two edge flows f1 and f2 and a simplicial filter H1, we have
Linearity : Hy (afy + bfy) = aH1 1 + 0H; f5,
Shift-invariance : Ly g (Hlfl) =H; (Ll,dfl), (2.8)
Lo (Hify) =H; (L of1).

Proof. See Appendix 2.A. m|
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The shift-invariance implies that applying a lower or upper Hodge Laplacian to the simpli-
cial output is equivalent to applying them to the input signal prior to filtering. Consequently,
it holds that H; H/ f = H|H;f for any two filters H; and HJ.

Equivariance. In an SC, the labeling and the reference orientation of the simplices should
not affect the filter output. We show that this is indeed the case. We can model the simplex
relabeling of simplices by a set of permutation matrices [Roddenberry et al., 2021]

P={P, {0, 1}V>*Ne : Pr1=1P]1=1,k>0}. (2.9)

Let P = (Py,P1,...) C P denote a sequence of label permutations in an SC. After rela-
beling the simplices by P, signal x* becomes ka i.e., a reordering of the entries of x*
Similarly, the incidence matrix By, becomes By = Py_1B;Py, i.e., a reordering of the
rows and columns of By,. Likewise, for Ly, we get Ly, = PkLkP

Proposition 2.2 (Permutation equivariance). Consider the Hodge Laplaczans Ly and Ly =
PkLkPT for a permutation sequence P. For the stmpllaal SIgnals x* and x* ka with
H, :=H(Ly) [cf (2 4)] the simplicial filter outputs x* := Hyx* and x¥ := Hyx" satisfy

:Hk)_( ZHk(PkX ) ZPkaX = PkSO. (2.10)
Proof. See Appendix 2.B. O

A new reference orientation of a k-simplex leads to a multiplication by —1 of the columns
(or rows) of the incidence matrices By, and B41 where the k-simplex appears and it also
flips the sign of the corresponding simplicial signal. This can be modeled by a diagonal
matrix Dy, from the set

D = {D}, = diag(dy,) : dy, € {+1}Vk k> 1,dg = 1}, (2.11)

where dg = 1, as the orientation of the nodes is trivial [Roddenberry et al., 2021]. Denote
a sequence of orientation changes by D = (Do, Dy,...) C D. A k-simplicial signal xF
becomes Dy, x"* after an orientation change by D. Accordingly, the incidence matrix By,
becomes By, = Dy 1B Dy, and the Hodge Laplacian L becomes L; = D;L.D;.

Proposition 2.3 (Orientation equivariance). Consider the Hodge Laplacians Lk and Lk =
DkLka for a sequence of orientation changes D. For the szmpltczal szgnals x* and x* =
D x*, with Hy, = H(Lk) the simplicial filter outputs x* := Hx* andx* := H,x" satlsfy

= kac = Hk (Dkx ) = DkaX = DkSO. (2.12)
Proof. See Appendix 2.C. O

Intuitively, the two previous propositions state that for the simplicial filter Hj, the labeling
and reference orientation of simplices are inconsequential for the filter output. These two
properties have been previously reported in the context of neural network on SCs [Bodnar
et al,, 2021b; Roddenberry et al., 2021; Yang et al., 2022a]. These equivariances imply that
we can learn a filter to process a given simplex by seeing only permuted and reoriented
versions of it: if two parts of an SC are topologically equivalent and the simplices support
corresponding flows, a simplicial convolutional filter yields equivalent outputs.
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2.4 SPECTRAL ANALYSIS OF SIMPLICIAL FILTERS

We now analyze the spectral properties of the simplicial convolutional filter. First, we
introduce the Hodge decomposition and review the simplicial Fourier transform (SFT)
[Barbarossa & Sardellitti, 2020]. Then, we investigate the simplicial frequency in terms
of the Hodge decomposition. By defining three frequency types, we characterize the
frequency response of the filter.

2.4.1 HoDGE DECOMPOSITION

Theorem 2.4. The Hodge decomposition in the edge space states that:
RM =im(B] ) @im(Bs) @ ker(L;) (2.13)
where im(-) and ker(+) are the image and kernel of a matrix.

This implies that the edge space is composed of three orthogonal subspaces, namely, the
gradient space im(B{ ), the curl space im(B3), and the harmonic space ker(L;) [Lim,
2020; Schaub et al., 2021]. Thus, any edge flow f € RN can be decomposed into three
orthogonal components

f=fc+fc+fu, (2.14)

which are the gradient component fq € im(B{ ), the curl component fo € im(Bz), and the
harmonic component fy € ker(L), respectively. Furthermore, the incidence matrices By,
Bs and their adjoints can be interpreted as follows [Barbarossa & Sardellitti, 2020; Schaub
et al., 2021].

Divergence operator B;. The incidence matrix B acts as a divergence operator. By
applying it to an edge flow f, we compute the divergence of the flow, div(f) = B;f. The
ith entry of div(f) is the netflow passing through the ith vertex, i.e., the difference between
the total inflow and outflow at vertex ¢. This is a nodal variation measure of the edge flow.
A vertex is a source or sink if it has a nonzero netflow.

Gradient operator B/ . The adjoint operator B is called the gradient operator, which
takes the difference between node signals along the oriented edges to induce an edge flow,
fo = B{ v. We call fg € im(B{ ) a gradient flow and subspace im(B; ) the gradient space,
as any gradient flow can be induced from a node signal via the gradient operator.

Curl adjoint By. By applying matrix By to a triangle signal t € RV2, we can induce a
curl flow, fo = Bat, corresponding to a flow locally circling along the edges of triangles.
The space im(By) is the curl space as any flow in it can be induced from a triangle signal.

Curl operator B;— . By applying the operator B;— to an edge flow f, we compute its curl
as curl(f) = B f, where the ith entry is the netflow circulating along the ith triangle, i.e.,
the sum of the edge flows forming the triangle. This can be seen as a rotational variation
measure of the edge flow.

The two incidence matrices and their adjoints provide insights into the three orthogonal
subspaces and signal components given by the Hodge decomposition.
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Figure 2.4: Flow decomposition illustration (all numbers rounded to two decimal places). (a): A synthetic
edge flow f. (b): The gradient component fg has a nonzero netflow at each node, but a zero flow around each
triangle. (c¢): The curl component fc has a zero netflow at each node, i.e., is divergence-free, but a nonzero flow
around each triangle. (d): The harmonic component ff; has a zero netflow at each node and zero circulation
around each triangle, i.e., is divergence- and curl-free (see Section 2.6.1).

i) If edge flow f has a zero divergence at each vertex, i.e., Bif =0 < f € ker(B;), then
it is cyclic or divergence-free. The space ker(B1) is called the cycle space, orthogonal
to the gradient space, i.e, RN = im(B] ) @ ker(B;). A gradient flow always has
nonzero divergence, while a curl flow is divergence-free due to (2.2).

ii) If edge flow f has a zero curl on each triangle, it is curl-free and f € ker(Bj ).
The curl space im(Bz) is orthogonal to the space ker(B, ) and we have RV =
im(By) @ ker(Bj ). A gradient flow fg is curl-free due to (2.2).

iii) The space ker(L;) is called the harmonic space. Any flow fyy € ker(L1) satisfies
L1 fy = 0, which is harmonic, i.e., both divergence- and curl-free.

The decomposition of an edge flow into its three components reveals different properties
of the flow, as shown in Fig. 2.4. For instance, we can study the effect of an external source
or sink by extracting the gradient component of the edge flow [Barbarossa & Sardellitti,
2020]. In Section 2.6.1, we will discuss this subcomponent extraction problem and solve it
with simplicial filters.

2.4.2 SIMPLICIAL FOURIER TRANSFORM

The Hodge Laplacians are positive semidefinite matrices and admit an eigendecomposition

L; = U,A, U}, (2.15)
where the orthonormal matrix Uy, = [uy,1,...,u, n,] collects the eigenvectors, and the
diagonal matrix Ay = diag(Ag,1,..., Ak, N, ) the associated eigenvalues. There exists a

correspondence between U; and the three orthogonal subspaces given by the Hodge
decomposition (2.13), detailed in the following proposition.

Proposition 2.5. Given the 1-Hodge Laplacian of an SC L1 = Ly q + L1 u, the following
holds.
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1. Gradient eigenvectors Ug = [ug,1,...,uq,Ng] € RN1xNa of L q associated with

nonzero eigenvalues span the gradient spaceim(B{ ) with dimension Ng, i.e, im(B{ ) =
im(Ug).

2. CurleigenvectorsUc = [uc,1,...,uc,Ng] € RN1xNc of L1 .y associated with nonzero
eigenvalues span the curl space im(Bsg) with dimension Ng, i.e, im(Bg) = im(Ug).

3. Gradient eigenvectors Uq are orthogonal to curl ones Ug. Matrix [Ug Uc| forms the
eigenvectors of Ly associated with nonzero eigenvalues, which span the space im(L1)
with dimension Ng + Nc.

4. Harmonic eigenvectors Uy = [un 1,...,un,Ny] € RMXNu of Ly associated with
zero eigenvalues span the harmonic space ker(L1) with dimension Ny, i.e., ker(Lq) =
im(Ug). Matrices Uy U] and [Uyg Ug] provide the eigenvectors of Ly q and Ly 4,
associated with zero eigenvalues, respectively.

5. The columns of U1 can be ordered such that Uy = [Ug Ug Uc|. Matrix U, forms
an eigenvector basis for L, Ly q and Ly , and Ny = Ny + Ng + Nc.

Proof. See Appendix 2.D. O
Proposition 2.5 shows that:

1. the eigenvectors in U can fully span the three orthogonal subspaces given by the
Hodge decomposition;

2. the Hodge Laplacian L and its lower and upper counterparts, Ly g and Ly y, can
be simultaneously diagonalized by Uj; and,

3. from im(B] ) = im(Lj 4), we have that the image of the lower Hodge Laplacian
L; q coincides with the gradient space, and from im(Bg2) = im(L1 ), the image of
L1 4 coincides with the curl space.

These results are applicable to the k-Hodge Laplacian accordingly. See Schaub et al. [2021,
Thm. 1] and Barbarossa & Sardellitti [2020, Prop. 1] for related discussions.

Thus, the lower shifting of a curl or harmonic flow leads to zero as the harmonic and curl
space correspond to the null space of L; 4. Likewise, the upper shifting of a gradient or
harmonic flow leads to zero, i.e.,

Liafc =0, Ly wfc =0, Ly qfg = Ly ufg = 0. (2.16)

Given a k-simplicial signal s, the simplicial Fourier transform (SFT)is given by its projection
onto the eigenvectors Uy, i.e., §% := U,Isk. Entry [s*]; represents the weight eigenvector
uy, ; has on expressing s*. The inverse SFT is given by s* = Us*. For k = 0, the SFT
coincides with the GFT [Barbarossa & Sardellitti, 2020]. As for the GFT, the eigenvalues of
Lj, carry the notion of simplicial frequencies. But in the simplex domain, this frequency
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Figure 2.5: Spectral analysis of the edge space in Fig. 2.1a. The flow value (all numbers rounded to two decimal
places) is indicated by the edge width and annotated next to the edge. It is zero if the edge is not annotated.
If a flow orientation is opposite to the reference orientation, the corresponding flow value is negative. (a)-(c):
The 1st, 3rd, and 6th eigenvectors in the gradient space Ug with the corresponding gradient frequencies Ag.
The total divergence of the eigenvector increases with the eigenvalue. (d)-(e): The 1st and 3rd eigenvectors in
the curl space U¢ with the corresponding curl frequencies Ac. The total curl of the eigenvectors increases
with the eigenvalue. (f): The only eigenvector in the harmonic space Uy has frequency 0 and zero divergence
and curl.

notion is more involved. As we illustrate in the sequel for k = 1, the eigenvalues in the set
Q={A11,...,A1 N, } of L measure three types of simplicial frequencies.

Gradient frequency. For any unit norm gradient eigenvector ug € Ug, associated to
the gradient space im(BI), its corresponding eigenvalue follows

A¢ = udLiug = |Byugl3+]BJ uclj3= [|Biucl3, (2.17)

where the last equality is due to the fact that ug is curl-free, i.e., B;u(; = 0. Thus,
eigenvalue \g is the squared ¢3-norm of the divergence Bjug of the eigenvector edge
flow ug. The magnitude of Ag measures the extent of total divergence, i.e., the nodal
variation. The gradient eigenvectors associated with a large eigenvalue have a large total
divergence. If the SFT f = U/ f of an edge flow has a large weight on such an eigenvector,
we say that it contains a high gradient frequency, corresponding to its large divergence.
We call any eigenvalue A associated to the gradient eigenvectors Ug a gradient frequency
and collect them in the set Qq = {Aq,1,...,Aa,Ng }-

Curl frequency. For any unit norm curl eigenvector uc € U associated to the curl space
im(B3), its corresponding eigenvalue follows

Ac =ulLiuc = |[Biuc|3+(B3 uc|3= B3 ucl3, (2.18)
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where the last equality is due to the fact that uc is divergence-free, i.e., Bjuc = 0. Eigen-
value \c is the squared ¢2-norm of the curl B; uc of the eigenvector uc. Thus, the
magnitude of A\c measures the extent of total curl, i.e., the rotational variation. Any eigen-
vector in the curl space corresponding to a large eigenvalue has a large total curl. If the
SFT of an edge flow contains large weights on such eigenvectors, we say that it has a high
curl frequency. We name any eigenvalue A¢ associated to the curl eigenvectors U a curl
frequency and collect them in the set Q¢ = {Ac,1,-.., Ac, NG }-

Harmonic frequency. The remaining eigenvalues Ay are associated to the eigenvectors
uyg € Uy which span the harmonic space ker(Lj ). They can be expressed as

An = ugLiug = |Brug|3+|Bg un|/3=0, (2.19)

because uy is harmonic, i.e., both divergence- and curl-free. If the SFT of an edge flow has
only nonzeros at the harmonic frequencies (which are all zeros), then it is a harmonic flow.
We collect the harmonic frequencies (all zeros) in the set Qn = {Am,1,. .., A1, Ny }-

With these three types of simplicial frequencies, low and high frequency notions in an
SC are only meaningful with respect to a certain type. A higher gradient (curl) frequency
indicates respectively a larger nodal (rotational) variability. This is different from the
frequency notion in discrete and graph signal processing. A zero simplicial frequency does
not correspond to a constant edge flow but a globally conservative flow, i.e., divergence-
and curl-free. Fig. 2.5 shows examples of different eigenvectors and the associated eigen-
values, which would be the analogous of the complex exponentials in discrete-time signal
processing for the edge space in Fig. 2.1a.

Simplicial embeddings. From Proposition 2.5 and three types of simplicial frequencies,
we can interpret the SFT by the following diagonalization of L

L; = Ublkdiag(An,Ag,Ac)U{ (2.20)

with Uy = [Uy Ug Uc| and blkdiag(A, B, C) a block-diagonal matrix containing the
square matrices A, B, C as diagonal blocks. Similarly, we have

L; 4 = Ujblkdiag(0,Aq,0) Uy (2.21a)

Ly = Uyblkdiag(0,0,Ac)U; (2.21Db)

for the lower and upper Laplacians, where O is an all-zero matrix of appropriate dimensions.
Such insightful eigendecompositions enable us to define the following three embeddings
of an edge flow f € R™M

fg = U f = U/ fy € RV, harmonic embedding
fo = Ugf = Ugf(; € RNG | gradient embedding (2.22)
fo = Ugf = Ugfc € RN¢,  curl embedding.

They follow from the orthogonality of the three components given by the Hodge decom-
position. Equivalently, we can write the SFT of f as f = [fI—{r , f(—;r , fg ]T. Each entry of an
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embedding represents the weight the flow has on the corresponding eigenvector (simplicial
Fourier basis vector), e.g., entry [fg]; is the SFT of f at the ith gradient frequency AG.i-
Such an embedding provides a compressed representation of the edge flow if they present
a degree of sparsity [Barbarossa & Sardellitti, 2020] and allows us to differentiate different
types of edge flow, e.g., to cluster trajectories and analyze ocean drift data [Roddenberry &
Segarra, 2019; Schaub et al., 2020].

2.4.3 FILTER FREQUENCY RESPONSE

Upon defining the SFT, we can analyze the frequency response of the simplicial convo-
lutional filter (2.4). From the diagonalizations (2.21a) and (2.22), we see that the lower
simplicial shifting of an edge flow affects only the gradient component and the upper
shifting affects only the curl component, i.e.,

L of = UgAcfq, and Ly of = UcAcfc. (2.23)

Through diagonalizing H; by U; = [UH Ug UC], we can find the frequency response
of Hy as . S
H; = U{ H,U; = blkdiag(Hy,Hg, Hc), (2.24)

where Hyy = hol, Hg = hol + ElLllz1 allAg and He = hol + Zf;’:lﬁbA%. At an
arbitrary frequency ), the frequency response H()) is given by

Hy(\) == ho, for A € Qq,
Ha(\) =ho+Y [ o A1, for A€ Qq, (2.25)
Hco(N) i=ho+ Y12, Bi,\2,  for e Qc,

which is the filter frequency response at the harmonic, gradient and curl frequencies,
respectively. By the definition of spectral filtering, the filter H1 cannot distinguish the signal
components belonging to the subspace spanned by the eigenvectors associated to an eigenvalue
of multiplicity greater than one. For instance, the filter cannot respond differently to multiple
harmonic components, but only scale them by a factor hg. In addition, we make the following
three observations.

1. Filter H; controls the different frequency types independently. The coefficient hg
determines the harmonic frequency response and contributes to the whole simpli-
cial spectrum. The coefficients o« and B contribute only to the gradient and curl
frequency response, respectively. This independent control on different signal sub-
spaces corresponds to the different parameters imposed on the lower and upper
adjacencies in the simplicial domain. In contrast, if setting L; = Lg and @ = 3 in
H, the filter cannot regulate the gradient and curl spaces independently and has
less flexibility.

2. The gradient frequency response is fully determined by the matrix polynomial in L q
[cf. (2.21a) and (2.24)]. Thus, if Lo = 0, H; has as responses hg for A € QU Qc, and
He =ho+ ZlLllz1 ar, M1 for A € Qg. This controls the gradient and non-gradient
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frequencies with a reduced design burden due to fewer parameters. But we give
up the control on the curl frequencies. Likewise for the case of L1 = 0, which is
beneficial when only curl components need to be tuned.

3. At two overlapping frequencies A\ = Ay with A1 € Qg, and Ay € Qc, filter Hy
responds differently as Hq (A1) and Hc(\2) [cf. (2.25)], respectively. This cannot
be realizgd for the ﬁNIter H, = ZZL:O hlLll, i.e., setting L; = Ly and o« = B3, which
follows Hg (A1) = Hc(\2) instead. In the latter case, it will preserve the unwanted
curl component at Ay when setting ng()\) =1, for A € Qg, when the goal is to
extract the gradient component.

2.5 FILTER DESIGN

Given a training set of input-output edge flow relations 7" = {(f1,fo,1), .., (f7,fo,171) }>
we can learn the filter coefficients in a data-driven fashion by fitting the filtered output
H; f to the output f,,. Specifically, consider a mean squared error (MSE) cost function and
a regularizer r(hg, a, 8) to avoid overfitting, we formulate the problem as

1
in — Y [Hifi—fo]3+7r(ho, o, B), 2.26
Wi [H1f; —fo,il|5 +77(ho, o, B) (2.26)

(fi,f6,:)ET

with v > 0. A flow prediction based on (2.26) is detailed in Yang et al. [2021].

In this section, we focus in detail on designing the simplicial filter given a desired fre-
quency response. Specifically, we assume a desired frequency response gg at the harmonic
frequency A = 0, a gradient frequency response g () for A € Qg, and a curl frequency
response gc () for A € Q. To design the coefficients hg, «, 3, our goal is then to approx-
imate the desired response by the filter frequency response H () [cf. (2.25)], which can
be formulated as

ho = go, for A; =0,
ho + ElLllzl ap M~ ga (), for \; € Qq, (2.27)
ho + ZlL;:l Bb)‘? ~gco(Ni), for )\ € Qc.

In the following, we first use a standard least-squares (LS) approach to solve (2.27). Later,
we consider a universal design to avoid the eigenvalue computation when a continuous
desired frequency response is given. In particular, we consider a grid-based and a Chebyshev
polynomial approach.

2.5.1 LEAST-SQUARES FILTER DESsIGN

Denote the number of distinct gradient frequencies in Q¢ by D¢, and that of distinct curl
frequencies in Q¢ by Dc. Then, the three sets of equations in (2.27) contain respectively
one, Dg and D¢ distinct linear equations. Let g = [go,gg,gg]—r collect the desired
responses at distinct frequencies where [gc|; = ga(Aq,i), fori=1..., Dg, is the response
at the ith distinct gradient frequency Ag ;, and [gc]i = gc(A¢ i), fori =1..., D¢, at the
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ith distinct curl frequency. Then, we can obtain the filter coefficients by solving the LS
problem

0 ho 2
min 1] ¢ O al|—g| , (2.28)
ho,o, B 0 (PC /8 )

where 1 (0) is an all-one (all-zero) matrix or vector of an appropriate dimension, ®¢ €
RPG*L1 and @ € RPo*L2 are Vandermonde matrices with respective entries [®g];; =
)\JGJ, and [®¢);; = )\jcl We refer to problem (2.28) as the LS design, which can be solved
either with a direct solver or with a decoupled solver, studied as follows.

Direct LS design. From the Cayley-Hamilton theorem (see [Horn & Johnson, 2012] and
[Sandryhaila & Moura, 2013, Thm. 3]), we know that any analytical function of a matrix
can be expressed as a matrix polynomial of degree less than its minimal polynomial degree,
which equals the number of distinct eigenvalues for a positive semi-definite matrix. Thus,
we can assume the filter orders L; < D¢ and Lo < D¢. Under this condition, problem
(2.28) admits a unique solution which can be obtained via the pseudo-inverse of the system
matrix. Furthermore, when Ly = Dg and Ly = D¢, ¢ and ®¢ are square and any two
rows in them are linearly independent, the solution leads to a zero cost in (2.28). We refer
to this pseudo-inverse solution of (2.28) as the direct LS design *.

In addition, given a desired edge operator G, the following proposition states that it can
be implemented by filter H;.

Proposition 2.6. A desired linear operator G € RN1*N1 can be perfectly implemented by a
simplicial filter H; if the following three conditions hold true:

1. Matrices G and Ly are simultaneously diagonalizable, i.e., U1 forms an eigenvector
basis for G. Let g = [gg,gg,ga—r collect the eigenvalues of G.

2. If two eigenvalues of Ly are of the same frequency type and equal, the corresponding
eigenvalues of G are also equal. For A\ ; = An,j = 0 € Qp, it holds that [gn]; = [gH] ;.
forAa,i=Aa,j € Qa. [8cli = [8cl;. and for A\c,; = Ac,; € Qc. [gci = [8c];-

3. The filter orders of Hy fulfill L1 > Dqg, Lo > Dc.
Proof. See Appendix 2.E. O

Decoupled LS design. We can reduce the complexity of solving (2.28) by decoupling the
cost function for different frequency types. First, we rewrite problem (2.28) as

min

2
2 2
min I 2] [hoB] —gcll, +lho—gollo. - 229)

vl e

To approximate a solution, we ignore the dependence of the first two terms in (2.29) on
coefficient hg and solve the last term separately to estimate hg. We then substitute the

!Note that in the special case of L1 = Lo with @ = 3 or when L1 = 0 or Lo = 0, the spectral design is equivalent
to that of a graph filter [Ortega et al., 2018; Sandryhaila & Moura, 2014].
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estimate g in the first two terms to obtain & and 3, given by

;LO = 4o,
& =@ (gc — gol), (2.30)
B=o}(gc—gol),

which, referred to as the decoupled LS design, is suboptimal compared to the direct LS
design. The following proposition discusses this suboptimality.

Proposition 2.7. The decoupled LS design (2.30) converges to the direct solution of (2.28) as
H'I’G‘I’E; —I||p— 0 and ||<I’C‘I’E —1I||p— O where ||-|| ¢ is the Frobenius norm.

Proof. See Appendix 2.F. O

Proposition 2.7 states that as the pseudo-inverses of g and ® ¢ become closer to the true
inverses, the decoupled solution converges to the direct solution. Moreover, the decoupled
LS design reduces the computational cost to O(Dg, + D) from O((1+ D¢ + D¢)?) for the
direct one. However, both designs require the computation of the eigenvalues of the Hodge
Laplacians, which takes in general a computational complexity of O(N}) [Watkins, 2007].
In the sequel, we consider a universal design strategy to avoid the eigenvalue computation,
specifically, a grid-based design and a Chebyshev polynomial design [Shuman et al., 2018].

2.5.2 GRID-BASED FILTER DESIGN

The grid-based filter design aims to match the desired frequency response in a continuous
interval where the exact frequencies lie such that the eigenvalue computation of L; can
be avoided. Given a harmonic frequency response go, a continuous gradient frequency
response gG (M), A € [AG,min, AG,max] and a continuous curl frequency response gc (), A €
[AC,mins AC,max), we want that

ho —go ~ 0

A max 2

A max 2
Jrgime o+ Y22y B2 — go(N)[*dA = 0,

which is a continuous version of (2.27). An example of the continuous frequency response
is given in Fig. 2.6 (top).

By sampling M and M5 (grid-)points uniformly from the intervals [AG min; AG,max] and
[)\c,min, )xqmax], the problem (2.31) can then be formulated as an LS problem of form
(2.28) but with the sampled frequencies as the entries of the system matrix instead of the
true eigenvalues. We can again solve this LS problem either via a direct pseudo-inverse of
the system matrix or via the decoupled solution method [cf.(2.30)]. Notice that the largest
true eigenvalue can be approximated by efficient algorithms, e.g., power iteration, [Sleijpen
& Van der Vorst, 2000; Watkins, 2007]. For the smallest, we can set a small value greater
than 0 as the lower bound.
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Figure 2.6: An example of a continuous frequency response for the grid-based (top) and Chebyshev (bottom)

filter design, which promotes low gradient frequencies and the high curl frequencies. The cut-off frequencies
are subscripted by 7. The harmonic frequency response is given at frequency 0. For the Chebyshev polynomial
design, we require that the gradient and curl are continuous functions starting from frequency 0 and gg (0) =
9¢(0) = go-

2.5.3 CHEBYSHEV POLYNOMIAL FILTER DESIGN

Both discussed filter designs rely on solving an LS problem, which has a Vandermonde
matrix as the system matrix, and suffers from numerical instability. To tackle this issue,
we consider a Chebyshev polynomial based filter design [Druskin & Knizhnerman, 1989;
Shuman et al.,, 2018]. As illustrated in Fig. 2.6(Bottom), consider a continuous gradient
frequency response ga(A),A € [0,A\G max] and a continuous curl frequency response
9c(AN), A € [0, Ac, max]. We further require that gc (0) = gc(0) = go. That is, the continuous
functions gg () and go (M) are defined starting from frequency 0, at which they are equal
to the harmonic frequency response go.

As the filter H; is a sum of matrix polynomials of Li; 4 and L ,, our strategy is to first
consider the Chebyshev polynomial design for each of them so to separately obtain the
gradient and curl frequency responses, then sum these two polynomials to obtain the
final filter. However, one type of frequency response could be affected unwantedly by
the identity matrix term in the Chebyshev polynomial designed for the other frequency
response, as detailed later. The requirement that g (0) = gc(0) = go allows a possible
correction.

First, we approximate the gradient frequency response via a truncated series of shifted
Chebyshev polynomials Hg := Hq(Lj q). Let P;(X), X € [—1,1] be the [th Chebyshev
polynomial of the first kind [Mason & Handscomb, 2002]. We perform a transformation
P\ := PZ(A(:—“) with w := LQ“‘“ to shift the domain to [0, AG, max]. We then approx-
imate the operator gg (L1, q) that has the gradient frequency response gg(A) by Hyg of
order L1

Hy = Jeaol+ Y/ ca, Py (Lia) (2.32)

where we have Py(Ly g) =1, P1(L1,4) = 2 L; q — I the [;th Chebyshev term, for

>‘G,max
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l1>2,1s
P, (Li,q) =2P1(L1,q)P;, —1(Li,a) — P, —2(L1.q), (2.33)

and the Chebyshev coefficients cq ;, can be computed as
2 s
cal = ;/ cos(ll¢)gg(w(cos¢+1))d¢. (2.34)
0

The frequency response Hg(\) of Hy can be found as

L
{pd,o = %ca 0+ Z}IQ{QJ (ca,21, —€cd21,—1),for A € QuU Q¢ (2.35)

Hd,G(A) = %Cdp-‘-Zilzlchlﬂl()\),for A S QG7

with coefficient pq ¢ on the identity term of Hg, which is the frequency response at the
harmonic and curl frequencies, associated to the kernel of L 4 [cf. (2.212)]. For a reasonably
large L1 we have pq o =~ go and Hq ¢ () = ga(A), A € Qq.

Second, to approximate the curl frequency response gc (), we follow the same procedure
[cf. (2.32)-(2.34)] to obtain the Chebyshev polynomial H, := H, (L; ,,) of order Lo

Hy = Seuol+ 502 Cuty Py (L ). (2.36)

It has a frequency response H, ()

L
{pu,o = fcuo0t ZZLFZ{QJ (Cu,215 — Cu215—1),for A € QuU Qg (2.37)

gu’c(/\) = %Cu,o +Zl[;=1 Cu,lo Py (M), for A € Qc.

with coefficient py o on the identity term of H,, which is the frequency response at the
harmonic and gradient frequencies, associated to the kernel of L y [cf. (2.21b)]. For a
reasonably large Ly we have py o =~ go and H, c(\) = gc(N), A € Qc.

Lastly, by summing Hy and H,,, we obtain a filter that approximates the gradient and
curl frequency responses. However, from (2.35), we see that Hy generates a response
Pd,o at both harmonic and curl frequencies. This will lift up the curl frequency response
unwantedly by pq o. Similarly, H,, has the effect of lifting the gradient frequency response
by pu,o [cf. (2.37)]. By requiring that gg(0) = gc(0) = go, we can remove this unwanted
influence by subtracting a term goI from the summation. Hence, the final Chebyshev
polynomial design H; of orders L; and Lo is given by

H; =Hgq+H,—gol, (2.38)
which has a frequency response Hi(\)

Pd,0 +Pu,0 — 90, for A € Oy
Hy,g(A) +puo—9go0, forde Qg (2.39)
Hu,C()\) +pa,0 —go, fore Qc.

The following proposition states that the approximation error of the Chebyshev polynomial
design (2.38) is bounded.
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Proposition 2.8. Let G be the desired operator corresponding to the continuous gradient
and curl frequency responses gg (\) with A € [0,A\G max| and gc(A) with X € [0, \c,max]
as well as the harmonic one gg(0) = gc(0) = go. Let Hy [cf. (2.38)] be a truncated series
of Chebyshev polynomials of orders L1 and Lo with frequency response Hy(\) [cf. (2.39)].
Define

B1(L1) = SUPAco,aq man] 1 |Ha(N) — g0 — 9a(N)|},

N (2.40)
Ba(La) = SuPxcio ac ] L Hu(N) =90 =90 (V)| }
and B := max { B1(L1),B2(L2)}. Then, we have that
G-H))f
|G —Hy |2:= -t Ve _ g (2.41)
£#0 [I£]]2
Proof. See Appendix 2.G. O

When gg(+) and g (+) are real analytic, a stronger bound can be found [Hammond et al.,
2011; Shuman et al., 2018]. In addition, we make the following three comments.

1. When only the gradient frequency response g () is of interest, we can directly
consider the Chebyshev polynomial Hy [cf. (2.32)] with Lo = 0. Likewise we
consider H,, when only gc(A) is of interest.

2. If a frequency response g(\) is given on the whole spectrum, we can build a filter
H-= ZlL:O h;L} based on a Chebyshev polynomial design analogous to the graph
filter case [Shuman et al., 2018].

3. The Chebyshev polynomial design requires no eigenvalue computation of L. Thus,
it does not suffer from numerical instability, allows to build simplicial filters with
large Ly and Ly for an accurate design, and admits a recursive and distributed
implementation due to the Chebyshev polynomial property (2.33).

2.6 APPLICATIONS

In this section, we first discuss how to use a simplicial filter for subcomponent extraction
and edge flow denoising. We then consider analyses of financial markets, street and traffic
networks. These are similar to previous works [Barbarossa & Sardellitti, 2020; Jiang et al.,
2011; Schaub & Segarra, 2018; Schaub et al., 2014; Youn et al., 2008], but we directly use our
developed filters instead of employing a regularized optimization problem (which implicitly
defines a low-pass filter).

To gauge the performance in estimation tasks, we use the normalized root mean square
error (NRMSE), e = ||f — fo||2/||fo||2 with the flow estimate f and the true flow f;. For
filter design problems, we evaluate the spectral norm ||H; — G||2 with the designed filter
H; and the true operator G. The Chebfun toolbox was used for the Chebyshev polynomial
filter design [Driscoll et al., 2014].
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Figure 2.7: Subcomponent extraction performance by filters H; with different parameters based on an LS
design. The extraction becomes better as the filter order increases. For the gradient and curl components,
setting L1 = Lo and a = 3 worsens the performance because of the limited expressive power. For the general
filter form, the direct and decoupled LS designs have smaller performance difference as the filter order grows
(see Proposition 2.7).

2.6.1 SUBCOMPONENT EXTRACTION

In pairwise ranking problems, we aim to rank alternatives by comparing their scores.
The work [Jiang et al., 2011] modeled the score differences between alternatives as edge
flows on a pairwise comparison graph. The gradient component of these flows gives a
global ranking and the curl components measures the inconsistency of the ranking. For
further examples, see Candogan et al. [2011]; Gebhart et al. [2021]; Mock & Volic [2021]. A
common approach to obtain the three components of the flow is to compute [Barbarossa &
Sardellitti, 2020; Jiang et al., 2011; Lim, 2020]:

fo =Paof, foc=Pcf, fy=Puf=f—1fg—fc. (2.42)

where Pg = BIT(BlBlT)TBl is the projection onto the gradient space, the curl projector
is P = B2(B, B2)'B, and the harmonic projector Py =1 — L1L]1L. Notably, we can
use a (polynomial) simplicial filter H; to implement these operators, too.

Lemma 2.9. The projection operators (2.42) are equivalent toPg = U(;,Ug, Pg = UCUE
and Py = UHUE. As U requires the knowledge of global properties in this form the pro-
Jjections cannot be computed in a distributed way. However, for L1 = Dg, L2 = D¢, there
exists a unique {hg, o, B} such that Hy = Pq. These coefficients can be found by solving
the system (2.28) with go = 0,gc = 0 and gg = 1; analogous arguments lead to distributed
implementations of Hy = Pc and Hy = Pg.

Proof. See Appendix 2.H. ]

For the gradient and curl components, this can be simplified.
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Corollary 2.10. For the gradient projector P, there exist a filter with L1 = Dg, L2 =0
and a unique {ho,a} such that H; = Pq. The solution is ho =0 and o = ‘I’all. For the
curl projector P, there exist a filter with L1 = 0, Ly = D¢ and a unique {ho, 8} such that
H, = Pc. The solution ishyg =0 and B = <I>611

Proof. See Appendix 2.L O

Corollary 2.10 shows a gradient projector can be build solely upon Ly g, since L1 has
no effect in the gradient space [cf. (2.16) and (2.23)]. Similar arguments hold for the curl
projector.

Fig. 2.7 reports the performance of the subcomponent extraction based on H; via an LS
design. We generated a synthetic edge flow f = U f with a flat spectrum f = 1 on the
SC in Fig. 2.1a. We observe that as the filter order increases, the filter performs better
as its expressive power increases. Setting L1 = Lo with oo = 3 reduces the expressive
power as expected. If filter orders obey L1 > 6 and L3 > 3, then the gradient (or curl)
component can be perfectly extracted, as shown in Fig. 2.4 and indicated by Lemma 2.9
and Corollary 2.10. In the general parameter setting, the decoupled LS design performs
closer to the direct LS design as the filter order grows as shown in Proposition 2.7.

2.6.2 EDGE FLow DENOISING

Consider a noisy edge flow f = f* + € with f0 the true edge flow and € a zero-mean
white Gaussian noise. To obtain an estimate f, we can solve the regularized optimization
problem [Schaub & Segarra, 2018; Schaub et al., 2021]:

min ||f — f||3+p f T PF, (2.43)
f
with an optimal solution f = Hpf := (I+ uP)~!f. For matrix P we have two choices:

1. the edge Laplacian L; g = B] By, leading to a regularizer || B1f||3 to penalize the
flows with a nonzero divergence [Schaub & Segarra, 2018];

2. the Hodge Laplacian L1, leading to a regularizer f 'Lf = ||B1f'\|%+||B;f'||% to
penalize the flows with a nonzero divergence or curl [Schaub et al., 2021].

Operator H p has the frequency response Hp()\;) = 1/(1+4 pu);) with (i) \; =0 or \; € Qg
for P =Ly g, and (ii), A; =0 or \; € Qg U Q¢ for P = L1. Thus, Hp is a low pass filter
which suppresses either the gradient frequencies or the non-harmonic frequencies. We can
implement a simplicial filter to approximate H p. Fig. 2.8 shows the frequency responses
of the filter Hp with P = Ly, p = 0.5 based on the grid-based design, for which we
considered 10 samples in the frequency interval [0, 5.488] and the maximal eigenvalue is
estimated with 50 steps of power iterations. The grid-based filter design errors compared to
using the true eigenvalues are negligible, 0.023 and 0.004 for L = 2 and L = 4, respectively.

Note that the above optimization framework relies on the assumption that the true edge
flow is either divergence-free or harmonic, which is not always true for real-world flows
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Figure 2.8: Frequency responses of the denoising filter Hp = (I+0.5L1) ! based on the grid design with
different filter orders.

[Jia et al., 2019; Jiang et al., 2011]. When different spectral properties of the underlying
edge flow are known, or certain spectral properties of noise are known, we are able to
deal with various situations for denoising by properly designing the simplicial filters. To
illustrate this we induced a gradient flow from a node signal with a flat spectrum and
added Gaussian noise with an error of 0.46, shown in Figs. Fig. 2.9a and Fig. 2.9b. Fig. 2.9
contrasts the denoising results of the regularized optimization methods with our filters
that preserve the gradient component based on an LS design (Corollary 2.10). As Fig. 2.9c
to Fig. 2.9f, shown in this context the low-pass filters which are implicitly defined via the
optimization procedures lead to large errors. In contrast the simplicial filters that preserve
the gradient can denoise properly. Setting o = 3 again reduces the performance.

2.6.3 CURRENCY EXCHANGE MARKET

Table 2.1: Currency exchange rates captured from Yahoo!Finance, not arbitrage-free.

USD EUR CNY HKD GBP JPY AUD

1 USD 1 0.8422 6.3739 7.7666 0.7207 110.1020 1.3377
1EUR 1.1873 1 7.5681 9.2218 0.8557 130.7314 1.5883
1CNY 0.1539 0.1321 1 1.2185 0.1131 17.2683 0.2099
1HKD 0.1288 0.1085 0.8207 1 0.0928 14.1718 0.1723
1 GBP 1.3871 1.1685 8.8414 10.7732 1 152.6758 1.8557
1JPY 0.0091 0.0077 0.0579 0.0706 0.0066 1 0.0122
1 AUD 0.7475 0.6299 4.7602 5.8001 0.5385 82.1837 1

A currency exchange market can be described as a network where the vertices represent
currencies, and the edges indicate the pairwise exchange rates. If all pairs of currencies are
exchangeable, the vertex set }V and edge set £ make up a complete graph. For any currencies
i,j,k € V, we expect an arbitrary-free condition, r*/97-7/% = r*/k ith the exchange rate
/7 between i and j, i.e., the exchange path i — j — k provides no gain or loss over a
direct exchange ¢ — k. If we represent the exchange rates as edge flows f;; = log(r#/7),
this can be translated into the fact that f is curl-free, i.e., fij + f;x + frs = 0. Therefore, an
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Figure 2.9: Gradient flow denoising. (a) Edge flow fy induced by a node signal with a flat spectrum. (b) The
noisy observation f with error e = 0.46. (c-d) Denoising with the low-pass filter Hp with (c) P = L Schaub
et al. [2021], or (d) P = L g Schaub & Segarra [2018] leads to an even larger error of e = 0.70 or e = 0.73,
respectively. (e) Denoising by a gradient based simplicial filter Hy with an order L; = Ly =4 and a = 3,
yields a much better result with error e = 0.39. (f) Denoising by a general filter H with @ # 3 provides an
even smaller error with e = 0.23, even for a lower filter order Ly = Lo = 1.

ideal exchange edge flow is a gradient flow. This idea was exploited in Jia et al. [2019]; Jiang
et al. [2011] to assess arbitrage possibilities in exchange markets, and provide arbitrage
free exchange rates, respectively.

Here, we illustrate how we can analogously remove arbitrage opportunities via a simplicial
filter that preserves only the gradient component of a given exchange rate flow. For a
complete graph, there are two distinct eigenvalues, zero and Ny, for the lower or upper
Hodge Laplacian. Then, based on Corollary 2.10 we can extract the gradient component
viaHy = NLOLLd' Similarly, filter H; = NLOLLU can extract the curl component, which
indicate possible arbitrage opportunities.

In Table 2.1, we show a real-world exchange market of seven currencies at 2021/07/12
10:30 UTC from the Currency Converter Yahoo!Finance. We built an SC formed by the
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Table 2.2: The gradient component, arbitrage-free, provides a fair market.

USD EUR CNY HKD GBP JPY AUD

1 USD 1 0.8422 6.3738 7.7665 0.7208 110.0171 1.3385
1EUR 1.1874 1 7.5680 9.2216 0.8559 130.6292 1.5893
1CNY 0.1569 0.1321 1 1.2185 0.1131 17.2608 0.2100
1HKD 0.1288 0.1084 0.8207 1 0.0928 14.1656 0.1723
1 GBP 1.3873 1.1684 8.8425 10.7746 1 152.6286 1.8557
1JPY 0.0091 0.0077 0.0579 0.0706 0.0066 1 0.0122
1 AUD 0.7471 0.6292 4.7618 5.8022 0.5385 82.1919 1

seven currencies and all the 2-, 3-cliques, where the edge flow f is the logarithm of the
exchange rates in the upper triangular part without the diagonal in Table 2.1. If one unit
of currency yields more than 0.3% benefit or loss after two successive exchanges, we say
the corresponding exchange rates are non-arbitrage-free. By computing the curl B;— f,
we can identify six such triangles (up to machine precision) that are not arbitrage-free.,
e.g., USD-JPY-AUD (1 USD would yield 1.0041 USD), EUR-JPY-AUD, and HKD-GBP-JPY.
By applying a filter H; = NLOLl,d on the exchange rate flows, we can extract its gradient
flow, leading to the arbitrage-free exchange rate flow in Table 2.2. This yields essentially
the same results as solving the LS optimization problem considered in Jiang et al. [2011].
This simple example demonstrates the use of simplicial filters to generate an efficient
financial market. Especially in a complete market, the form of the filters is trivial and the
computational cost is much smaller compared to solving the LS problems.

2.6.4 LONDON STREET NETWORK: FAST PAGERANK OF EDGES

PageRank, as a ranking scheme for web pages, can be studied in terms of a random walk
on a graph, which can be used to measure the centrality of a node. PageRank was extended
to the edge space to assess the topological importance of an edge in Schaub et al. [2020].
The input edge flow f is an indicator vector which has value one on the edge of interest
and zeros on the rest, then a PageRank vector 7 follows the linear system [Schaub et al.,
2020, Def. 6.2], (YI+ Ly n)m = f, with L; ,, being the normalized 1-Hodge Laplacian®
[Schaub et al., 2020, Def. 3.3] and v > 0. The solution is 7 = (yI+Lj ,,) ~'f with the
PageRank operator Hpg := (yI+ L1 ) !, which does not require to construct the edge
space random walk matrix [Schaub et al., 2020, Thm. 3.4] compared to a power iteration
implementation. For an indicator edge flow f of edge 7, the absolute values of the entries of
7 are the influence measures edge 7 has on the edges and the signs the influence orientations
w.r.t. the reference orientations [Schaub et al., 2020]. Furthermore, the overall importance
of an edge can be assessed with the da-norm ||7||2 of its PageRank vector 7r. By extracting

the gradient component 7, we can study the importance of this edge w.r.t. the gradient

H‘T:’H‘LQ : likewise for the curl and harmonic

space via its do-norm || ||2 or relative norm
components.

%L1, admits a similarity transformation to its symmetric version, so its eigenvalues are real and carry the
simplicial frequency notion.
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Figure 2.10: PageRank analysis of the street network of London. Top left: network illustration. Top right:
Frequency responses of the grid-based designed filter of order 9 and the Chebyshev filter of order 61 w.r.t. the
desired continuous frequency response. Bottom left: Spectral norm error of the Chebyshev polynomial filter
of different orders. Bottom right: Continuous frequency response errors of the Chebyshev filter of different
orders.

Experiment setup. The operator Hpgr can be interpreted as a low pass filter which
attenuates the high gradient and curl frequencies. But to implement it we need to invert
a matrix. Instead, we propose here a faster variant via a simplicial filter Hy :=Hq (L )
built on the normalized Hodge Laplacian. To find the filter coefficients, we considered a
grid-based design and a Chebyshev polynomial with a desired response, g(\) = 7_1%\ with
A € [0,1] and v = 0.01. We implemented the PageRank operator in the street network of
London with 82 crossings (nodes), 130 streets (edges) and 12 triangles, as shown in the top
left of Fig. 2.10 [Schaub et al., 2014; Youn et al., 2008]. We considered a grid-based design
with 200 samples within the eigenvalue interval and a filter order of 9 and implemented

the Chebyshev polynomials H; of different orders.

Results. From Fig. 2.10, we see that the performance of the grid-based design decreases
heavily when the filter order is larger than 9 due to the numerical instability, while a
Chebyshev design allows a more accurate design as shown in Fig. 2.10.

We then computed the PageRank results of all edges with a Chebyshev filter of order 61
and obtained the norms of their three components in the absolute and relative senses. From
Fig. 2.11, we can identify the most influential streets (dark grey) in the network, as the
indicator flow on these streets induce a PageRank vector with the largest total norm. The
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Figure 2.11: PageRank vectors analysis. The scattered squares are the edges whose PageRank vectors contain
the top-five largest absolute (Top) and relative (Bottom) total norm, gradient, curl and harmonic norms. The
left figures show the PageRank values w.r.t. edge indices. The rights figures show the highlighted edges in the
network with shaded grey indicating the total norm, green the gradient norm, blue the curl norm and red the
harmonic norm.

streets (green) that have the biggest influence on the gradient space are the ones on which
a traffic change leads to congestion on the intersections as the traffic flows on them have a
large divergence. The red streets induce the most impact on the harmonic space and the
blues ones on the curl space, where the traffic flows tend to induce a global or local cyclic
flow, thus a small chance of congestion. The influences are measured in a relative sense in
the bottom figures, and we notice that most streets would not cause a large influence on
the curl space.

Finally, we show the simplicial PageRank vector of four edges to assess where their in-
fluences are concentrated in Fig. 2.12. Edge 19 (top left), sitting in the gradient space,
has a large influence in terms of gradient flow components on the surrounding edges to
which congestion on edge 19 would spread, as shown in Fig. 2.11. Edge 27 (top right) has a
large influence on edges that form 1-dimensional “hole” [Lim, 2020], containing mostly
harmonic components. This may imply that a traffic change on edge 27 would less likely
cause congestion. Edge 45 (bottom left), whose PageRank result has a large total norm, as
seen in Fig. 2.11, acts similar as edge 27. Edge 96 (bottom right) induces smaller influences
than the other three, but they reach further in the network. The most influenced edges are
its direct upper neighbors, as also seen in the bottom (blue) of Fig. 2.11, where congestion
would rather not happen.



2.6 APPLICATIONS 39

30 50
¥ ¥
3 o o ° o o 45
® S ° ° 25 ° | . °
[ 4 e . ° 40
o\ ¢ Pt f]:\ . % Pt
L P » Fog [ ] 'y » Fod 35
» 20 w
. ,\0) ° . ° 30
T o o s 24 "
e ' [ : P : 15 Py ° [ : » : 25 2
> ° o »- @ o 20

. S 45 . * <o 4
L§ < - . L§ < . ]
. ¢ . .
) ¢ o % 40 . [ 29N % 35
o A o L Ly [ ° ° o
\ .(h o 35 \ ! NP 3
30
25
5 o “ o~
o . . os 25 o ] . &" os 5
e o | .
4 ° " p . o/ 20 a . s p . 24 15
LAR) R, " 134 15 ¥ 9 M " o0 :
e 4 4 < Soo . | 4 L/
) > 3 ou 2 1
d .."' Y 10 ... '.." b
e dd 4 5 cwd 05
. .

Figure 2.12: Examples of the PageRank vectors of four edges. The edge width and color indicates the mag-
nitude of the PageRank result on that edge. The labeled edges are the chosen edges, also with the largest
PageRank results.

2.6.5 CH1cAGO ROAD NETWORK: GRADIENT COMPONENT EXTRACTION

We now conduct subcomponent extraction on a real-world larger network. On the Chicago
road network with 546 nodes, 1088 edges, and 112 triangles [Stabler et al., 2018], we perform
the gradient component extraction of the measured traffic flow, which is not divergence-
free, via filter H; built on the lower Hodge Laplacian. It is challenging to perform the filter
design in this setting because some simplicial frequencies are close to each other, leading
to the ill-conditioning of the LS design. This can be avoided by the Chebyshev polynomial
design. This requires a continuous desired frequency response to perform the gradient
component extraction, which ideally is an indicator function 1 with X € [0, A\q max]-

Here we use the logistic function gg(\) = m with the growth rate k£ > 0 and

the midpoint \g. If the smallest gradient frequency is close to 0, a large k and a small A\g
are required to achieve a good approximation of the ideal indicator function.

We applied different filter design methods. For the LS-based methods, we set a filter order
of 9 to avoid ill-conditioning and considered the decoupled solver. Moreover, we treated
the eigenvalues with a difference smaller than 0.3 as the same for the LS design, leading to
30 “different” eigenvalues. For the grid-based design, we uniformly sampled 100 points in
the interval [0, Aq, max) With Ag max = 10.8 approximated by a 50-step power iteration.
Lastly, we set kK = 100 and A\¢ = 0.01 for the logistic function in the Chebyshev polynomial
design.
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Figure 2.13: Chicago road network gradient component extraction. (a): Filter frequency responses with differ-
ent designs. (b): Left: SFT of the extracted gradient component in frequency range [0, 1]. Right: Approxima-
tion errors of Chebyshev filters of different orders and the extracted gradient component.

As seen in Fig. 2.13a, the Chebyshev polynomial of order 39 only has one frequency
response smaller than 0.9 at the smallest gradient frequency, while at the remaining
frequencies, it is able to well preserve the gradient component. The other methods have
a poorer performance especially at small gradient frequencies. We then compared the
gradient component extracted by above grid-based and Chebyshev polynomial filters.
Fig. 2.13b (left) reports the SFT of the extracted flows at frequencies smaller than 1. The
Chebyshev polynomial has a good extraction ability as it performs well even at the very
small frequencies where the grid-based design fails. Fig. 2.13b (right) shows the filter design
and the extraction errors of the Chebyshev polynomial of different orders. The extraction
error cannot be further reduced because the traffic flow contains large components at the
small frequencies and the logistic function, after all, is an approximate of the indicator
function.

2.7 CONCLUSION

We proposed a simplicial convolutional filter as a matrix polynomial of the Hodge Laplacians
for simplicial signal processing. It generates an output as a linear combination of the shifted
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simplicial signals. This shift-and-sum operation is analogous to the convolutions of time
series, images and graph signals and allows for a distributed filter implementation. In the
frequency domain, the filter acts as a pointwise multiplication respecting the convolution
theorem. Furthermore, the lower and upper Hodge Laplacians encode lower and upper
adjacencies, respectively. For an edge flow, its lower shifting propagates the flow to its
neighbors via the common incident nodes, while the upper one via the common triangles.
By assigning two different sets of coefficients on the lower and upper parts in the filter,
we can differentiate the lower and upper adjacencies. Via the Hodge decomposition, we
see that this corresponds to an independent control of the filter on the gradient and curl
spaces in the frequency domain. To achieve a desired frequency response, different filter
design approaches are considered with pros and cons. The filter provides a faster and
distributed solution for subcomponent extraction, simplicial signal denoising and other
tasks in exploiting the higher-order connectivities of the network.
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APPENDIX

2.A PROOF OF ProrPosITION 2.1

Due to the distributivity of matrix-vector multiplication, we have L; q(af; + bfz) =
aLy qfy 4+ 0Ly qf2, and Ly  (af; +bf2) = aliy f1 + bL1 uf2. Then, by working out the
expression Hj (afy + bf2) and using the distributivity w.r.t the addition, the linearity
proof completes. Since we have Lll,dLl,d = Ll,dLlLd» and similarly for for Lj ,, and
L1 qL1,u = 0, the shift-invariance holds. The same proof applies to the general case with
kE#1.

2.B PROOF OF PROPOSITION 2.2

Since the permutation matrix Py, is orthogonal, i.e., P kPT = Png =1, we have that
(PyLy.aP] )" = P,L P, and similarly (P Ly P} )2 = P, L2 P Thus, we can
express the permuted simplicial filter as

Ly Lo
Hy, = hol+ Y oy, (PeLiaPy)" + > B, (PrLy o Py )"
=1 lp=1

Ly Lo
=hol+ > %PkL;{ PLED ﬁbPkLﬁjuP;

2 = (2.44)
L1 L2
=P, (hoI + Z Qjy Li})d + Z B, L?,u) P;—
l1:1 l2:1
=P H; Py

The output on the permuted SC can be written as X* := H,x* = Hy (P x*) = PkaP,;rkak =
P.Hx" := Pyx*. The proof completes.

2.C PROOF OF PROPOSITION 2.3

The diagonal matrix Dy, satisfies that DD, = DED ,x = L. Following from that, we
have that (DjLy,aD; )" = DyLj! ;D/, and similarly (D4Ly D] )2 = D;L? D]
Following the same procedure in (2.44), we have
Ly Lo
Hy, = hol+ Y oy, (DgLgaDy )" + Y B, (DipLi D} )2 = DyHDY . (2.45)
=1 lo=1
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Thus, the filter output on the reoriented simplices can be expressed as xF = Hpxh =
Hy (Dyx") = DpHyx" := Dysk. The proof completes.

2.D PROOF OF PROPOSITION 2.5
We show the proof for each item.

1) First, we show that the image of L; 4 is equivalent to the gradient space im(B ).

1. To show im(L1 4) C im(B{ ): From L; 4 = B By, for any non-zero x € im(L1 4),
we have x = L1 gy, and we can always find a vector z = B1y € RN such that
X = Bsz;

2. To show im(B{ ) C im(Lj q): for every non-zero x € im(B ), we can find some
y L ker(B] ) such that x = B y # 0. This implies y € im(B1), so there exists
some z € RV such that y = Bz and x = BlTBlz =L, 4z, and hence im(BlT) C
im(LLd).

Combining (i) and (ii), we have that im(L; 4) = im(B] ).

Second, we show that the eigenvectors Ug of Li; g associated with nonzero eigenvalues
span the image of Ly 4. As L1 g is positive semidefinite (PSD), thus, diagonalizable, the
geometric multiplicity of every eigenvalue equals to the algebraic multiplicity. That is, all
the eigenvectors are linearly independent and form an eigenbasis. Then, matrix Ug has a
full column rank. Furthermore, for any x € im(Ly 4), we have x = L gy = U(;A(;Ugy,
ie, x € im(Ug) and im(L; q) € im(Ug). Due to dimim(L; 4) = rank(L; 4) = Ng,
matrix Ug spans the image of Ly q and the gradient space im(B{).

2) The proof of 2) follows similarly as the proof of 1).

3) For arbitrary eigenvectors ug in Ug and uc in Ug, we have ug = %Ll’dug andug =
%Ll,uuC- Thus, from (2.2), their inner product follows uguc = ﬁung,dLLuuc =
0, ie, Ug L Uc. Moreover, from the definition of Lj, matrix [Ug U] contains the
eigenvectors of L; associated with nonzero eigenvalues. The Hodge decomposition in-
dicates that im(B{ ) @ im(Bz) = im(L1). By combining with 1) and 2), we have that
im(B{ ) =im(Ug) and im(Bz) = im(Ug).

4) As L is PSD, the eigenvectors associated to zero eigenvalues are linearly indepen-
dent. Any vector x € ker(L;) follows Ljx = 0, which means x is an eigenvector asso-
ciated with an eigenvalue 0, i.e., ker(L;) = im(Uy) with dimension Ny;. Moreover, we
have ker(L1) = ker(L; q) Nker(Li ) from the definition of L1, then the columns of Uy
can be used as eigenvectors of L; g or Ly, associated with zero eigenvalues. From 3)
and ker(Lj) = im(Uyy ), we have Uy L Ug and Uy L Ug. Thus, matrix [Uy Uc] (or
[Un Ug)) provides the eigenvectors of Ly 4 (or Ly ,,) associated with zero eigenvalues,
and the proof completes.

5) From 3) and 4), we have that matrix U; collects all eigenvectors of L. From 1), 2), and
4), we have that U, provides all eigenvectors for Ly 4 and L1 .
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2.E PROOF OF PROPOSITION 2.6

With condition i), we can eigendecompose the operator G as diag(g) = U{ GUj, then
the equivalence between G and H; can be achieved through a set of linear equations in
the spectral domain, i.e., Hi(\;) = g;, for all i = 1,..., N7. Based on condition ii), this
set of linear equations is equivalent to linear system (2.28) and (2.29) with 1+ Dg + D¢
equations. With the filter order requirement in condition iii), the Vandermonde matrices
@ and P have full row rank. Thus, there exist at least one solution to problem (2.28)
and the proof completes.

2.F PROOF OF PROPOSITION 2.7

The cost function J in problem (2.29) is convex w.r.t. variables, hg, a and 8. Thus, we
could find the optimality condition by setting the gradients of the cost function w.r.t. the
three variables to zeros, given by

Viod =ho—go+ (hol+®ca—gg) 1+ (hol+®cB—gc) ' 1=0,
Vad =@, (hol+Pga—gg) =0, (2.46)
VgJ = ®L(hol +®cp —gc) = 0.

First, consider the case where we have that ||<I'G<I>J(r} —I||p=0and ||'iI>c'1l'Ij —I||Fp=0,1ie,
P i’g =Tand ®¢ @E =1, then the solution (2.30) results in that (hg1+®g& —gg) =0
and (hol+®cB —gc) = 0, which satisfies the optimality condition (2.46).

Second, consider the general case that ||<I>G<I'TG —1I||p# 0 and H(I’C<I>TC —I||p# 0. By
substituting the solution (2.30) into the optimality condition (2.46), we have

T T
Viod = (®c®l, - TD)(gc —g01)) 1+ ((c®L-T)(gc—g01) 1,
Vol =®4(@c®L, —T)(gc — gol), (2.47)
VpJ = 8, (®c®,—T)(gc — go1).

For any matrix A € R™*" with singular values oy, ¢ = 1,...,min{m,n}, we have that
) 1
A p= (0™ 52)2 Ifitholds || ®q®f, || p— Oand | ®c ], —1|

Frobenius norms approach to zero, the number of trivial (zero) singular values of &g 'I>Jé -1

r— 0, 1e., the

and ®¢ ‘I>TC — I increases. Accordingly, the number of trivial entries in (®¢ (I’Z} -I(gc —
gol) and (<I>C<I>TC —TI)(gc — gol) increases, which corresponds to a suboptimal condition
of (2.46), i.e., the gradients VhOJ(?Lo, é,B) = 0, Vo J (ho,é) — 0 and VBJ(EOHB) — 0.
The proof completes.
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2.G PROOF OF PROPOSITION 2.8

Since the operator G corresponds to the desired continuous harmonic, gradient and curl
frequency responses, it can be diagonalized by U;. Therefore, we have that

IG —Hc|l2 = [[Ui(g(A) = Hi(A)UT |2 245
— (&)~ (W)= _max lg) )] ¢4
Z:L‘..,Nl
where the diagonal matrix g(A) has entries g(\;) = go for \; € Qn, g(A\i) = ga(\:) for
Ai € Qg and g(\;) = gc () for A; € Qc. The frequency response Hi(\;) for \; € Q is
given in (2.39). Moreover, based on the definition of B; (L) and Ba(L2) we have that
max |g(>\z) — f{l()\z)‘ < maX{Bl(Ll),BQ(Lg)} =B. (2.49)

i=1,...,N1

The proof completes.

2.H PROOF OoF LEMmMA 2.9

We first show the equivalence between the two projection operator forms. From the
Hodge decomposition, the gradient, the curl and the harmonic components are in the
subspaces im(B{ ), im(Bz) and ker(L; ), respectively. Furthermore, from Proposition 2.5,
we have that im(B{ ) = im(Ug), im(B2) = im(U¢) and ker(L1) = im(Uy). Thus, each
subcomponent can be obtained as the orthogonal projection of f onto the subspace spanned
by the eigenbasis, i.e., the LS estimate. The gradient projection is Pg := UgUg, the curl
one P¢ := UCUg and the harmonic one Py := UHUE. This can be shown via the SFT
as well, ie., fo = Ugfa = U(;Ugf, likewise for the other two.

Second, the simplicial filter H; can implement the gradient projector P = Ug U/, if
and only if we have that
0
Ing

with U = [Uy Uc]. We have that Hy = Uy H, U/ from (2.24). Thus, (2.50) is equivalent
to problem (2.28) with gg =0, gc = 0 and gg = 1. With L; = D¢ and Ly = D¢, there
admits a unique solution {hg, o, 8} to system (2.28). Similar procedure can be followed
for the implementation of the curl and harmonic projectors. The proof completes.

(Ug)"

H, = UcU{, = [Ug Uc| UL

, (2.50)

2.] PrRooF oF COROLLARY 2.10

To implement the projector P via Hy with Ls = 0 (8 = 0), from (2.50), it is equivalent to
set go =0 for \; € QuU Q¢ and g(\;) =1 for \; € Q¢ in (2.25), i.e, g = [0 IEG}T. This
returns problem (2.28) without ®¢ and S, i.e.,
2
. 0 ho
1 — 2.51
min [ B a} g (2.51)

2
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If L1 = Dg, the system matrix is square and any two rows are linearly independent, it
admits a unique solution of hg =0 and o = ‘I’Ell. Similar procedure can be followed for
the curl projector P¢. The proof completes.

2.J ILLUSTRATIONS OF HODGE DECOMPOSITION AND SFT
ON AOTHER SC

In addition to the illustrations previously, we here demonstrate the Hodge decomposition
in Appendix 2.J and the simplicial Fourier basis and frequency in Fig. 2.15 on the SC in
Fig. 1.3.
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(a) Edge flow (b) Gradient flow (c) Curl flow (d) Harmonic flow

Figure 2.14: (a) An edge flow where we denote its divergence and curl in purple and orange, respectively. (b)-
(d) The Hodge decomposition of the edge flow in (a). The gradient flow is the gradient of some node signal (in
blue) and is curl-free. The curl flow can be obtained from some triangle flow (in red), and is divergence-free.
The harmonic flow has zero divergence and zero curl, and is circulating around the hole {1,3,4}. Note that in
this figure, the flow numbers are rounded upper to two decimal places. Thus, at some nodes or triangles with
zero-divergence or zero-curl, the divergence or curl might not be exactly zero.
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Figure 2.15: (a)-(f) Six gradient frequencies and the corresponding Fourier basis. We also annotate their
divergences, and we see that these eigenvectors with a small eigenvalue have a small magnitude of total
divergence, i.e., the edge flow variation in terms of the nodes. Gradient frequencies reflect the nodal variations.
(g)-(i) Three curl frequencies and the corresponding Fourier basis. We annotate their curls and we see that
these eigenvectors with a small eigenvalue have a small magnitude of total curl, i.e., the edge flow variation
in terms of the triangles. Curl frequencies reflect the rotational variations. (j) Harmonic basis with a zero
frequency, which has a zero nodal and zero rotational variation.
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HoDGE-AWARE CONVOLUTIONAL
LEARNING ON SIMPLICIAL
COMPLEXES

In the previous chapter, we introduced the simplicial convolutional filters that are based on the
Hodge Laplacians. They are able to filter the simplicial signals independently in the different
Hodge subspaces. This linear convolution operation allows us to construct neural network
models to perform learning on simplicial complexes, in analogy to how graph neural networks
are built upon graph convolutions. In this chapter, we consider a more general framework,
simplicial complex convolutional neural networks (SCCNNs), where the learning is performed
over simplices of different orders. The success of neural network models has been attributed
to their ability to exploit the symmetry of the data, and their stability against perturbations.
This motivates us to investigate the properties of SCCNNS in terms of their equivariance and
stability, and more importantly, the Hodge decomposition. This chapter is based on the work
of Yang & Isufi [2023]; Yang et al. [2022a].

3.1 INTRODUCTION

In the line of geometric deep learning [Bronstein et al., 2021], there is a growing interest
in learning from data defined on simplicial complexes. The motivation behind this comes
from two limitations of standard graph neural networks (GNNs). First, graphs are limited
to model pairwise interactions between data entites on nodes, yet polyadic (multi-way)
interactions often arise in real-world networks [Battiston et al., 2020; Benson et al., 2021;
Torres et al., 2021], such as friendship networks [Newman et al., 2002], collaboration
networks [Benson et al., 2018], gene regulatory networks [Masoomy et al., 2021]. Second,
graphs are often used to support signals on the nodes, and standard graph signal processing
and GNN approaches often revolve around signals and features on nodes. Yet, signals
involved with multiple entities are less researched compared to signals on nodes (with one
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entity). They arise as signal flows on edges, signals on triangles and so on. For example, in
physical networks, we may encounter water flows in a water supply network [Money et al.,
2022], traffic flows in a road network [Jia et al., 2019], trading flows in financial networks
[Lim, 2020] and information flows in brain networks [Anand et al., 2022], as well as in
human-generated networks, we have collaboration data, such as triadic collaborations in
coauthorship networks [Benson et al., 2018].

Simplicial complexes are a popular higher-order network model and have been shown
effective to address both limitations of graph-based models [Bick et al., 2023]. They are
composed of topological objects, namely, nodes, edges, triangles, etc., which are simplices
of different orders. Simplicial complexes naturally describe more topological (higher-order)
relationships in networks, thus, having more topological expressive power than graphs.
This has been the main motivation of recent neural networks developed on simplicial
complexes [Bodnar et al., 2021b; Bunch et al.,, 2020; Chen et al., 2022d; Ebli et al., 2020;
Giusti et al., 2022; Roddenberry & Segarra, 2019; Roddenberry et al., 2021]. We also refer
readers to the recent surveys [Besta et al., 2024; Papamarkou et al., 2024]. In analogy to
standard GNNs relying on the adjacency between nodes, the central idea behind these
works is to rely on the relationships between simplices to enable learning. Such relations
can be twofold: first, two simplices can be lower and upper adjacent to each other, e.g., an
edge can be (lower) adjacent to another via a shared node, and can also be (upper) adjacent
to another by locating in a common triangle; and second, there exist inter-simplicial
couplings (or simplicial incidences) between simplices of different orders, as shown in
Fig. 4.1a. The aforementioned works mainly vary in terms of either message-passing or
convolutional flavor, or the type of simplicial relationships relying, either on only simplicial
adjacencies or on both adjacencies and incidences.

Furthermore, signals can be defined on simplices to model the data related to multiple
entites in networks. This has been the main focus of topological signal processing literature
[Barbarossa & Sardellitti, 2020; Schaub et al., 2021; Yang et al., 2022b]. The celebrated
combinatorial Hodge decomposition arising from discrete calculus [Grady & Polimeni, 2010;
Lim, 2020] provides a unique and characteristic decomposition of simplicial signals into
three components. This is particularly intuitive for edge flows which allows their decom-
position into gradient flows, curl flows and harmonic flows, that are, respectively, curl-free,
divergence-free or both. These notions from discrete calculus interestingly allow us to
capture some physical properties of the simplicial signals, such as the conservation laws
[Grady & Polimeni, 2010]. More importantly, this decomposition offers a tool to better
analyze simplicial signals, as reported in statistical ranking problems, financial exchange
markets [Jiang et al., 2011], traffic networks [Jia et al., 2019], brain networks [Anand et al,,
2022] and game theory [Candogan et al., 2011]. We hypothesize it will further promote
better principled and effective learning methods on simplicial complexes.

Given this context, we reckon that the aforementioned works on simplicial neural networks
mostly focus on the pure topological aspect of simplicial complexes. It lacks theoretical
analyses of their learning capabilities from the Hodge spectral perspective. Also, since
SCs are often built from data and are prone to estimation uncertainty, the learning on SCs
benefits from a stability analysis to investigate their robustness against perturbations on
the simplicial topologies. Thus, in this chapter, we propose a more general and unified
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framework, namely, simplicial complex convolutional neural network (SCCNN), and we
focus on the following three theoretical aspects. Our contributions are as follows:

« In Section 3.2 we introduce SCCNN and emphasize its three principles, namely,
uncoupling the lower and upper simplicial adjacencies, accounting for the inter-
simplicial couplings, and performing higher-order convolutions. We then use the
Dirichlet energy minimization on SCs to understand how uncoupling the lower and
upper adjacencies in Hodge Laplacians, as well as the inter-simplicial couplings can
mitigate simplicial oversmoothing.

« In Section 3.3, we characterize the spectral behavior of SCCNN and its expressive
power under the help of spectral simplicial theory [Barbarossa & Sardellitti, 2020;
Steenbergen, 2013; Yang et al., 2021]. We show that an SCCNN performs independent
and expressive learning in the three subspaces of the Hodge decomposition, which
are invariant under its learning operators. This Hodge-awareness (or Hodge-aided
bias) allows for effective and rational learning on SCs compared to MLPs or simplicial
message-passing networks [Bodnar et al., 2021b].

« In Section 3.4, we obtain a theoretical stability bound on the SCCNN outputs against
small perturbations on the simplicial connections. This allows us to see how the
three principles and other network factors can affect the stability, as well as the
limitations of SCCNNs. This analysis in turn guides the design of convolutional
architectures.

In Section 3.5, we validate our theoretical findings and highlight the effect of the three
principles, the need for the Hodge-aware learning, as well as the stability, based on different
simplicial tasks including recovering foreign currency exchange (forex) rates, predicting
triadic and tetradic collaborations, and ocean current trajectories. Finally, we conclude the
chapter with a discussion on this work and its relations to existing works.

3.2 SiMPLICIAL CoMPLEX CNNs

We first introduce the general convolutional architecture on SCs, then discuss the propreties
of SCCNN and study the effects of the three principles from an energy minimization
perspective.

In an SC, taking Xk 1 , Xk L and Xk+1 as inputs, an SCCNN at layer [ = 1,..., L computes

the k-simplicial output Xk via a map

1 l
SCCNNY {Xk 1’Xk k+1}—>xk7 xk—a(dexkd—FH —l—Hku ku)
(3.1)

with

Ty Tu Ta Ty

t t / t / t

Hy :Zwk,d,th,d‘f‘Zwk,u,th,ua Hjq :Zwk,d,th,da Hk,uzzwk,u,th,u-

t=0 t=0 t=0 t=0

(3.2)
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Figure 3.1: (a) An SC where arrows indicate the reference orientations of edges and triangles. 2-simplices are
(filled) triangles shaded in green and open triangle {1,3,4} is not in the SC. (b) Lower convolution via H;
and Hy 4 on edge ej. (c) Upper convolution via Hy and Hy y on e1. (d) Node 1 (in black) contains informa-
tion from its neighbors {2,3,4} (nodes in red), and projected information from edges which contribute to
these neighbors (denoted by arrows in red from edges to nodes), and from triangles {t1,¢2,¢3} which con-
tribute to those edges (denoted by double arrows in red from triangle centers to edges). This interaction is the
coupling between the intra- and the extended inter-simplicial locality.

Here, H;, denotes a simplicial convolutional filter (SCF, [Yang et al., 2022b]) with two
sets of learnable coefficients {wy, 4.+ },{wk u ¢}, while Hy, g and Hy, ,, are the lower and
upper SCFs, respectively. Moreover, xf;cll = B;—xﬁg__ll and xé_ul = B;H_lxg;ll are the
lower and upper projections from (k =+ 1)-simplices via incidence relations to k-simplices,
respectively, and o(+) is an elementwise nonlinearity. The convolution operations in this
SCCNN can be understood as follows: 1) The previous k-simplicial output xf;l is passed
to an SCF H%€ of orders Ty, Ty, which performs a linear combination of the signals from
the lower-adjacent (up to T3-hop) and upper-adjacent (up to Ty;-hop) simplices. 2) The
previous k & 1-simplicial outputs x ,;;1 are first projected to k-simplices, which are then
convolved using a lower SCF and an upper SCF, respectively.

We give two examples where the first is a SCCNN on a SC of order two, and the second is
the form of SCCNN with multi-features.

Example 3.1. For k =0,1,2, a SCCNN layer reads as
xh = (HOX '+ H) lel_l),
l l T l— l -1
X1 = (H dB +H1 1 +Hl,uB2X2 )a (3-3)
x, = o(H) aBa xlf +HLxLh).
Recursively, we see that a SCCNN layer takes as inputs {xé ! xé_Q xll_2 xl2_2} to com-

pute Xé. One may find this familar as some type of skip connections in GNNs [Xu et al.,
2018b].

Example 3.2 (Multi-Feature SCCNN). A multi-feature SCCNN at layer [ takes {XZ_ 11 , Xl_

Xi;ll} as inputs, each of which has Fj_; features, and generates an output Xk with Fl
features as
Ty
t T~l—1 t -1
Xk =0 ZLkdB X AW 4+ L o X W

=0 (3.4)

u Tu
I—1yxrl -1
+ ZLZ,uXk Wiut + ZLZ,uB’H—leJerk ut
t=0
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where L? indicates the matrix ¢t-power of L, while superscript [ indicates the layer index.

In Fig. 3.1, we provide an example of SCCNN for the edge case k = 1. We focus on edge e;
and consider the cases Ty =T}, = 2. On edge e, the SCF H; linearly combines the signals
from its direct lower neighbors (edges in blue) and two-hop lower neighbors (edges in
purple), as shown in Fig. 3.1b. It also combines the signals from the direct upper neighbors
(edges in red) and two-hop upper neighbors (edges in orange), as shown in Fig. 3.1c. At the
same time, the signals on nodes are projected on the edges, denoted by arrows in blue and
purple from nodes to edges in Fig. 3.1b, which are then combined to edge e; by the lower
SCF H; 4. The signals on triangles are projected on the edges as well, denoted by double
arrows in red and orange in Fig. 3.1c, which are combined to edge e; by the upper SCF
Hy .

This architecture subsumes the convolutional learning methods on SCs in Bunch et al.
[2020]; Chen et al. [2022d]; Ebli et al. [2020]; Roddenberry et al. [2021]; Yang et al. [2022a;c].
We refer to Appendix 3.B for a detailed discussion. Particularly, we here emphasize on the
key three principles of an SCCNN layer:

(P1) It uncouples the lower and upper parts in the Hodge Laplacian. This leads to an
independent treatment of the lower and upper adjacencies, achieved by using two
sets of learnable weights. We shall see in Section 3.3 that how this relates to the
independent and expressive learning in the Hodge subspaces.

(P2) It accounts for the inter-simplicial couplings via the incidence relations. The projec-
tions Xy, q and Xy, ,, carry nontrivial information contained in the faces and cofaces
of simplices (by Hodge decomposition [cf. Section 2.4.1]).

(P3) It performs higher-order convolutions. We consider Ty, 7, > 1 in SCFs which leads
to a multi-hop receptive field on SCs.

In short, each SCCNN layer propagates information across SCs based on two simplicial
adjacencies and two incidences in a multi-hop fashion.

3.2.1 PROPERTIES

Simplicial locality. The simplicial convolutions admit an intra-simplicial locality where
the output Hyx, is localized in Ty4-hop lower and Ty, -hop upper k-simplicial neighbor-
hoods [Yang et al., 2022b]. An SCCNN preserves such property as o(-) does not alter the
information locality. It also admits an inter-simplicial locality between k- and (k +1)-
simplices due to the inter-simplicial couplings. This further extends to simplices of orders
k+1lif L > [because Bxo(Bgy1) # 0 [Schaub et al., 2021]. Moreover, the intra- and inter-
simplicial localities are coupled in a multi-hop way through higher-order convolutions
such that, for example, a node not only interacts with its incident edges and the triangles
including it, but also with those further hops away, as shown in Fig. 3.1d. We refer to
Appendix 3.A.1 for a more formal discussion.

Complexity. An SCCNN layer has a parameter complexity of order O(Tgq +7,) and a
computational complexity O(k(ng + ng11) + npgmi(Tq + Ty)), which are linear in the
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simplex dimensions. Here, my, is the maximum number of neighbors for k-simplices. We
refer to Appendix 3.A.2 for more details.

3.2.2 SYMMETRIES OF SCS AND SIMPLICIAL DATA, EQUIVARIANCE OF
SCCNNs

Permutation symmetry of SCs. There exists a permutation group P,, for eachsetS *in
a SC of order K. For K = 0, this gives the graph permutation group. We can combine these
groups for different simplex orders by a group product to form a larger permutation group
P = x, P, , which is a symmetry group of SCs and simplicial data, assuming vertices
in each simplex are consistently ordered. That is, we have, for p = (pg,p1,-..,PK) €
P, [p-Lilij = [Lk] 1 5yp=1 (), P Bilig = Bl 1 591y, and [p-xk]i = [xu],-15)-
This permutation symmetry of SCs gives us the freedom to list simplices in any order.

Orientation symmetry of simplicial data. The orientation of a simplex is an equiva-
lence class that two orientations are equivalent if they differ by an even permutation Lim
[2020]; Munkres [2018]. Thus, for a simplex s¥ = {io, ..., i)} with k > 0, we have an orien-
tation symmetry group Oy, ; = {02‘ ;05 ;} by a group homomorphism which maps all the
even permutations of {ig,...,%x} to the identity element oz , and all the odd permutations

to the reverse operation o,_,.
;

We can further combine the orientation groups of all simplices in a SC as O = x; Oy, ; by
using a group product. This however is not a symmetry group of an oriented SC because
0Lk changes the signs of L, elements in ¢th column and row, and 0" Bi changes
the ith row, resulting in a different SC topology. Instead, it is a symmetry group of the
data space, due to its alternating nature w.r.t. simplices. For 0 € O we have [0 x}]; =
ok.i- fr(sF) = fk(olz,} -sk), i.e., [xy]; remains unchanged w.r.t. the changed orientation of
sf. This gives us the freedom to choose reference orientations of simplices when working
with simplicial data.

Theorem 3.3 (Permutation Equivariance). A SCCNN in (3.1) is P-equivariant. For allp € P,
we have p- SCCNNy, : {pg—1 - Xk—1,Pk " Xk, Ph+1 " Xpop 1} = DXk

Theorem 3.4 (Orientation Equivariance). A SCCNN in (3.1) is O-equivariant if o(+) is odd.
Forallo € O, we have 0- SCCNNy, : {01 Xg—1,0k * Xk, Ok+1 - Xk+1} — Ok - Xk-

Proof. (informal) Both the permutation group and orientation group have linear matrix
representations. By following the same procedure in [Bodnar et al., 2021b, Appendix D] or
Roddenberry et al. [2021], we can prove the equivariance. ]

3.2.3 A SIMPLICIAL DIRICHLET ENERGY PERSPECTIVE

Here we analyze the convolution architecture in (3.1) from an energy minimization per-
spective. First, we extend the notion of Dirichlet energy from graphs to SCs.

Definition 3.5. The Dirichlet energy of a k-simplicial signal x, is
D(x) = Da(xk) + Du(xk) = | Bexl[3 + | By x5 (3.5)
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This Dirichlet energy returns the graph Dirichlet energy when k = 0. In this case, D(x0) =
By x0l3 =3, >l — ;|| is the £o-norm of the gradient of the node signal x.

For edge flow x1, D(x1) consists of two parts, |B1x1||3 and || BJ x1 ||3, which measure
the total divergence and curl of x;, respectively, i.e., the edge flow variations w.r.t. nodes
and triangles. In the general case, Dq(x)) and Dy (X)) measure the lower and upper
k-simplicial signal variations w.r.t. the faces and cofaces, respectively. A harmonic k-
simplicial signal xj, has zero Dirichlet energy, e.g., a constant node signal and a div- and
curl-free edge flow.

Simplicial shifting as Hodge Laplacian smoothing. Bunch et al. [2020]; Yang et al.
[2022¢] considered Hj, to be a weighted variant of I — Ly, generalizing the graph con-
volutional network (GCN) [Kipf & Welling, 2017]. This is necessarily a Hodge Laplacian
smoothing as in Schaub et al. [2021]—given an initial signal xg, we consider the Dirichlet
energy minimization:

min [Bioxi 3+ 9B L xel3, 7 >0,
(3.6)
gradient descent: X?gld =(I—nLgq— n’YLk,u)Xéc

with step size > 0. The simplicial shifting x?‘l =wo(I— Lk)xf€ is a gradient descent
step with 7 = v = 1 and weighted by wg. A minimizer of (3.6) with v = 1 is in fact in the
harmonic space ker(Ly). Thus, a neural network composed of simplicial shifting layers
may generate an output with an exponentially decreasing Dirichlet energy as it deepens,
formulated by the following proposition. We refer to this as simplicial oversmoothing, a
notion that generalizes the oversmoothing of a GCN and its variants [Cai & Wang, 2020;
Nt & Maehara, 2019; Rusch et al., 2023].

Proposition 3.6. Ifwd||I—Lg|3 <1, D(xgjl) in a neural network of simplicial shifting
layers exponentially converges to zero.

However, when uncoupling the lower and upper parts of Ly, in this shifting, associated
to the case v # 1, the decrease of D(x}) can slow down or cease because the objective
function in (3.6) instead looks for a solution primarily in either ker(By,) (for v < 1) or
ker(BkTJrl) (for v > 1), not necessarily in ker(Ly ), as we shall corroborate in Section 3.5.

Inter-simplicial couplings as sources. Given some nontrivial x;_; and x4, we
consider the optimization

min [ Brxg —xp-1]13 + 1B 1 x5 — X113,
k (3.7)

gradient descent: ch—:;ld = (I—nLy)x} +n(Xk.d +Xku)

with step size 17 > 0. It resembles the convolutional layer, x?’l =wo(I— Lk)xgC +wi1Xg.q+
waXy, y With some learnable weights, in Bunch et al. [2020]; Yang et al. [2022c].

Proposition 3.7. We have

2 2 1+1 2 2 l
113+ lwrr 13 < D) < willT = Lil3D(x},)

+ 0 Amax (L) 15k, [3 + w5 Amax (L) %k 13-

(3.8)
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The signal projections from the lower and upper simplices act as energy sources for xfc,
and also the objective function in (3.7) looks for an xj, in the image spaces of By 1 and
B/, instead of ker(Ly,). This ensues that D(xgjl) may not converge to zero, but rather
to a nontrivial value ||x;_1||3 + ||z +1]|3. Thus, inter-simplicial couplings pay a role in
mitigating the oversmoothing.

Here we showed that simply generalzing GCNs to simplices will inherit its oversmoothing
risks. However, by uncoupling the lower and upper Laplacians and accounting for the
inter-simplicial couplings we could mitigate this issue. This can also be explained by means
of a diffusion process on SCs [Ziegler et al., 2022], which we discuss in Appendix 3.A.3.

3.3 FRoMm CONVOLUTIONAL TO HODGE-AWARE

In this section, we first introduce the Hodge-invariant operator, which is an operator such
that the three Hodge subspaces are invariant under it. Then, we show that the SCF is
such an operator and SCCNN, guided by the three principles (P1-P3), performs Hodge-
invariant learning, allowing for rational and effective learning on SCs while remaining
expressive. Throughout the exposition, we rely on the simplicial spectral theory developed
in Section 2.4, which also allows us to characterize the expressive power of SCCNNs. We
refer to the detailed derivations and proofs in Appendix 3.D.

Definition 3.8 (Invariant subspace). Let V be a finite-dimensional vector space over R
with dim(V') > 1, and let T: V' — V be an operator in V. A subspace U C V' is an invariant
subspace under T' if T'u € U for all u € U, i.e., the image of every vector in U under T
remains within U. We denote this as 7|y : U — U where T'|y is the restriction of T on U.

Given the notion of invariant subspace, we then define the Hodge-invariant operators.

Definition 3.9 (Hodge-invariant operator). Let O € {im(B} ),im(By.1),ker(Ly)} be
any Hodge subspace of R™%. A linear transformation F': R"* — R™* is a Hodge-invariant
operator if for all x, € O it holds that F(x;) € O. That is, any simplicial signal in a certain
Hodge subspace remains in that subspace under F'

Proposition 3.10. The SCF Hy, is a Hodge-invariant operator. That is, for any x;, € O, we
have Hyx), € O, for O € {im(B]} ),im(By.1),ker(Ly)}. Moreover, the SCF operation can
be implicitly written as

Hix, = Hilin g7 )%0k,6 + Hklier(Ly) Xk, 1 + Hilim(B,,,) Xk, (3.9)

where Hk|im(BZ) = 2331 wk,d,tL};,d + (Wk,d,0 + Wk u,0)1 is the restriction of Hy, on the
gradient space im(B;), Hilker(ny) = (Wk,d,0 + Wk,u,0)] is the restriction of Hy, on the

. T ) -
harmonic space, and Hy, |im(Bk+1) =3 o Wit L |+ (Wk a0 +wk u,0)] is the restriction
on the curl space.

Provided with the Hodge-invariance of Hy, and the SFT, we can perform a spectral analysis,
which is of interest to further understand the SCCNN since simplicial frequencies reflect
the variation characteristics of simplicial signals.



3.3 FRom CONVOLUTIONAL TO HODGE-AWARE 57

3.3.1 SPECTRAL ANALYSIS

Consider the SFT X, = [i;H,ikT’G, i;C]T of x;; where each component is the intensity
of xj, at a certain simplicial frequency. We can understand how an SCCNN convolutional
layer yr = Hy axg,q +Hgxg +Hy X, regulates/learns from the simplicial signals at
different frequencies by performing the SFT

YeH= flk,H OXpH
Vi,c =hpqOXpq+hpcOXpa (3.10)
Yk,c =hpcOXp c+hyyOXp u,

with © the elementwise multiplication. The ny-dimensional vector hy = diag(UngUk)
=[h) ;b o h/ o] T is the frequency response vector of Hj, with

I . T ot
hi = (Wk,a,0 +Wku,0)1, hge =229 wka,tAp g + Wk,u,01, and

B Tu o (3.11)
h, c= Zwk,u,t)\kyc +wk,d,01,
=0

where -©? is the elementwise ¢-th power of a vector. Likewise,
I _ 7T / ot / r _ T / ot /
hya =321 20 W a Ak T Whuols and by w =3 5 2wy ApcTwg a0l (312)

are the frequency response vectors of Hy, g and Hy, ,. The spectral relation in (3.10) shows
that the gradient SFT X, ¢ is learned by a gradient response flk’G, while the curl SFT X, ¢
is learned by a curl response flk’c. The two learnable responses are independent and they
only coincide at the trivial harmonic frequency, as shown by the two individual curves in
Fig. 3.2a. Moreover, the lower and upper projections are independently learned by flk,d
and flk,u, respectively.

The elementwise nonlinearity induces an information spillage that one type of spectra
could be spread over other types. As illustrated in Fig. 3.2b, the top figure shows the SFT
of an input with only gradient components, and the bottom figure plots the SFT of o (yy),
showing that it also contains information in harmonic or curl subspaces. This results
from the nonlinearity, since applying a linear SCF leads to an output with only gradient
components. In the following, we characterize the expressive power of SCCNN.

Proposition 3.11. An SCCNN layer with inputs X, 4, Xy, Xy, u IS at most expressive as an
MLPU(G;C’dxkyd +Grxy + G;“uxk,u) with G, = Gy, g + G,y where Gy, q and G;“d are
analytical matrix functions of Ly, 4, while Gy, ,, and G, are analytical matrix functions of
Ly, . This expressivity can be achieved by setting Tg = T} = ny g and Ty, =T, = ny c in
(3.1) with ny, c the number of distinct gradient frequencies and ny, ¢ the number of distinct
curl frequencies.

The proof follows from Cayley-Hamilton theorem [Horn & Johnson, 2012]. This expressive
power can be better understood from the spectral perspective — The gradient SFT X}, ¢ can
be learned as expressive as by an analytical vector-valued function g, @, which collects the
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Figure 3.2: (a) (top): Independent gradient and curl learning responses. (bottom): Stability-selectivity tradeoff
of SCFs where hg has better stability but smaller selectivity than gg. (b) Information spillage of nonlinearity.
(top): the SFT of an input with only gradient components. (bottom): the SFT of the output shows that after
applying a nonlinearity the output also contains information in non-gradient frequencies. (c) The distance
between the perturbed outputs and true when node adjacencies are perturbed. (top): L = 1, triangle output
remains clean. (bottom): L = 2, triangle output is perturbed.

eigenvalues of Gy, q at gradient frequencies. The curl SFT X, ¢ can be learned as expressive
as by another analytical vector-valued function gy, ¢, which collects the eigenvalues of Gy, ,,
at curl frequencies. These two functions need only to coincide at the harmonic frequency.
In addition, the SFTs of lower and upper projections can be learned as expressive as by
two independent analytical vector-valued functions as well.

3.3.2 HODGE-AWARE LEARNING

Given the expressive power in Proposition 3.11 and the spectral relation in (3.10), we show
that SCCNN performs a Hodge-aware learning in the following sense, which comes with
advantages over the existing approaches.

Theorem 3.12. An SCCNN is Hodge-aware:

1. The SCFHy, is a Hodge-invariant learning operator. Specifically, three Hodge subspaces
are invariant under Hy;

2. The lower SCFHy, 4 and upper SCF Hy, , are, respectively, gradient- and curl-invariant
learning operators;

3. The learnings in the gradient and curl spaces are independent; and

4. the learnings in the gradient and curl spaces are expressive as in Proposition 3.11.

This theorem shows that an SCCNN performs an expressive and independent learning in
the gradient and curl subspaces from the three inputs while preserving the three subspaces
to be invariant w.r.t its learnable SCFs. This allows for the rational and effective learning
on SCs, as illustrated in Fig. 3.3, from the two aspects. These three-fold properties of an
SCCNN, respectively, come from the convolutional architecture choice, the uncoupling of
the lower and upper adjacencies, and the higher-order convolutions in the SCCNN.
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Figure 3.3: An illustration of the Hodge-aware learning of an SCCNN. We show that how an edge flow x1,
together with the lower and upper projections x; 4 and X1y, are transformed by an SCCNN in the spectral
domain. The implicit operation H1x1 (in the dashed box on the right) reflects the Hodge-aware learning:

1) H; is Hodge invariant: each component is learned within their own subspace, and H; does not mix up
the three subspaces; 2) The learning in the gradient and curl subspaces are independent where features at
shared frequencies A\g 2 and Ac 1 can be separately learned; and 3) The learning operators are expressive
in the sense that the spectral responses are as expressive as any analytical functions in the gradient and curl
frequencies.

On the one hand, Proposition 3.10 shows that the operation of Hj, on the simplicial signal
space is equivalent to a summation of its restrictions Hy |5 on three smaller subspaces O.
This Hodge-invariant nature of the learnable SCFs substantially shrinks the learning space
of an SCCNN and allows for an effective learning. On the other hand, simplicial signals
often present implicit or explicit properties that different Hodge subspaces can capture.
For example, water flows, traffic flows, electrical currents [Grady & Polimeni, 2010; Jia
et al.,, 2019] follow flow conservation, i.e., being div-free in the gradient space ker(B),
while exchange rates can be modelled as curl-free edge flows [Jiang et al., 2011]. Owing
to the Hodge-invariance of H; and its independent learning in the nontrivial subspaces,
an SCCNN can capture such characteristics of real-world edge flows effectively. When
it comes to regression tasks on SCs, an SCCNN can generate outputs respecting these
physicial laws.

Remark 3.13 (Relation to message passing networks). Message-passing simplicial networks
(MPSNs) [Bodnar et al., 2021b] using MLP to aggregate and update are non-Hodge-aware.
Their learning functions pursue direct mappings between the much larger signal space R"*,
thus, requiring more training data for accurate learning, as well as a larger computational
complexity. Moreover, MPSN does not preserve the Hodge subspaces, i.e., it is not Hodge-
invariant. Thus, they might generate outputs with small losses (e.g., mean-squared-errors)
in regression tasks, yet not respecting the physical laws being either div- or curl-free
properties such as the above simplicial signals. We shall corroborate this in Appendix 3.F.
Remark 3.14 (Relation to other convolutional methods). While most convolutional networks
on SCs use Hodge-invariant learning operators, they are not strictly Hodge-aware, resulting
in practical limits. For example, Ebli et al. [2020] considered Hy, = ZiwiL}ﬁ, which
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preserves the Hodge subspaces yet does not uncouple the lower and upper parts of L.
This makes it strictly less expressive and non-Hodge-aware. Consider two frequencies
AG = A¢ which share a common value but correspond to the gradient and curl subspaces,
respectively. The simplicial signal components at these two frequencies are always learned
in the same fashion, which induces contradicting issues when the underlying component in
one subspace should be diminished while the one in the other subspace should be preserved.
This underlines the importance of uncoupling the two adjacencies because the lower and
upper Laplacians operate in different subspaces. Roddenberry et al. [2021] applied Hy,
with Tq = T}, = 1. Spatially, this limits the receptive field of each simplex to its direct
neighbors. Spectrally, it leads to a linear learning frequency response. A similar treatment
was considered in Bunch et al. [2020]; Yang et al. [2022c] which simply generalized the
GCN without uncoupling the two adjacencies, and gave a limited low-pass linear spectral
response, as shown in Fig. 3.2a and discussed in Section 3.2.3.

3.4 STABILITY ANALYSIS

In this section, we investigate the stability of SCCNNs to domain perturbations on SCs,
because in practice we often perform convolutional learning on weighted SCs to capture
the strengths of simplicial adjacencies and incidences which may suffer perturbations.

3.4.1 SCCNN oN WEIGHTED SCs

A weighted SC can be defined through specifying the weights of simplices. We give the
definition of a commonly used weighted SC with weighted Hodge Laplacians in Grady &
Polimeni [2010]; Horak & Jost [2013].

Definition 3.15 (Weighted SC and Hodge Laplacians). In an oriented and weighted SC, we
have diagonal weighting matrices M, with [M];; measuring the weight of ith k-simplex.
A weighted kth Hodge Laplacian is given by

Ly =Ly q+Ly,=MB M. ' By +By 1My 1B M, . (3.13)

where Ly, 4 and Ly, ,, are the weighted lower and upper Laplacians. A symmetric version
follows L, = M, '/°L;M,’?, and likewise, we have L; , = M}/*B] M; !, B, M}/>
and Lj , =M, "/*By1 My 1B, | M; /%, with the weighted incidence matrix
M;_l{szMllﬂ/Q [Guglielmi et al., 2023; Horak & Jost, 2013; Schaub et al., 2020].

SCCNNs in weighted SC. The SCCNN layer defined in a weighted SC is of form

-1 -1 -1
X}, = o (Hj, gRiax) ) + Hixl '+ H Ry ux) ) (3.14)

where the three SCFs are defined based on the weighted Laplacians (3.13), and the lower and
upper contributions X;C q and xé’u are obtained via projection matrices Ry, q € R *"k~1
and Ry, , € R™*"k+1 instead of B; and By 1. For example, Bunch et al. [2020] consid-

ered Ry g = M;B] M, ! and Ry ,, = BoMo.
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3.4.2 STABILITY OF SCCNNs To DOMAIN PERTURBATIONS

To highlight the need for a stability analysis, note that, on the one hand, we may lack the
true underlying topologies in SCs as they are often estimated from noisy data; and we may
undergo adversarial attacks on the topologies. On the other hand, we want to characterize
the stability-selectivity tradeoff of SCCNN, in analogy to the study for CNNs [Bietti &
Mairal, 2017; Bruna & Mallat, 2013; Qiu et al., 2018] and GNNs [Gama et al., 2019b; 2020a;
Kenlay et al., 2021; Parada-Mayorga et al., 2022].

This motivates us to investigate that how far are the outputs of an SCCNN before and after
perturbations are applied to SCs? We consider the following relative perturbation model,
generalizing the graph perturbation model in Gama et al. [2019b]

Definition 3.16 (Relative perturbation). Consider some perturbation matrix of an ap-
propriate dimension. For the weighted Hodge Laplacian Ly, 4, its relative perturbed ver-
sion is f:k,d =Ly g+ Eg.qaLi g + L aEg q with perturbation Ey, g; likewise for ik,u by
Ej, . For the weighted incidence matrix Ry, g, its relative perturbed version is f{k’d =
Ry q + Ji,aRik,q with perturbation Jy, q; likewise for ﬁk,u by J.u.

This models the perturbations on the strengths of adjacent and incident relations, e.g., a
large weight is misused when two edges are weakly or not adjacent, or data on a node
is projected on an edge which is yet not incident to it. Moreover, this quantifies the
relative perturbations with respect to the local simplicial topology in the sense that weaker
connections in an SC are deviated by perturbations proportionally less than stronger
connections. We further define the integral Lipschitz property of spectral filters to measure
the variability of spectral response functions of Hy,.

Definition 3.17 (Intergral Lipschitz SCF). An SCF Hy, is integral Lipschitz with constants
Ck,d> Cku > 0 if the derivatives of its spectral response functions hy () and hg ()
follow that [Aj, o(N)| < cx,a and [Ah o(N)] < cg -

This property provides a stability-selectivity tradeoff of SCFs independently in the gradient
and curl frequencies. A spectral response can have both a good selectivity and stability
in small frequencies (a large |h}, | for A — 0), while it tends to be flat for having better
stability at the cost of selectivity (a small variability for large \) in large frequencies, as
shown in Fig. 3.2a. As of the polynomial nature of responses, all SCFs of SCCNN are
integral Lipschitz. We also denote the integral Lipschitz constant for the lower SCFs Hy, 4
by ¢4 and for the upper SCFs Hy, ,, by ¢, without loss of generality.

Under the following assumptions, we now characterize the stability bound of SCCNN.

Assumption 3.18. The perturbations are small such that |Ey, q||2< €x.4, [|Jk,dl|2< €k.q
and || B, u[[2< €k, u, [[Ik,ull2< €k, u, where || Al = max |, 1 [|Ax||2 is the operator norm
(spectral radius) of a matrix A.

Assumption 3.19. The SCFs H;, of an SCCNN have a normalized bounded frequency
response (for simplicity), likewise for Hy, q and Hy, ,.

Assumption 3.20. The lower and upper projections are finite such that | Ry, ql|2 < 1 4 and
HRk,u |2 < Tk,u-
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Assumption 3.21. The nonlinearity o(-), e.g., ReLu, tanh,sigmoid, is ¢, -Lipschitz with
ce > 0.

Assumption 3.22. The initial inputs Xg,for all k, are finite, such that HX2||2 < [Blk- We
collect them in B = [fo, ..., BK] .

Theorem 3.23. Let x,% be the k-simplicial signal output of an L-layer SCCNN on a weighted
SC. Let )?:ﬁ be the output of the same SCCNN but on a relatively perturbed SC. Define 63, q =
(||Vk7d — Ul + 1)2 —1 and 0y = (”Vk,u —Ugll+ 1)2 —1, with Vi, q and V. ,, the
eigenvectors of By, q and Ey, ., which measure the eigenvector misalignments between the
perturbations and Laplacians. Under Assumptions 3.18 to 3.22, the Euclidean distance between
the two outputs is finite and upper-bounded

L
%% — x5 |2 < [d] withd = cﬁzzl_lTZL_l,B, (3.15)
=1
where for K =2,
to  tou 1 7rou R 1 fou
T=|tiqa t1 tiu|,Z=|ra 1 riu|,Z=|F1qa 1 F1u|, (316
taa to roa 1 foqa 1

with 7, g = 1, a(1+€k.q) and iy = rgu(1 +€x ). Notice that T,Z and Z are tridi-
agonal and follow a similar structure for a general K. The diagonal entries of T are
tg = Ck,dAk,d€k,d + Chkulk,u€k,u- The off-diagonal entries arety, q =11 d€k.q
+Cr,d Ak, d€k,dTk,d andly u = Tk uEk,u+ Chu Dk u€h,ulk,u Where Ay g =2(1+05.4) /N
and Ay = 2(14 0 u) \/Tk-

We refer to Appendix 3.E.1 for a two-step proof. This result bounds the outputs of an
SCCNN on all simplicial levels, showing that they are stable to small perturbations on the
simplicial adjacencies and incidences. Specifically, we make two observations from the
complicated expression. First, the stability bound depends on i) the degree of perturbations
including their magnitudes ¢, . and €, ., and the eigenspace misalignment Ay, _; ii) the
integral Lipschitz properties c;, . of SCFs; and, iii) the degree of projections 7y, .. Second,
the stability of the k-output depends on the factors related to not only k-simplices, but also
simplices of adjacent orders due to inter-simplicial couplings. For example, when L = 1,
the node output bound dj is affected by factors in the node space, as well as the edge space
factored by the projection degree. As the layer deepens, this mutual dependence expands
further. When L = 2, the factors in the triangle space also affect the stability of the node
output dy, as we observe in Fig. 3.2c.

More importantly, this stability bound provides intuitive practical implications for convolu-
tional learning on SCs. While inter-simplicial couplings may be beneficial, SCCNN becomes
less stable as the number of layers increases due to the mutual dependence between outputs
on different simplicial levels. Thus, to maintain the expressive power, we expect to use
higher-order SCFs in exchange for shallow layers. This yet does not harm the stability in
the following two aspects:
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« First, high-frequency components can be spread over the low frequencies due to
the information spillage of nonlinearity [cf. Fig. 3.2b] where the spectral responses
are more selective and have better stability. If the signal has large high gradient
frequency components, we need the SCCNN to be selective in high gradient frequen-
cies. However, to guarantee the stability, the frequency response should be smooth
(less selective) in these frequencies, as illustrated by hq in Fig. 3.2a (bottom). This
selectivity-stability tradeoff can be mitigated by the nonlinearity — the information
in high gradient frequencies could spill over in lower frequencies, where the spectral
responses are more selective and have better discriminating ability.

« Second, higher-order SCFs are easier to be learned with smaller integral Lipschitz
constants than lower-order ones due to the increased degree of freedom, thus, leading
to an increased stability. This can be easily seen by comparing one-order and two-
order cases. We experimentally investigate this in Section 3.5.4. Moreover, we
introduce the following regularizer to the loss function during training so to promote
the integral Lipschitz property.

L = | Ae,chl.a (Mk,a)ll + 1A, c k. (Ak,0) |

Ta T (3.17)
D twpaid g D twp M e
t=0 t=0

+

for A\ € {/\k,GJ}?:k’lG and A\, c € {)\kyc,i}?:k’lc, which are the gradient and curl
frequencies. To avoid computing the eigendecomposition of the Hodge Laplacian,
we can approximate the true frequencies by sampling certain number of points in
the frequency band (0, A, ¢,m] and (0, Ay, ¢,m] where the maximal gradient and curl
frequencies can be computed by efficient algorithms, e.g., power iteration.

3.5 EXPERIMENTS

The goal of this section is to answer the following four research questions with experiments
on various simplicial-level regression and classification tasks:

RQ 1 What are the effects of the three principles of SCCNN, i.e., uncoupling the lower
and upper parts of Hodge Laplacians (P1), the inter-simplicial couplings (P2), and
higher-order convolutions (P3)?

RQ 2 How do the uncoupling of the lower and upper parts of Hodge Laplacians and the
inter-simplicial couplings affect the simplicial oversmoothing?

RQ 3 How does the Hodge-aware property of SCCNN play a role in different tasks on SCs,
compared to non-Hodge-aware methods?

RQ 4 How do different factors affect the stability of SCCNN, and how can we maintain
the stability while keeping the expressive power?

For comparison, we consider the following learning methods on single-level simplices:
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Table 3.1: Forex results (nmse|total arbitrage, ).

Methods ‘ Random Noise Curl Noise Interpolation

Input 0.11940.004]29.1940.874 0.55240.027122.445.90  0.717+ 030/106.410.902
Baseline (Z2 regularization) 0~036i0.005|2~29i0.079 0~050i0.002|11~12i0.537 0~534i0.043‘9~67i0.082
SNN 0.11040.005/23.24+1.03 0.446+0.017/86.95+£2.20  0.702+0.033/104.74+1.04
PSNN 0.008.£0.001(0-984+0.170 0.000-+£0.000/0-000+0.000  0.009+0.001/1.13+0.329
MPSN 0.039+0.004|7-74+0.88 0.076+£0.012/14.924.2.49 0-117i0.063‘23-15i11.7
SCCNN, id 0.02740.005/0.000+0.000 0.000+0.000/0.000-£0.000  0.265+0.036/0.000-£0.000
SCCNN, tanh 0.002+0.000/0.325+0.082  0.000+0.000[0.003+0.003 0.003+0.002/0.279+0.151

« simplicial neural network (SNN) [Ebli et al., 2020], which does not respect P1 and P2
and is non-Hodge-aware;

« principled simplicial neural network (PSNN) [Roddenberry et al., 2021], which does
not respect P2 and P3 and is non-Hodge-aware;

« simplicial convolutional neural networks (SCNN)! [Yang et al., 2022a], which does
not respect P2 but is Hodge-aware;

and the following learning methods on simplicial complexes:

« Bunch [Bunch et al., 2020], which does not respect P1 and P2 and is non-Hodge-
aware;

« MPSN [Bodnar et al., 2021b], which is based on message-passing and not Hodge-
aware.

We also considered the MLP and standard GNN [Defferrard et al., 2016] as baselines to
highlight the effect of SC topology on simplicial-level tasks. We refer to Appendix 3.B for
the detailed comparisons between these methods and SCCNN, as well as to Appendix 3.F
for the full experimental details.

3.5.1 FOREIGN CURRENCY EXCHANGE (RQs 1, 3)

In forex problems, to build a fair market, the arbitray-free condition implies that for any
currencies %, j, k, it follows that r#/773/k = ri/k \where /7 is the exchange rate between
1 and j. That is, the exchange path ¢ — j — k provides no profit or loss over a direct
exchange ¢ — k. Following Jiang et al. [2011], we model exchange rates as edge flows in
an SC of order two, specifically, via [x1]; ;) = log(r*/7). This conveniently translates the
arbitrage-free condition into x; being curl-free, i.e., [x1][; ) + [X1][j,x] — [X1]}s,x) = 0 inany
triangle [7, j, k]. We consider a real-world forex market at three timestamps, which contains
certain degree of arbitrage [Jia et al., 2019; Yang et al., 2024]. We focus on recovering a fair
market in two scenarios, first, from noisy exchange rates where random noise and noise
only in the curl space modelling random arbitrage (“curl noise”) are added, and second,
when only 50% of the total rates are observed. To evaluate the performance, we measure

INote that the difference between SCCNN and SCNN lies in that the latter does not include the inter-layer
projections, as detailed in Appendix 3.B thus, we refer to our method, simplicial complex CNN.
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Table 3.2: Simplex prediction (AUC, 1) . .
Table 3.3: Ablation study on SCCNN and the hyperparame-

ters for the best results.

Methods  2-simplex  3-simplex

Mean 62.8+£2.7  63.61+1.6 Missing component  2-simplex Hyper Params.
MLP 68.5+1.6  69.0+22 987405 L—92T—2
GNN 93.9£1.0  96.6+0.5 Edge-to-Node 93.9+1.0 L=57T=2
SNN 92.0£18  95.1£12  Node-to-Node 987404 L=4,T=2
PSNN 95.6+1.3  98.1+0.5 Edge-to-Edge 98.541.0 L=3T=2
SCNN 96.5+1.5 98.31+04 Node-to-Edge 98.840.3 L=4T=2
Bunch 98.3£0.5  98.5%+0.5

Node input 98.2£0.5 L=2T=4

.14-0. .230. ’

MPSN 98.130.5 — 99.2:50.3 Edge input 98.1+0.4 L=2T=3

SCCNN 98.7£0.5 99.4£0.3

the normalized mean squared error (nmse) and total arbitrage (total curl), both equally
important for achieving a fair market.

From Table 3.1, we make the following observations on the impacts of P1 and P3, as well
as the Hodge-awareness.

1) MPSN performs poorly at this task: although it reduces the nmse, it outputs unfair
rates with large arbitrage, against the forex principle, because it is not Hodge-aware
and unable to capture the arbitrage-free property with small amount of data (cf.
Remark 3.13).

2) SNN performs poorly as well: as discussed in Remark 3.14, it restricts the gradient
and curl spaces to be always learned in the same fashion and makes it impossible to
perform disjoint learning in two subspaces. However, since there are eigenvalues
which share a common value but live in different subspaces in this SC, it requires
preserving the gradient component while removing the curl one here.

3) PSNN can reconstruct relatively fair forex rates with small nmse. The reconstruction
from curl noise is perfect, while in the other two cases, the nmse and arbitrage are
three times larger than the proposed SCCNN due to the limited expressivity of linear
learning responses.

4) SCCNN performs the best in both reducing the total error and the total arbitrage,
ultimately, corroborating the impact of performing Hodge-aware learning.

We notice that with an identity activation function (¢ = id), the arbitrage-free rule is fully
learned by an SCCNN. However, it has relatively large errors in the random noise and
interpolation cases due to its limited linear expressive power. With a nonlinearity o = tanh,
an SCCNN can tackle these more challenging cases, finding a good compromise between
overall errors and data characteristics.

3.5.2 SIMPLICIAL OVERSMOOTHING ANALYSIS (RQ 2)

We use simplicial shifting layers (i.e., (3.6) composed with ¢ = tanh) to illustrate the
evolution of Dirichlet energies of the outputs on nodes, edges and triangles in an SC of
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order two with respect to the number of layers. The corresponding inputs are randomly
sampled from a uniform distribution U/ ([—5, 5]). Table 3.4 (the dashed lines) shows that
simply generalizing the GCN on SCs as in Bunch method could lead to oversmoothing on
simplices of all orders. This aligns with our theoretical results in Section 3.2.3. However,
uncoupling the lower and upper parts of L1 (e.g., by setting v = 2 in (3.6)) could mitigate the
oversmoothing on edges, as shown by the dotted line. Lastly, when we account for the inter-
simplicial coupling, as shown by the solid lines (where we applied (3.7)), it could almost
prevent the oversmoothing, since it provides energy sources. We refer to Appendix 3.F.1
for other results.

3.5.3 SIMPLEX PREDICTION (RQs 1, 3-4)

We consider the prediction task of 2- and 3-simplices which extends the link (1-simplex)
prediction in graphs. Our approach is to first learn the representations of lower-order
simplices and then use an MLP with their concatenation as inputs to identify if a simplex
is closed or open, which generalizes the link prediction method of Zhang & Chen [2018].
Considering a coauthorship dataset [Ammar et al., 2018], we built an SC following Ebli
et al. [2020] where nodes represent authors and (k — 1)-simplices thus represent the
collaborations of k-authors. The input simplicial signals are the numbers of citations,
e.g., X1 and xg are those of dyadic and triadic collaborations. Thus, 2-simplex (3-simplex)
prediction amounts to predicting triadic (tetradic) collaborations. We evaluate the AUC
(area under the curve) performance.

From Table 3.2, we make three observations on the effect of the three key principles. 1)
SCCNN, MPSN and Bunch methods outperform the ones without inter-simplicial couplings.
This highlights that accounting for contributions from faces and cofaces increases the
representation power of the network. 2) SCNN performs better than an SNN, which shows
that uncoupling the lower and upper parts in L, improves the representation learning. 3)
SCCNN performs better than Bunch (similarly, SCNN better than PSNN), showing that
higher-order convolution further improves predictions. 4) While MPSN performs similar
to SCCNN, it has three times more parameters than an SCCNN (Appendix 3.F.3) under the
settings of the best results.

Ablation study. We then perform an ablation study to investigate the roles of different
components in an SCCNN. As reported in Table 3.3, we remove certain simplicial relations in
the SCCNN and evaluate the prediction performance. Without the edge-to-node incidence,
when inputting the node features to the MLP predictor, it is equivalent to a GNN, which has
a poor performance. When removing other adjacencies or incidences, the best performance
remains similar but with an increased model complexity (more layers required). This
however is not preferred, because the stability decreases as the architecture deepens and
the model gets influenced by factors in other simplicial spaces, as discussed in Section 3.4
and shown in Fig. 3.2c. We also consider the case with limited input where the input on
nodes or on edges is missing. The best performance of an SCCNN only slightly drops with
an increase of the convolution order.
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Figure 3.4: Stability bound ver-
sus perturbations on simplicial
adjacencies and incidences.

Table 3.4: Simplicial oversmooth-
ing.

Figure 3.5: Stability and accuracy
versus 1.

STABILITY ANALYSIS (RQ 4)

Stability bounds. To investigate the stability bound in (3.15), we add perturbations to
relatively shift the eigenvalues of the Hodge Laplacians and the singular values of the
projection matrices by € € [0,1] (cf. Assumption 3.18). We compare the bound in (3.15)
to the experimental ¢ distance on each simplex level. As shown in Fig. 3.4 where the
dashed lines are the theoretical stability bounds whereas the solid ones are the experimental
stability bounds, we see the bounds become tighter as perturbation increases.

Stability dependence across simplices. For 2-simplex prediction of K = 2, we measure
the distance between the simplicial outputs of SCCNN with and without perturbations on
nodes, edges, and triangles, i.e., ||x}F —%E||/||xE||, for k =0,1,2. Fig. 3.6 shows that overall
the stabilities of different simplicial outputs are dependent on each other. Specifically, we
see that the triangle output is not influenced by the perturbation on node weights until
L = 2; likewise, the node output is not influenced by the perturbations on triangle weights
when L = 1. Also, perturbations on the edge weights will perturbe the outputs on nodes,
edges, triangles when L = 1. This corroborates our discussions in Section 3.4.

Effect of number of simplices We observe that the same degree of perturbations added
to different simplices causes different degrees of instability, owing to the number nj, of
k-simplices in (3.15). Since ng < n1 < ng, the perturbations on node weights cause less
instability than those on edge and triangle weights.

(a) Node pert.L = 1 (b) Node pert.L = 2 (c) Edge pert.L = 1 (d) Tri. pert.L =1 (e) Tri. pert.L = 2

Figure 3.6: The relative difference of SCCNN outputs on simplices of different orders when perturbations are
applied to only nodes, edges and triangles and the number of layers varies.

Effect of number of layers. As the number of layers increases, Fig. 3.6 also shows that the
stability of SCCNN degrades, which corresponds to our analysis of using shallow layers.
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Table 3.5: Trajectory prediction (accuracy, 1).

Methods Synthetic trajectories  Ocean drifters

SNN 65.5+2.4 52.546.0
PSNN 63.1+3.1 49.01+8.0
SCNN 67.7+1.7 53.0+7.8
Bunch 62.31£4.0 46.01+6.2
SCCNN 65.2+4.1 54.5+7.9

3.5.4 TRAJECTORY PREDICTION (RQ 1, 4)

We consider the task of predicting trajectories in a synthetic SC and ocean drifters from
Schaub et al. [2020], following Roddenberry et al. [2021]. From Table 3.5, we first observe
that the SCCNN and Bunch methods do not always perform better than those without
inter-simplicial couplings. This is because zero inputs are applied on nodes and triangles
following Roddenberry et al. [2021], which makes inter-simplicial couplings inconsequen-
tial. Secondly, an SCCNN performs better than Bunch on average, and SCNN better than
PSNN, showing the advantages of higher-order convolutions. Note that the prediction here
aims to find the best candidate from the neighborhood of the end node, which depends on
the node degree. Since the average node degree of the synthetic SC is 5.24 and that in the
ocean drifter data is 4.81, a random guess has around 20% accuracy. The high standard
derivations may result from the limited ocean drifter data size.

STABILITY ANALYSIS (RQ 4)

Differently from Section 3.5.3, we further investigate the stability in terms of the integral
Lipschitz properties and convolutional orders. We consider SCNNs [Yang et al., 2022a] with
orders Tqg =T, € {1,3,5} and train them with regularizations on the integral Lipschitz
constants. As shown in Fig. 3.5, the higher-order case has better stability (smaller {5 distance
between the outputs without and with perturbations) and consistent better accuracy,
compared to the lower-order case. This is because the additional flexibility in the higher-
order case allows the filters to have better intergral Lipschitz properties and thus better
stability, while maintaining the accuracy. We refer to Appendix 3.F.4 for a detailed design
of the regularizations, as well as more in-depth experimental analysis.

3.6 RELATED WORKS

Our work is mainly related to learning methods on SCs. Roddenberry & Segarra [2019]
first used L1 g to build neural networks on edges in a graph setting without the upper
edge adjacency. Ebli et al. [2020] then generalized convolutional GNNs [Defferrard et al.,
2016; Kipf & Welling, 2017] to simplices by using the Hodge Laplacian. Roddenberry
et al. [2021]; Yang et al. [2022a] instead uncoupled the lower and upper Laplacians to
perform one- and multi-order convolutions, to which Giusti et al. [2022]; Goh et al. [2022];
Lee et al. [2022] added attention schemes. Keros et al. [2022] considered a variant of
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Table 3.6: Comparisons between SCCNN and other architectures on if they respect the three principles.

Methods Scheme P1 P2 P3
MPSN [Bodnar et al., 2021b] message-passing yes yes no, only direct neighborhoods
Eq. (11) of MPSN, or [Bunch et al., 2020] convolutional no yes no,only direct neighborhoods
Eq. (27) of MPSN convolutional yes yes no, only direct neighborhoods
SNN [Ebli et al., 2020] convolutional no no yes
PSNN [Roddenberry et al., 2021] convolutional yes no no, only direct neighborhoods
SCNN [Yang et al., 2022a] convolutional yes  no yes
SCCNN convolutional yes  yes yes

Roddenberry et al. [2021] to identify topological “holes” and Chen et al. [2022d] combined
shifting on nodes and edges for link prediction. These works learned within a simplicial level
and did not consider the incidence relations (inter-simplicial couplings) in SCs, which was
included by Bunch et al. [2020]; Yang et al. [2022c]. These works considered convolutional-
type methods, which can be subsumed by SCCNNs. Meanwhile, Bodnar et al. [2021b]; Hajij
et al. [2021] generalized the message passing on graphs [Xu et al., 2018a] to SCs, relying
on both adjacencies and incidences. Most of these works focused on extending GNNs to
SCs by varying the information propagation on SCs with limited theoretical insights into
their components. Among them, Roddenberry et al. [2021] discussed the equivariance
of PSNN to permutation and orientation, which SCCNNs admit as well. Bodnar et al.
[2021b] studied the messgae-passing on SCs in terms of WL test of SCs built by completing
cliques in a graph. The more closely related work is [Yang et al., 2022a], which gave only a
spectral formulation based on SCFs but not SCCNNs. We refer to Table 3.6 for a comparion
between these architectures, as well as to Besta et al. [2024]; Papamarkou et al. [2024] for
an overview of the current progress on learning on SCs.

3.7 D1scussioN AND CONCLUSION

3.7.1 D1scussioN AND CONCLUSION

In our opinion, the advantage of SCs is not only about them being able to model higher-order
network structures, but also support simplicial data, which can be both human-generated
data like coauthorship, and physical data like flow-type data. This is why we approached
the analysis from the perspectives of both simplicial structures and the simplicial data, i.e.,
the Hodge theory and spectral simplicial theory [Barbarossa & Sardellitti, 2020; Govek et al.,
2018; Hodge, 1989; Lim, 2020; Steenbergen, 2013; Yang et al., 2021; 2022a]. We provided
insights into why the three principles (P1-P3) are needed and how they can guide the
effective and rational learning from simplicial data. As we have practically found, SCCNNs
perform well in applications where data exhibits properties characterized by the Hodge
decomposition due to the Hodge-awareness, while non-Hodge-aware learners fail at giving
rational results. In cases where data does not possess such properties, SCCNNs have
better or comparable performance than the ones which violate or do not respect the three
principles.
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Concurrently, there are works on more general cell complexes, e.g., [Bodnar et al., 2021a;
Hajij et al., 2020; 2022; Roddenberry et al., 2022; Sardellitti et al., 2021], where 2-cells inlcude
not only triangles, but also general polygon faces. We focus on SCs because a regular cell
complex can be subdivided into an SC [Grady & Polimeni, 2010; Lundell et al., 1969] to
which the analysis in this chapter applies, or we can generalize our analysis by allowing
B3 to include 2-cells. This is however informal and does not exploit the power of cell
complexes, which relies on cellular sheaves, as studied in [Bodnar et al., 2022; Hansen &
Ghrist, 2019].

We proposed three principles (P1-P3) for convolutional learning on SCs, summarized in
a general architecture, SCCNNs. Our analysis showed this architecture, guided by the
three principles, demonstrates an awareness of the Hodge decomposition and performs
rational, effective and expressive learning from simplicial data. Furthermore, our study
reveals that SCCNNs exhibit stability and robustness against perturbations in the strengths
of simplicial connections. Experimental results validate the benefits of respecting the three
principles and the Hodge-awareness, as well as the stability results. Overall, our work
establishes a solid theoretical fundation for convolutional learning on SCs, highlighting
the importance of the Hodge theorem.
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APPENDIX

3.A S1iMPLICIAL 2-CoMPLEX CNNs AND DETAILS ON PROP-
ERTIES

3.A.1 SIMPLICIAL LOCALITY IN DETAILS

The construction of SCFs has an intra-simplicial locality. Hyxj, which consists of basic
operations Ly, gxj, and Ly, ,,X;. They are given, on simplex sf, by

[Lg,aXkli = ZJENde{i} (L alijlxelys [Tk uXuli = 22 5enk ooy Lwulij[xels,

’ ’ (3.18)
where sf aggregates signals from its lower and upper neighbors, ./\fi’fd and J\/Zku We can
compute the ¢-step shifting recursively as L',;’ Xk = Lk,d(LZjdlxk), a one-step shifting
of the (¢ — 1)-shift result; likewise for L?uxk. A SCF linearly combines such multi-
step simplicial shiftings based on lower and upper adjacencies. Thus, the output Hyxy
is localized in Ti4-hop lower and T;,-hop upper k-simplicial neighborhoods [cf. (2.6)].
SCCNNs preserve such intra-simplicial locality as the elementwise nonlinearity does not
alter the information locality, shown in Figs. 3.1b and 3.1c.

A SCCNN takes the data on k- and (k = 1)-simplices at layer [ — 1 to compute x}, causing
interactions between k-simplices and their (co)faces when all SCFs are identity. In turn,

xﬁ;ll contains information on (k — 2)-simplices from layer [ — 2. Likewise for xﬁ;rll, thus,

xi; also contains information up to (k 4 2)-simplices if L > 2, because Bro(By41) # 0.
Accordingly, this inter-simplicial locality extends to the whole SC if L > K, unlike linear
filters in a SC where the locality happens up to the adjacent simplices [Isufi & Yang, 2022;
Schaub et al., 2021], which limits its expressive power. This locality is further coupled with
the intra-locality through three SCFs such that a node not only interacts with the edges
incident to it and direct triangles including it, but also edges and triangles further hops
away which contribute to the neighboring nodes, as shown in Fig. 3.1d.

3.A.2 COMPLEXITY

In a SCCNN layer for computing xﬁq, there are 2 + T,y + T, filter coefficients for the SCF H! ,
and 1474 and 1+1T, for ch’ 4 and Hiyu, respectively, which gives the parameter complex-
ity of order O(Ty + Ty,). This complexity will increase by F; Fj_; fold for the multi-feature
case, and likewise for the computational complexity. Given the inputs {chill , xfl , xg;ll I3

we discuss the computation complexity of x} in (3.1).

First, consider the SCF operation chxﬁc_l. As discussed in the localities, it is a composition
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of Ty-step lower and T3,-step upper simplicial shiftings. Each simplicial shifting has a
computational complexity of order O(njmy) dependent on the number of neighbors my,
where ny, is the number of k-simplices. Thus, this operation has a complexity of order

O(ngmy(Tq +Tv)).

Second, consider the lower SCF operation Hi: dexg;ll. As incidence matrix By, is sparse,
ithas ng (k4 1) nonzero entries as each k-simplex has k+ 1 faces. This leads to a complexity
of order O(nyk) for operation B;—xg;ll. Followed by a lower SCF operation, i.e., a T4-step
lower simplicial shifting, thus, a complexity of order O(kny, +ngmiTy) is needed.

Third, consider the upper SCF operation H% uBk+1X§c:—11‘ Likewise, incidence matrix
By41 has ng41(k + 2) nonzero entries. This leads to a complexity of order O(ny41k) for
the projection operation B k+1x§€;11. Followed by an upper SCF operation, i.e., a T;;-step
upper simplicial shifting, thus, a complexity of order O(kny1 +ngmgTy) is needed.

Finally, we have a computational complexity of order O(k(ng +ng11) + N My (Tq +Th))
in total.

Remark 3.24. The lower SCF operation HLdB;xf_ll can be further reduced if ny_1 < ny.
Note that we have

I BTyl T -1
H;, 4By xj_ 1*Zwkdt haBrx, j =By Zwkdt k—1,uX)_15 (3.19)

where the second equality comes from that Ly, aB/ = B;—BkBT = B,;'—Lk_Lu, and
L? 4Bl = (B B.)(B, Bi)B; = BT(BkBT)(BkBT) B/ Lj_1 , and likewise for
general t. Using the RHS of (3.19) where the simplicial shifting is performed in the (k —1)-
simplicial space, we have a complexity of order O(kny + ng_1mg_1Ty). Similarly, we
have

Tu Ty
Hj, Birixi h = > whw Lk uBrnx ) =Birn ) wily Uiy aXiyy (320
t=0 t=0

where the simplicial shifting is performed in the (k 4 1)-simplicial space. If it follows that
N1 < ng, we have a smaller complexity of O(kng11 +ngr1mer17y) by using the RHS
of (3.20).

3.A.3 DIFFUSION PROCESS ON SCs

Diffusion process on graphs can be generalized to SCs to characterize the evolution of
simplicial data over the SC, in analogy to data diffusion on nodes Anand et al. [2022]; Grady
& Polimeni [2010]; Ziegler et al. [2022]. Here we provide an informal treatment of how
discretizing diffusion equations on SCs can give resemblances of simplicial shifting layers.
Consider diffusion equation and its Euler discretization with a unit time step

Xk (t) = —Lpxy(t), Euler step: xg(t + 1) = x5 (t) — Lpxp(t) = (I—Lg)xk(t) (3.21)

with an initial condition x, (t) = xJ. The solution of this diffusion is x,(t) = exp (—Ljt)x}.
As the time increases, the simplicial data reaches to a steady state X}, () = 0, which lies in
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the harmonic space ker(Lyg). The simplicial shifting layer resembles this Euler step with a
weight and nonlinearity when viewing the time step as layer index. Thus, a NN composed
of simplicial shifting layers can suffer from oversmoothing on SCs, giving outputs with
decreasing Dirichlet energies as the number of layers increases.

Now let us consider the case where the two Laplacians have different coefficients
X (t) = =L axk (t) — yLk,uxk(t), Euler step: xy(t) = (I— Ly g — YLk, u)xk(t). (3.22)

The steady state of this diffusion equation follows (L q + 7L v )Xk (t) = 0, where x4 (t)
would be in the kernal space of Ly, still. However, before reaching this state, when the
time increases, X, (t) would primarily approach to the kernel of B 41 ify> 1, in which
the lower part of the Dirichlet energy remains, i.e., the decrease of D(x(t)) slows down.

When accounting for inter-simplicial couplings, consider there are nontrivial x;_; and
Xj+1 and the diffusion equation becomes

X (t) = —Lixp(t) + Bl xp—1 +Brp1Xp11, (3.23)

which has source terms B;—Xk_l + By 1Xg41. Consider a steady state X, = 0. We have
Ljxy(t) = X} 4 +Xp u, Where Xy, is not in the kernel space of L. The Euler discretization
gives

xp(t+1) = (T—Lg)xg(t) + Xg,d + Xieu- (3.24)
The layer in Bunch et al. [2020] xfjl =wo(I— Lk:)ng +wiXy g +waXy y is a weighted
variant of above step when viewing time steps as layers.

3.B RELATED WORKS

We describe how the SCCNN in (3.4) generalize other NNs on graphs and SCs in Table 3.7.
For simplicity, we use Y and X to denote the output and input, respectively, without the
index [. Note that for GNNs, Lg g is not defined.

Table 3.7: SCCNNs generalize other convolutional architectures on SCs.

Methods Parameters (n.d. denotes “not defined”)
Ebli et al. [2020] Wh 4.4 = W p H, g, Hj , nd.
Roddenberry et al. [2021] Tqg=Tu= 17H€€,d7H€€,u n.d.
Yang et al. [2022a] ch’d, H%C’u n.d.
Bunch et al. [2020] Ty=Tu=1H} =H =I
Bodnar et al. [2021b] Ty=Tu=1H}  =H A =I

Gama et al. [2020a] proposed to build a GNN layer with the form

TU
Yo=0 <ZL5XOWOM> (3.25)

t=0
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where the convolution step is performed via a graph filter [Gama et al., 2019a; 2020b;
Sandryhaila & Moura, 2013; 2014]. This GNN can be easily built as a special SCCNN
without contributions from edges. Furthermore, Defferrard et al. [2016] considered a fast
implementation of this GNN via a Chebyshev polynomial, while Wu et al. [2019] simplified
this by setting W ¢ as zeros for ¢ < T},. Kipf & Welling [2017] further simplified this by
setting T\, = 1, namely, GCN.

Yang et al. [2022a] proposed a simplicial convolutional neural network (SCNN) to learn
from k-simplicial signals

Ty Ty
Y,=0 (Z L} o XeWeas+ Y Lz,ukakw> (3.26)
t=0 t=0

where the linear operation is also defined as a simplicial convolution filter in Yang et al.
[2022a]. This is a special SCCNN with a focus on one simplex level without taking into
the lower and upper contributions consideration. The simplicial neural network (SNN) of
Ebli et al. [2020] did not differentiate the lower and the upper convolutions with a form
of Yy = U(ZtT:O L! X} W, +), which leads to a joint processing in the gradient and curl
subspaces as analyzed in Section 3.3.

While Roddenberry et al. [2021] proposed an architecture (referred to as PSNN)of a partic-
ular form of (3.26) with Ty = T\, = 1, performing only a one-step simplicial shifting (3.18).
Keros et al. [2022] also performs a one-step simplicial shifting but with an inverted Hodge
Laplacian to localize the homology group in an SC. An attention mechanism was added to
both SCNNs and PSNNs by Giusti et al. [2022] and Goh et al. [2022], respectively. Battiloro
et al. [2023] added the attention mechanism to SCCNNs.

To account for the information from adjacent simplices, Bunch et al. [2020] proposed a
simplicial 2-complex CNN (S2CCNN)

Y, = U(LOXOWO,u,l + BleWé),u,O)
Y1 =0(B{ XoW1,q0+L1 X1 Wi+ ByXoW/ o) (3.27)
Yo =0(Bj X1Waq0+LouXoWa 1)

which is limited to SCs of order two. Note that instead of Hodge Laplacians, simplicial
adjacency matrices with self-loops are used in Bunch et al. [2020], which encode equivalent
information as setting all filter orders in SCCNNs as one. It is a particular form of the
SCCNN where the SCF is a one-step simplicial shifting operation without differentiating
the lower and upper shifting, and the lower and upper contributions are simply added,
not convolved or shifted by lower and upper SCFs. That is, Bunch et al. [2020] can be
obtained from (3.1) by setting lower and upper SCFs as identity, Hy, g = Hy ,, =1, and
setting wy, q,+ = Wi, u,¢ and Tq = T, = 1 for the SCF Hj,. The convolution in Yang et al.
[2022c, Eq. 3] is the same as Bunch et al. [2020] though it was performed in a block matrix
fashion.

The combination of graph shifting and edge shifting in Chen et al. [2022d] can be again seen
as a special S2CCNN, where the implementation was performed in a block matrix fashion.
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Bodnar et al. [2021b] proposed a message passing scheme which collects information from
one-hop simplicial neighbors and direct faces and cofaces as Bunch et al. [2020] and Yang
et al. [2022c], but replacing the one-step shifting and projections from (co)faces by some
learnable functions. The same message passing was applied for simplicial representation
learning by Hajij et al. [2021].

Lastly, there are works on signal processing and NNs on cell complexes. For example,
Roddenberry et al. [2022]; Sardellitti et al. [2021] generalized the signal processing tech-
niques from SCs to cell complexes, Bodnar et al. [2021a]; Hajij et al. [2020] performed
message passing on cell complexes as in SCs and Hajij et al. [2022] added the attention
mechanism. Cell complexes are a more general model compared to SCs, where k-cells
compared to k-simplices contain any shapes homeomorphic to a k-dimensional closed balls
in Euclidean space, e.g., a filled polygon is a 2-cell while only triangles are 2-simplices. We
refer to Hansen & Ghrist [2019] for a more formal definition of cell complexes. Despite cell
complexes are more powerful to model real-world higher-order structures, SCCNNs can be
easily generalized to cell complexes by considering any k-cells instead of only k-simplices
in the algebraic representations, and the theoretical analysis in this chapter can be adapted
to cell complexes as well.

3.C PROOFS FOR SECTION 3.2

3.C.1 DIRICHLET ENERGY MINIMIZATION PERSPECTIVE

Hodge Laplacian smoothing. We can find the gradient of problem (3.6) as g—fi =
B;—kak +vBri1 B;—Jrlxk, thus, a gradient descent step follows as (3.6) with a step size

7.
Proof of Proposition 3.6. Consider 1 = 1.

D(x™) = wi||Br(I— Lyq — yLy,u)xk 13 +wd B 1 (I— Lia — vLi )% |13
= wi || (T—Ly—1,0)Brxt |13 + wdl|(T— yLyt1,0) B 1 %413 (3.28)

2 2 12 2 21T ol (2
SwoH(I*Lk—l,u)HzHBkaHQ Jrwo”(I*7Lk+1,d)||2HBkHXkHQ

which follows from triangle inequality. By definition, we have ||I—Ly_1 4|3 = [[I— Ly a||3
and ||T— Ly u[|3 = [T Lg11,4ll3. Also, we have |[T— Ly||3 = max{|[T— L q|3,]IT—
L u||3} Thus, we have D(XZH) <w|I-Lg||3D(x}) wheny = 1. When w3 ||I—Ly|3 <
1+1

k)

1, Dirichlet energy D(x will exponentially decrease as [ increases. O

When v # 1, from (3.28), we have D(X?_l) = Dd(xéjl) + Du(xgjl), which follows

Dals ) < L Lu Dol and Dulx) < L= EDL )
3.29)
When v = 1, the oversmoothing condition is |I — Ly||3 = max{||I— Ly a3, ||T— Lxu |3}
< # If [I—Ly||% = |[I— L. ql|3, under the oversmoothing condition, by not restricting
0
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7 to be 1, wi||(I— Ly, )||3 can be larger than 1 depending on the choice, which means
Dy (x!) does not necessarily decrease, so does not D(x}).

Hodge Laplacian smoothing with sources. The gradient of the objective in (3.7) is
given by kaﬁc — B;—xk_l — Bj+1Xk+1, which gives the gradient descent update in (3.7)
with a step size 7.

Consider the layer in Bunch et al. [2020] xéjl =wo(I— Lk)xi, +wiXy q +waXy , With
some weights. By triangle inequality, we have D(xgjl) < wi||I-Lg|3D(xL)

+ w0 Amax (Lk.a) | %k.all3 + w3 Amax (L u) || Xk u [|3- If the weight wg is small enough fol-
lowing the condition in Proposition 3.6, the contribution from the projections, controled by
weights w; and ws, can compromise the decrease by wg, maintaining the Dirichlet energy.

3.D PROOFS FOR SECTION 3.3

3.D.1 THE SCF 1s HODGE-INVARIANT IN PROPOSITION 3.10
Proof. We first give the following lemma.

Lemma 3.25. Any finite set of eigenfunctions of a linear operator spans an invariant subspace.

Then, the proof follows from Lemma 3.25 and Proposition 2.5. O

3.D.2 A DERIVATION OF THE SPECTRAL FREQUENCY RESPONSE IN (3.10)

SFT of x. First, the SFT of xy, is given by X, = [i;H,i;G,i;C]T with the harmonic
embedding X, y = U,;':ka = U;}ka,H in the zero frequencies, the gradient embedding
Xk, = U;GXK = U;—,ka,(} in the gradient frequencies, and the curl embedding Xj, ¢ =
UZ,ch = Ulcxkvc in the curl frequencies.

SFT of Hxj. By diagonalizing an SCF Hj, with Uy, we have
H.x; = UkﬁkU];rxk =Uy, (flk @ik) (3.30)
where Hy, = diag(hy, ). Here, hy, = [B;H,ﬁlc,flg’c}—r is the frequency response, given by

harmonic response : flk,H = (wp,d,0 + Wk,u,0)1,
. - T
gradient response :hy, g =>4, wk’d7t>\k®2} +wgu,0l,
~ T ’
curl response: hy, c =3 % wk7u7t)\k®% +wg,d,01,

with (-)®? the elementwise ¢-th power of a vector. Thus, we can express hy, © X}, as

(b g Oxpn) ,(hpcOXra) ,(hecOxrc) '] . (3.31)

SFT of projections. Second, the lower projection xj, 4 € im(B,;r) has only a nonzero
gradient embedding X, 4 = UZGXk,d- Likewise, the upper projection xj, ;, € im(Bj1)
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contains only a nonzero curl embedding Xy, ,, = UkTka,u. The lower SCF Hy, q has
h k,d = Zgo w;ﬁ d,t)‘kQ.tG as the frequency response that modulates the gradient embedding

of Xy, q and the upper SCF Hy, ,, has flkﬂl = ZtTio (. t)‘gtc as the frequency response
that modulates the curl embedding of x;, ,,.

SFT of yy. For the output y, = Hy, qxg,qa + Hgxg +Hpg wXg,u, we have

Ve = hen O%pn,
Yi,c =hpq OXpq+hy g OXk.q, (3.32)
Yi,c=hpcOXpcthyuOXp y.

3.D.3 EXPRESSIVE POWER IN PROPOSITION 3.11

Proof. From the Cayley-Hamilton theorem Horn & Johnson [2012], we know that an
analytical function f(A) of a matrix A can be expressed as a matrix polynomial of degree
at most its minimal polynomial degree, which equals to the number of distinct eigenvalues
if A is positive semi-definite.

Consider an analytical function G, 4 of L, 4, defined on the spectrum of Ly,  via analytical
function gj, ¢ (\) where X is in the set of zero and the gradient frequencies. Then, G, 4
can be implemented by a matrix polynomial of L, 4 of order up to nj ¢ where ny g is the
number of nonzero eigenvalues of Ly, q, i.e., the number of distinct gradient frequencies.
Likewise, any analytical function Gy, ,, of L, , can be implemented by a matrix polynomial
of Ly, ,, of order up to ny, ¢, which is the number of nonzero eigenvalues of Ly, ., i.e., the
number of distinct curl frequencies.

Thus, as of the matrix polynomial definition of SCFs in a SCCNN, the expressive power
of Hk’dxk,d +Hix, + Hk,uxhu is at most G;e,dxkvd + (Gk:,d + Gk’u)xk + Gk’uxkﬂl,
when the matrix polynomial orders (convolution orders) follow 1}, 4 = T,’c 4= "k,q and
Tk,u:T]g,u =nNg,C- [m]

3.D.4 HODGE-AWARE OF SCCNN 1IN THEOREM 3.12

Proof. Consider a linear mapping 7' : V — V. An invariant subspace W of T has the
property that all vectors v € W are transformed by T into vectors also contained in W,
ie,veW = T(v) € W.For an input x € im(B} ), the output Hyx is in im(B} ) too,
because of

Hyx= ZL};,dX + ZL27ux = ZLZ,dX € im(B;fr) (3.33)
t t t

where the second equality comes from the orthogonality between im (B ) and im(Bj.1).
Similarly, we can show that for x € im(Bg1), the output Hyx € im(Bg1); for x €
ker(Lg), the output Hyx € ker(Ly). This essentially says the three subspaces of the
Hodge decomposition are invariant with respect to the SCF Hy,. Likewise, the gradient
space is invariant with respect to the lower SCF Hy, 4, which says any lower projection
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remains in the gradient space after passed by Hy, 4; and the curl space is invariant with
respect to the upper SCF Hy, ,,.

Lastly, through the spectral relation in (3.10), the learning operator Hy, in the gradient
space is controlled by the learnable weights {wy, 4 ; }, which is independent of the learnable
weights {wy, y, + }, associated to the learning of H, in the curl space. Likewise, the lower SCF
learns in the gradient space as well but with another set of learnable weights {w;€ a.¢)> and
the upper SCF learns in the curl space with learnable weights {w;c,u,t}' From the spectral
expressive power, we see that above four independent learning in the two subspaces can be
as expressive as any analytical functions of the corresponding frequencies (spectrum). This
concludes the independent and expressive learning in the gradient and curl spaces. ]

3.E PROOFS FOR SECTION 3.4

We first give the formulation of SCCNNs on weighted SCs, then we proceed the stability
proof.

3.E.1 PrROOF OF STABILITY OF SCCNNSs IN THEOREM 3.23
For a SCCNN in (3.14) in a weighted SC S, we consider its perturbed version in a perturbed
SC S at layer [, given by

sl ol D ;i1 Il ol—1 ol N sl—1
Xk = O'(Hk7de’ka_1 +Hka_ +Hk,uRk7uXk+1) (334)

which is defined based on perturbed Laplacians with the same set of filter coefficients, and
the perturbed projection operators following relativ perturbation model.

Given the initial input x{ for k¥ = 0,1,..., K, our goal is to upper bound the Euclidean
distance between the outputs xgc and )22 fori=1,...,L,

ol l S B ol-1 1 -1
%% —xill2 = ||U(Hk,de:,ka—1 —Hj gRyax;

iyl ol—1 L -1, 31 1B ol—1 l -1
+Hkxk — Hkxkz +Hk’uRk,uXk+1 - Hk,uRk,uXkH_l)HQ'

(3.35)

We proceed the proof in two steps: first, we analyze the operator norm HﬁgC — H§€||2
of a SCF H, and its perturbed version HL ; then we look for the bound of the output
distance for a general L-layer SCCNN. To ease notations, we omit the subscript such that
| A |l = max)x|,—1 || Ax]||2 is the operator norm (spectral radius) of a matrix A, and ||x||
is the Euclidean norm of a vector x.

In the first step we omit the indices & and [ for simplicity since they hold for general k and
l. We first give a useful lemma.

Lemma 3.26. Given theith eigenvectoru; of L = UAU T, for lower and upper perturbations
Eq and E,, we have

Equ; = qq;u; + Equ;,  Eyu; = guiu; + Eou, (3.36)
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with eigendecompositions Eq = VdeV(I and E, = VuQuVI where V4, Vy collect
the eigenvectors and Qq, Qu the eigenvalues. It holds that ||E1||< e4dq and |E2||< €40y,
with §q = (|[Vq —U||+1)? — 1 and 6, = (||Vu — U||+1)2 — 1 measuring the eigenvector
misalignments.

Proof. We first prove that Equ; = gq;u; + E;1u;. The perturbation matrix on the lower
Laplacian can be written as Eq = E; +E; with B, =UQqUT and E; = (V4 —-U)Qq
(Va—U)T+U0Qq(Vg—U)T +(V4—U)QqU'. For the ith eigenvector u;, we have
that )

Equ; =E ju; + Eju; = ¢q;u; +Eju; (3.37)

where the second equality follows from Eju; = gq;u;. Since [|[Eq||< €4, it follows that
IQall< eq. Then, applying the triangle inequality, we have that
B [[<[(Va=U)Qa(Va—1U) T [+[UQa(Va =) | +[(Va—U)QaU]|
<[[Va = Ul*|Qull+2lIVa ~ Ull|QallI[U| < eal| Va — Ul +2ea[Va — U]
=ca(([[Va=U[+1)? = 1) = eada,

(3.38)
which completes the proof for the lower perturbation matrix. Likewise, we can prove for
Euui. O

STEP I: STABILITY OF THE SCF

Proof 1. Low-order approximation of H — H. Given a SCF H = Zt Owd tLd +
Zt o Wu,t LY, we denote its perturbed version by H= Zt o Wd tLd + Zt 2y Wy, (Lt

where the filter coefficients are the same. The difference between H and H can be expressed
as

Ty Ty
H-H= ZWd,ALé—Lé) +Zwu7t<Lﬁ ~LY), (3.39)

in which we can compute the first-order Taylor expansion of L! q s
f;é = (Ld +EqLg + LdEd)t = Lé + Dd,t + Cyq (3.40)

with Dq ¢ := S/ (LREQLY "+ L Eq LY ") parameterized by ¢ and Cq following
ICqI< ZT 2( )|[EaLa + LaEql|" ||Ld||t ", Likewise, we can expand Lt as

f‘tu = (Ly +EyLg +Ldu)t = Ltu +Dy:+Cy (3.41)

with Dy, 4 == Zi_B(LTE L7+ LIt E,LL-"—1) parameterized by ¢ and C,, following
ICulI< ZT o (D) IEuLy + LyEy[|"[|Ly|[*~". Then, by substituting (3.40) and (3.41) into
(3.39), we have

Tq Ty
H-H= de»th,t+Zwu,tDu,t+Fd+Fu (3.42)
t=0 t=0
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with negligible terms ||Fq|l= O(||Eq||?) and ||Fy|= O(||Ey4]||?) because perturbations
are small and the coefficients of higher-order power terms are the derivatives of analytic
functions hg () and he(A), which are bounded [cf. Definition 3.17].

2. Spectrum of (ﬁ — H)x. Consider a simplicial signal x with an SFT x = UTx =
[Z1,...,4,] ", thus,x = >, ju;. Then, we study the effect of the difference of the SCFs
on a simplicial signal from the spectral perspective via

n Ty n Tq
(H-H)x=> &Y wa;:Diui+> Y wyDhui+Fax+Fux  (343)
=1 t=0 =1 t=0
where we have
t—1
D} u;i =Y (LiEqLy "+ L EqLy " )u;, and
’:‘1) (3.44)
D! ju;=> (LiEL, "+ Ly EL ;.
r=0

Since the lower and upper Laplacians admit the eigendecompositions for an eigenvector?
u;
Lau; = Aqiwi,  Lyu; = Ay, (3.45)

we can express the terms in (3.43) as

LQEdLZ_Tui = LSEd/\é;rui = /\SZTLE(Qdiui +Ew) = qdi/\fiiui + )\g;rLgElui,

(3.46)
where the second equality holds from Lemma 3.26. Thus, we have
LM EqLY " My = gai\gu + A T IL T By, (3.47)
With the results in (3.46) and (3.47), we can write the first term in (3.43) as
n Tq n T4 t—1
S E Y wasDh =Y 7> wayry  2qairhu
=1 t=0 =1 t=0 r=0
term 1
3.48
n Ty t—1 ( )
+ Z T4 de,t Z(/\SZTLEElui + /\é;rilLT»lElui) .
i=1 t=0 r=0
term 2
Term 1 can be further expanded as
n Tq n
term 1 =2 Z Tiqdq Z twd7t/\éiui =2 Z indi)\dih/G (Aai)u; (3.49)
i=1 t=0 i=1

Note that they can be jointly diagonalized.
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where we used the fact that ZtTio twa A, = )\diﬁ’G(Adi). Using Ly = UAqU T we can
write term 2 in (3.48) as

n
term 2 = Z@Udiag(gdi)UTElui (3.50)
i=1

where gq; € R" has the jth entry

gdzj—zwdtZ( I+ I[Ad]§+1)

(3.51)
2)\dzh(;()\dz) forj = i,
{m(hc(&h) ha(Aaj))  forj#i.
Now, substituting (3.49) and (3.50) into (3.48), we have
n Ty
szde th U= QZ%Qdeth(}\dz Ju; —|—Zx2Ud1ag(gdZ)U Eju;. (352)
i=1 t=0 i=1 i=1

By following the same steps as in (3.48)-(3.51), we can express also the second term in (3.43)
as

n Ty
sz Zwu (D} ju; = Qleqm/\mhc(x\m u; + z:szdlag(gm)UTEQuZ (3.53)
i=1 =0 i=1 i=1

where g; € R" is defined as

guz]—zwutz<)\t r )\t r— I[Au];‘-’-l)

_ 2)\1“})1\' (M) for j =1,
Qi A (G (Agi) — he(Aaj))  for j # .

(3.54)

uzf)‘uj

3. Bound of || (fl —H)x||. Now we are ready to bound || (fI — H)x|| based on triangle
inequality. First, given the small perturbations ||Eq4|| < eq and |Ey || < €y, we have for the
last two terms in (3.43)

IFax|| < O(e)llx[l, and [Fux|| < O(ed)|x] (3.55)

Second, for the first term ||> 1" ; &; ZtTio wq ¢+ DYyl in (3.43), we can bound its two terms
in (3.49) and (3.50) as

n
Z%dethtuZ
1=1 =

2 Z Fiqairaih (i) wi ||+
=1

(3.56)

n
> #;Udiag(ga:)U ' Equ; .
1=1

S ‘
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For the first term on the RHS of (3.56), we can write

which results from, first, E
integral Lipschitz property of the SCF |Ah(; (A)| < cq; and lastly, the fact that }" | |Z;
%1% = ||x||? and ||u;||? = 1. We then have

2 n
<4 &% |gas*Naih (Aai) [* < 43 Ix]®,  (3.57)
i=1

n
2) " Figairaihc(Aai)wi
i=1

qai| < eq = ||Eq|| since gq; is an eigenvalue of Eg; second, the
2 _

n
QZindi)\dih/G()\di)ui < 2€dCdHXH. (3.58)
i=1
For the second term in RHS of (3.56), we have
n n
37, Uding(ga))U T Erui|| < 3 [a:][Udiag(ga)U T [ Eallwill, (359
i=1 =1

which stems from the triangle inequality. We further have ||Udiag(gq;)U || 3
= ||diag(ga;)|| < 2Cq resulting from ||U|| = 1 and the c¢q-integral Lipschitz of hg(A) [cf.
Definition 3.17]. Moreover, it follows that || E1 || < €3dq from Lemma 3.26, which results in

Zi'iUdiag(gdi)UTElui < 2Cq€qdq Vn|x|| (3.60)

=1

where we use that >, |Z;| = ||X]l1 < v/n||X|| = V/n||x]. By combining (3.57) and (3.60),
we have

n Ty
Zi’i de,tDé,tui < 2eqcq||x|| +2Cq€eq04 \/EHXH (3.61)
i=1 t=0

Analogously, we can show that

n Td
> @y wa Dl ug|| < 2enc|x]|+2Cy€udy Valx|. (3.62)
i=1 t=0

Now by combining (3.55), (3.61) and (3.62), we can bound || (fI —H)x|| as

I(H — H)x|| < 2eqca x| +2Cacada v/allx| + O(e3) x|

. (3.63)
+ 2euca|x[| +2Cuendu vVl [x|| + O(ey) [Ix].
By defining Aq = 2(1+dq v/n) and Ay = 2(1+ 0y /1), we can obtain that
|H —HJ|| < cqAdeq + cuAueq + O(€3) + O(2). (3.64)

Thus, we have ||Hf,€ — I/-\Ich <k, dAk,d€k,d + Ckuliu€k,u With Ay q = 2(14 0y q /1)
and Ay y = 2(14 x4 /7%) Where we ignore the second and higher order terms on
€i,d and €, ,,. Likewise, we have ||H§C q— H%c all £ ck,aAk da€x,a for the lower SCF and

\|H§€u - ﬁfcuH <k, ul g u€k,u for the upper SCF. m|
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STEP II: STABILITY OF SCCNNS

Proof. Given the initial input xg, the Euclidean distance between Xﬁc and f{ﬁc at layer [
can be bounded by using triangle inequality and the ¢,-Lipschitz property of o(-) [cf.
Assumption 3.21] as

1%}, — x}ll2 < Co (S a + Sk + Sk ) (3.65)
With l 1l s -1 l [—1
Ok,a =IHg aRi,a%y, ) —Hy gRiax;, |,
=[BT - =X, (3.66)

l sl—1
¢k,u ::HHk,uRk uXp 1~ H Rk uxk+1 H

We now focus on upper bounding each of the terms.

1. Term ¢! % By subtracting and adding H! kx b ! within the norm, and using the triangle
inequality, we obtain

oyl (ol— — sl—
1 < | H} (%5 1_Xk )11 (B, = Hg ) | < 1 = I+ (G = H 1|
<%0 —x0 7 + (craBraer,d + e ek, x5
(3.67)
where we used the SCF stability in (3.64) and that all SCFs have a normalized bounded

frequency response in Assumption 3.19. Note that I/-\Ifk is also characterized by hq (M) with
the same set of filter coefficients as Hé€

2. Term ¢§€7 q and (bg@’u. By subtracting and adding a term I/-\If,ﬂ’ dﬁk,dxi__ll within the
norm, we have
ol—1
S < [Hj aRea(R Y = x5+ (H qRia — Hi qRia)x; 4 |

(3.68)
< | Ry, allll), 7 = 1+ 1H, gRiea — HY, qRoalllx), 24

where we used again triangle inequality and HI’-\Iﬁ€ qll £ 1 from Assumption 3.19. For the
term || R/ 7 fad” < ||R§€7d|| + |, all ||R§€’d|| < 7k,d(14 €x,q) where we used
|IRL 4]l <7k.qin Assumption 3.20 and ||} || < €, q. For the second term of RHS in (3.68),

by adding and subtracting I/-\Igc deC q We have
TR ! YR Sl Tl nl !
[H aRik,a —Hy, Ry all = [[Hy gRi,a — Hy gRy, g +H gRy, g —H, Ry |
SR £l !
< |Hy allRk,a — Ryal + [[Hy g — Hp gll[Rp,all - 369
<7p,d€k,d + Cr aAk,d€k,dTk,d

where we use the stability result of the lower SCF Hk q in (3.64). By substituting (3.69)
into (3.68), we have

ok a4 <7 d||xf€ - Xk U+ (ra€rd + Cl.alk,d€r,dTk d)||Xk L (3.70)

By following the same procedure [cf. (3.68) and (3.69)], we obtain

¢ < Tk; u||xk+1 k+1 || + (Tk u€k,u +Ck uAk u€k,ulk u)”xk+1 H (3-71)
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3. Bound of ||} —x! ||. Using the notations tx,tx q and t ,, in Theorem 3.23, we then
have a set of recursions, for k =0,1,..., K

Al—1

ol l A ol—1 -1 -1
1%y, = x| <co (PrallXpZy — Xk S e 15 =l

(3.72)
k+1 H +ik u”xk—H ||)

Define vector b as [bl]), = ||} —x! || with b = 0. Let B! collect the energy of all outputs
at layer [, with [8']}, : ||x ~1|. We can express the Euclidean distances of all k-simplicial

signal outputs for k =0,1,..., K, as

bl < ¢ Zb! " 4, TB! (3.73)
where < indicates elementwise smaller than or equal, and we have
[t0  tou 1
tia h t1,u
T= . and
tk—14 tk-1 tk-1u
tK,d 3%
- . (3.74)
1 To,u
fl,d 1 rf;l,u
Z = .
P14 1 Fr_1u
L TK.d L]

We are now interested in building a recursion for (3.73) for all layers [. We start with term
ch- Based on its expression in (3.14), we bound it as

Ik |l < o (|, d”HRk allllx;=

<o

S VG e+ T R 5 1)

(3.75)

-1
S el D,

which holds for k = 0,1,..., K. Thus, it can be expressed in the vector form as Bl <
coZB'1, with
1 T0,u
1,0 1 T1,u
7 — . (3.76)
Tk—1d 1 7Tk-1u
TK,d 1

Similarly, we have Bl_l = coZﬂZ_2, leading to ﬂl = cf,ZlBO with 8° =
tion 3.22]. We can then express the bound (3.73) as

B [cf. Assump-

bl < c,Zb '+ TZ! 1B (3.77)
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Thus, we have
b’ =0, b' <¢,TB, b?> < 2(ZTB+TZB), b> < 3 (Z*TB+ZTZB+TZ>B), (3.78)
and so on, which, inductively, leads to

l
bl <y zitTz 8.

i=1

(3.79)

Bt setting | = L, we obtain the bound bl <d= cg Zlel ZlflTZL*Z,B in Theorem 3.23.
O

3.F EXPERIMENT DETAILS

3.F.1 SYNTHETIC EXPERIMENTS ON DIRICHLET ENERGY EVOLUTION

We created a synthetic SC with 100 nodes, 241 edges and 135 triangles with the GUDHI
toolbox Rouvreau [2015], and we set the initial inputs on three levels of simplices to be
random sampled from U ([—5,5]). We then built a SCCNN composed of simplicial shifting
layers with weight wg and nonlinearities including id, tanh and relu. When the weight
follows the condition in Proposition 3.6, from Fig. 3.7 (the dashed lines labled as “shift”),
we see that the Dirichlet energies of all three outputs exponentially decrease as the number
of layers increases. We then uncoupled the lower and upper parts of the Laplacians in the
edge space in the shifting layers by setting v # 1. As shown in Fig. 3.7 (the dotted lines),
the Dirichlet energies of the edge outputs decrease at a slower rate than before. Lastly,
we added the inter-simplicial couplings, which overcome the oversmoothing problems, as
shown by the solid lines.

1014
107%4 N
10-74 N 1 \\\ 107204
_ — = shift.node AN _ — = shift,node NN _ — = shift,node %
& 10-114 = with proj.node AR #1071 —— with proj.node A\ 10729 —— wiith proj..node (Y
5] . shift,edge \\\\ 2 1015 shift,edge W\ R shift,edge \\
107174 with proj. edge W\ with proj.edge \\\\ with proj.,edge \
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Figure 3.7: Oversmoothing effects of simplicial shifting and the mitigation effects of uncoupling lower and
upper adjacencies and accounting for inter-simplicial couplings.

3.F.2 ADDITIONAL DETAILS ON FOREX EXPERIMENTS

In the forex dataset, there are 25 currencies which can be exchanged pairwise at three
timestamps. We first represented their exchange rates on the edges and took the logrithm,
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Table 3.8: Forex results (nmse, arbitrage) and the corresponding hyperparameters.
Methods | Random noise “Curl noise” | Interpolation
Input ‘ 0.119+0.004, 25.194+0.874 ‘ 0.552+0.027, 122.36 + 5.90 ‘ 0.717+0.030, 106.40 +0.902
l2-norm ‘ 0.036£0.005, 2.29£0.079 ‘ 0.050+£0.002, 11.124+0.537 ‘ 0.534+0.043,9.67+0.082
SNN 0.11+0.005, 23.24£1.03 0.446£0.017, 86.947+2.197 | 0.70240.033, 104.738 £1.042
L =5,F =064,T =4, tanh L =6,F =064,T = 3, tanh L=2,F=64,T =1, tanh
PSNN 0.008£0.001, 0.9844+0.17 0.000=£0.000, 0.000 £ 0.000 0.009+£0.001, 1.128 +0.329
L =6,F =64, tanh L=5F=1,id L =6,F =64, tanh
Bunch 0.981+£0.0,22.912+£1.228 0.981+£0.0,22.912+1.228 0.983+£0.005, 19.887 £6.341
MPSN 0.039+£0.004, 7.748 +£0.943 0.076 £0.012, 14.922+£2.493 | 0.117+0.063, 23.147+£11.674
L =2,F =64,id, sum L =4, F = 64, tanh, mean L =2, F =64, tanh, sum
SCCNN, id 0.027+£0.005, 0.000 £ 0.000 0.000+£0.000, 0.000 £ 0.000 0.265+0.036 , 0.000 £ 0.000
L=2F=16Ty=0T,=3 | L=5F=1Ty=1,Ty=1 | L=2F=16,Ty=0,T,=3
SCCNN, tanh | 0.002 £ 0.000, 0.325+0.082 0.000 £ 0.000, 0.003 £ 0.003 0.003+£0.002, 0.279 £ 0.151
L=6F=64Ty=5T,=2 | L=1,F=64,Ty3=2Ty=2 | L=6,F=64,Ty=5"T,=1
ie, [x1];,5) = logyori/7 = —[x1]}j,i- Then, the total arbitrage can be computed as the

total curl BJ x.

We considered to recover the exchange rates under three types of settings: 1) random noise
following normal distribution such that the signal-to-noise ration is —3dB, which is spread
over the whole simplicial spectrum; 2) “curl noise” projected from triangle noise following
normal distribution such that the signal-to-noise ration is —3dB, which is distributed only
in the curl space; and 3) 50% of the total forex rates are recorded and the other half is not
available, set as zero values.

First, as a baseline method, we chose /2 norm of the curl Box; as a regularizer to reduce
the total arbitrage, i.e, X1 = (I+wLj )~ !x1 with a regularization weight w € [0,10]. For
the learning methods, we consider the following hyperparameter ranges: the number of
layers tobe L € {1,2,...,6}, the number of intermediate features to be F' € {1,16,32,64}.
For the convolutional methods including SNN Ebli et al. [2020], PSNN Roddenberry et al.
[2021], Bunch Bunch et al. [2020] and SCCNN, we considered the intermediate layers
with nonlinearities including id and tanh. The convolution orders of SNN and SCCNN
are set to be {1,2,...,5}. For the message-passing method, MPSN Bodnar et al. [2021b],
we considered the setting from [Bodnar et al,, 2021b, Eq. 35] where the sum and mean
aggregations are used and each message update function is a two-layer MLP. With these
noisy or masked rates as inputs and the clean arbitrage-free rates as outputs, we trained
different learning methods at the first timestamp, and validated the hyperparameters at
the second timestamp, and tested their performance at the thrid one. During the training
of 1000 epochs, a normalized MSE loss function and adam optimizer with a fixed learning
rate of 0.001 are used. We run the same experiments for 10 times. Table 3.8 reports the best
results (nmse) and the total arbitrage, together with the hyperparameters.

3.F.3 ADDITIONAL DETAILS ON SIMPLEX PREDICTION
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METHOD IN DETAIL

The method for simplex prediction is generalized from link prediction based on GNNs by
Zhang & Chen [2018]: For k-simplex prediction, we use an SCCNN in an SC of order up to k
to first learn the features of lower-order simplices up to order k£ — 1. Then, we concatenate
these embedded lower-order simplicial features and input them to a two-layer MLP which
predicts if a k-simplex is positive (closed, shall be included in the SC) or negative (open,
not included in the SC).

For example, in 2-simplex prediction, consider an SC of order two, which is built based on
nodes, edges and (existing positive) triangles. Given the initial inputs on nodes xg and on
edges x1 and zero inputs on triangles x> = 0 since we assume no prior knowledge on trian-
gles, for an open triangle ¢ = [i, 7, k|, an SCCNN is used to learn features on nodes and edges
(denoted by y). Then, we input the concatenation of the features on three nodes or three
edges to an MLP, i.e., MLPyode([yolill[yol;ll[yolk) or MLPeage ([ylpi, 111 (Y], 1y ji,51)s
to predict if triangle ¢ is positive or negative. A MLP taking both node and edge features
is possible, but we keep it on one simplex level for complexity purposes. Similarly, we
consider an SCCNN in an SC of order three for 3-simplex prediction, which is followed by
an MLP operating on either nodes, edges or triangles.

DATA PREPROCESSING

We consider the data from the Semantic Scholar Open Research Corpus Ammar et al. [2018]
to construct a coauthorship complex where nodes are authors and collaborations between
Ek-author are represented by (k — 1)-simplices. Following the preprocessing in Ebli et al.
[2020], we obtain 352 nodes, 1472 edges, 3285 triangles, 5019 tetrahedrons (3-simplices) and
a number of other higher-order simplices. The node signal x¢, edge flow x; and triangle
flow x2 are the numbers of citations of single author papers and the collaborations of two
and three authors, respectively.

For the 2-simplex prediction, we use the collaboration impact (the number of citations)
to split the total set of triangles into the positive set Tp = {¢|[x2]; > 7} containing 1482
closed triangles and the negative set Ty = {t|[x2]+ < 7} containing 1803 open triangles
such that we have balanced positive and negative samples. We further split the 80% of the
positive triangle set for training, 10% for validation and 10% for testing; likewise for the
negative triangle set. Note that in the construction of the SC, i.e., the incidence matrix Ba,
Hodge Laplacians L1 ,, and L2 4, we ought to remove negative triangles in the training set
and all triangles in the test set. That is, for 2-simplex prediction, we only make use of the
training set of the positive triangles since the negative ones are not in the SC.

Similarly, we prepare the dataset for 3-simplex (tetrahedron) prediction, amounting to the
tetradic collaboration prediction. We obtain balanced positive and negative tetrahedron
sets based on the citation signal x3. In the construction of B3, L , and L3 4, we again
only use the tetrahedrons in the positive training set.
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MODELS

For comparison, we first use heuristic methods proposed in Benson et al. [2018] as baselines
to determine if a triangle ¢ = [, j, k] is closed, namely, 1) Harmonic mean: s; = 3/([x1] [:1]} +
[xl]g}k} + [Xﬂ[;lk}), 2) Geometric mean: s; = limpﬁo[([xl]ﬁ,,ﬂ + [xl]z[oj,k] + [Xl]ﬁ',k])]l/ps
and 3) Arithmetic mean: s; = ([x1][; j1 + [x1][j,k) + [%1][3,x)) /3, Wwhich compute the triangle
weight based on its three faces. Similarly, we generalized these mean methods to compute
the weight of a 3-simplex [, j, k,m] based on the four triangle faces in 3-simplex prediction.

We then consider different learning methods. Specifically, 1) “Bunch” by Bunch et al.
[2020] (we also generalized this model to 3-dimension for 3-simplex prediction); 2) Message
passing simplicial network (“MPSN”) by Bodnar et al. [2021b] which provides a baseline
of message passing scheme in comparison to the convolution scheme; 3) Principled SNN
(“PSNN”) by Roddenberry et al. [2021]; 4) SNN by Ebli et al. [2020]; 5) SCNN by Yang et al.
[2021]; 6) GNN by Defferrard et al. [2016]; 7) MLP: providing as a baseline for the effect of
using inductive models.

For MLP, Bunch, MPSN and our SCCNN, we consider the outputs in the node and edge
spaces, respectively, for 2-simplex prediction, which are denoted by a suffix “-Node” or
“-Edge”. For 3-simplex prediction, the output in the triangle space can be used as well,
denoted by a suffix “-Tri”, where we also build SCNNs in both edge and triangle spaces.

EXPERIMENTAL SETUP AND HYPERPARAMETERS

We consider the normalized Hodge Laplacians and incidence matrices, a particular version
of the weighted ones Grady & Polimeni [2010]; Horak & Jost [2013]. Specifically, we use
the symmetric version of the normalized random walk Hodge Laplacians in the edge space,
proposed by Schaub et al. [2020], which were used in Bunch et al. [2020]; Chen et al. [2022c]
as well. We generalized the definitions for triangle predictions.

Hyperparameters 1) the number of layers: L € {1,2,3,4,5}; 2) the number of interme-
diate and output features to be the same as F' € {16,32}; 3) the convolution orders for
SCCNNGs are set to be the same, i.e, Tj =Ty =T, =T}, =T € {1,2,3,4,5}. We do so to
avoid the exponential growth of the parameter search space. For GNNs [Defferrard et al.,
2016] and SNNs [EDbli et al., 2020], we set the convolution orders to be T’ € {1,2,3,4,5}
while for SCNNs [Yang et al., 2022a], we allow the lower and upper convolutions to have
different orders with Ty, Ty, € {1,2,3,4,5}; 4) the nonlinearity in the feature learning
phase: LeakyReLU with a negative slope 0.01; 5) MPSN is set as Bodnar et al. [2022]; 6)
the MLP in the prediction phase: two layers with a sigmoid nonlinearity. For 2-simplex
prediction, the number of the input features for the node features is 3F’, and for the edge
features is 3F. For 3-simplex prediction, the number of the input features for the node
features is 4F, for the edge features is 6F" and for the triangle features is 4F' since a
3-simplex has four nodes, six edges and four triangles. The number of the intermediate
features is the same as the input features, and that of the output features is one; and, 7) the
binary cross entropy loss and the adam optimizer with a learning rate of 0.001 are used;
the number of the epochs is 1000 where an early stopping is used. We compute the AUC to
compare the performance and run the same experiments for ten times with random data
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splitting.

RESULTS

In Table 3.9, we report the best results of each method with the corresponding hyperpa-
rameters. Different hyperparameters can lead to similar results, but we report the ones
with the least complexity. All experiments for simplex predictions were run on a single
NVIDIA A40 GPU with 48 GB of memory using CUDA 11.5.

Table 3.9: 2- (Left) and 3-Simplex (Right) prediction AUC (%) results.

METHODS AUC PARAMETERS METHODS AUC PARAMETERS
HARM. MEAN 62.8+2.7 - HarM. MEAN 63.61+1.6 -
ARITH. MEAN  60.8£3.2 — ARITH. MEAN  62.2+1.4 —
GEoM. MEAN 61.7£3.1 — GEOM. MEAN 63.1+1.4 —
MLP-NODE 68.5£1.6 L=1,F=32 MLP-TRI. 69.012.2 L=3,F=32
GNN 93.9£1.0 L=5F=32T=2 GNN 96.610.5 L=5F=32T=5
SNN-EDGE 92.0+1.8 L=5F=32T=5 SNN-TRI. 95.1+1.2 L=5F=32T=5
PSNN-EDGE 95.6+1.3 L=5F=32 PSNN-TRI. 98.14+0.5 L=5F=32
SCNN-EDGE 96.5+15 L=5F=32Tq=5"Tu=2 SCNN-TRIL 983+04 L=5F=32T3=2Tu=1
BuncH-NODE  98.31+0.5 K=1L=4,F=32 BuncH-EDGE 98.510.5 K=3,L=4,F=16
MPSN-NopE 98.140.5 K=1L=3F=32 MPSN-EDGE 99.240.3 K=3,L=3,F=32

SCCNN-Nope 987405 K =1L=2F=32T=2  SCCNN-NopE 994403 K =3 L=3F=32T=3

COMPLEXITY

Table 3.10: (Left) Complexity of the best three methods for 2-simplex prediction. (Right) Running time of
SCCNN with different layers and convolution orders.

METHOD  #PARAMS. RUNNING TIME (SECONDS PER EPOCH) HyperPARAMS. T =2 T =5
SCCNN 24288 0.073 L=2 0.073  0.082
Buncu 21728 0.140 L=3 0.110 0.130
MPSN 84256 0.028 L=5 0.192  0.237

Here we report the number of parameters and the running time of SCCNN for 2-simplex
prediction on one NVIDIA Quadro K2200 with 4GB memory, compared with the two best
alternatives. MPSN, compared to convolutional methods, has three times more parameters,
analogous to the comparison between message-passing and graph convolutional NNs. We
also report the running time as the layers and convolution orders increase.

ABLATION STUDY
We perform an ablation study to observe the roles of different components in SCCNNs.

SC Order. We investigate the influence of the SC order K. Table 3.11 reports the 2-simplex
prediction results for K’ = {1, 2} and the 3-simplex prediction results for K = {1,2,3}. We
observe that for k-simplex prediction, it does not necessarily guarantee a better prediction
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with a higher-order SC, which further indicates that a positive simplex could be well encoded
by both its faces and other lower-order subsets. For example, in 2-simplex prediction, SC of
order one gives better results than SC of order two (similar for Bunch), showing that in this
coauthorship complex, triadic collaborations are better encoded by features on nodes than
pairwise collaborations. In 3-simplex prediction, SCs of different orders give similar results,
showing that tetradic collaborations can be encoded by nodes, as well as by pairwise and
triadic collaborations.

Table 3.11: Prediction results of SCCNNs with different SC order K.

METHOD 3-SIMPLEX PARAMETERS

METHOD 2-SIMPLEX PARAMETERS

- : SCCNN-NobE ~ 99.3403 K=1,L=2F=32T=1
SCCNN-Nope 987405 K =1,L=2F=32T=2  gcCNN-Nopr 993402 K=2L=2F=32T=5
SCCNN-Nobe 984405 K =2L=2F=32T=2  §CCNN-Nobr 994403 K =3 L=3F=32T=3

BuncH-NopE  98.34:0.4 K=1L=4,F=32 " MPSN.Nobe 96012 K=1,L=3F=32
Buncr-Nope  98.0+0.4 K=2L=4F=32  \psN-Nobe 982408 K=2L=2F=32
MPSN-NopE 945415 K=1L=3F=32

MPSN-Nobe 981405 K—2L—3F—3  SCCNN-Epece 989405 K=1,L=3F=32T=5

SCCNN-EpGE 992404 K=2,L=5F=32T=5
SCCNN-Epce  97.9£09  K=1,L=3,F=32,T=5  gcCNN-Epce  99.0+1.0 K =3,L=5F=32T=5
P : :

SCCNN-EDGE 95.94+1.0 2,L=5F=32,T :[ 3 MPSN-EDGE 96.3+1.1 K=1L=3F=32

Buncm-Epee  97.3+11 K=LL=4F=32  \MpsN-Epee 9834038 K=2L=3F=32

BuncH-EDGE 94.6+1.2 K=2L=4,F=32

MPSN-EDGE 94.14+2.4 K=1,L=3F=32 SCCNN-TRI 979407 K=2,L=4F=32T=4

MPSN-EDGE 97.041.2 K=2L=2F=16  SCCNN-TR 974409 K=3,L=4,F=32T=4
- MPSN-TRI. 99.140.2 K=2L=3F=32

Missing Components in SCCNN. With a focus on 2-simplex prediction with SCCNN-
Node of order one, to avoid overcrowded settings, we study how each component of an
SCCNN influences the prediction. We consider the following settings without: 1) “Edge-
to-Node”, where the projection xq,, from edge to node is not included, equivalent to
GNN; 2) “Node-to-Node”, where for node output, we have xf) = J(HéyuRl,uxl_l); 3)
“Node-to-Edge”, where the projection x; q from node to edge is not included, i.e., we
have x! = (Hllxll_l); and 4) “Edge-to-Edge”, where for edge output, we have x} =
O'(Hll’dRLXmil).

Table 3.12: 2-Simplex prediction (SCCNN-Node without certain components or with limited inputs).

Missing Component AUC Parameters Missing Input AUC Parameters
- 987405 L=2F=32T=2 ~—_ 987405 L—2F—32.T—2
Edge-to-Node 939408 L=5F=32T=2 .

Node input 982405 L=2F=32T=4
Node-to-Node 987404 L=4,F=32T=2 Edge input 081404 L—2F—32.T—3
Edge-to-Edge 985410 L=3 F=32T=3 C %e ‘;13“ ) ko, Tal=es L=
Node-to-Edge 988403 L=4,F=32T=3 ode, Edge inputs  50.0:£0.0 -

From the results in Table 3.12 (Left), we see that “No Edge-to-Node”, i.e., GNN, gives much
worse results as it leverages no information on edges with limited expressive power. For
cases with other components missing, a similar performance can be achieved, however, at
a cost of the model complexity, with either a higher convolution order or a larger number
of layers L, while the latter in turn degrades the stability of the SCCNNs, as discussed
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in Section 3.4. SCCNNs with certain inter-simplicial couplings pruned/missing can be
powerful as well (this is similarly shown by [Bodnar et al., 2021b, Thm. 6]), but if we did
not consider certain component, it comes with a cost of complexity which might degrade
the model stability if more number layers are required.

Limited Input. We study the influence of limited input data for model SCCNN-Node of
order two. Specifically, we consider the input on either nodes or edges is missing. From
Table 3.12, we see that the prediction performance does not deteriorate at a cost of the model
complexity (higher convolution orders) when a certain part of the input missing except
with full zeros as input. This ability of learning from limited data shows the robustness of
SCCNNE.

STABILITY ANALYSIS

We then perform a stability analysis of SCCNNs. We artificially add perturbations to the
normalization matrices when defining the Hogde Laplacians, which resemble the weights of
simplices. We consider small perturbations Eg on node weights which is a diagonal matrix
following that ||Eg|| < €9/2. We generate its diagonal entries from a uniform distribution
[—€0/2,€0/2) with g € [0,1], which represents one degree of deviation of the node weigths
from the true ones. Similarly, perturbations on edge weights and triangle weights are
applied to study the stability. In a SCCNN-Node for 2-simplex prediction of K = 2, we
measure the distance between the simplicial outputs with and without perturbations on
nodes, edges, and triangles, i.e., |xF —%E|/|xE|, for k =0,1,2.

Stability dependence. We first show the stability mutual dependence between different
simplices in Fig. 3.8. We see that under perturbation on node weights, the triangle output
is not influenced until the number of layers becomes two; likewise, the node output is not
influenced by perturbations on triangle weights with a one-layer SCCNN. Also, a one-layer
SCCNN under perturbations on edge weights will cause outputs on nodes, edges, triangles
perturbed. Lastly, we observe that the same degree of perturbations added to different
simplices causes different degrees of instability, owing to the number nj, of k-simplices in
the stability bound. Since Ny < Nj < Na, the perturbations on node weights cause less
instability than those on edge and triangle weights.

(a) Node pert.L = 1 (b) Node pert.L = 2 (c) Edge pert.L = 1 (d) Tri. pert.L =1 (e) Tri. pert.L = 2
Figure 3.8: The stabilities of different simplicial outputs are dependent on each other.
Number of Layers. Fig. 3.9 shows that the stability of SCCNNs degrades as the number of

layers increases as studied in Theorem 3.23. As the NN deepens, the stability deteriorates,
which corresponds to our analysis of using shallow layers.
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@L=1 b)L =2 ©L=3 @L=4 ©L=5

Figure 3.9: The relative difference of SCCNN outputs with and without perturbations in terms of different
numbers of layers. We consider perturbations on edge weights.

3.F.4 ADDITIONAL DETAILS ON TRAJECTORY PREDICTION

PROBLEM FORMULATION

A trajectory of length m can be modeled as a sequence of nodes [vg,v1,...,Um—1] in an
SC. The task is to predict the next node vy, from the neighbors of v,,_1, N, . The
algorithm in Roddenberry et al. [2021] first represents the trajectory equivalently as a

sequence of oriented edges [[vo,v1], [v1,v2],- -, [Um—2,Um—1]]- Then, an edge flow x; is
defined, whose value on an edge € is [x1]. = 1 if edge e is traversed by the trajectory
in a forward direction, [x;]. = —1 if edge e is traversed in a backward direction by the

trajectory, and [x1]. = 0, otherwise.

With the trajectory flow x; as the input, together with zero inputs on the nodes and
triangles, an SCCNN of order two is used to generate a representation x1* of the trajectory,
which is the output on edges. This is followed by a projection step x{iu =B WxF, where
the output is first passed through a linear transformation via W, then projected into the
node space via Bj. Lastly, a distribution over the candidate nodes \,,, , is computed via
a softmax operation, n; = softmax([x(ﬁ wij):d €Ny, . The best candidate is selected as
Uy = argmax ;n;. We refer to Roddenberry & Segarra [2019, Alg. S-2] for more details.

Given that an SCCNN of order two generates outputs also on nodes, we can directly apply
the node feature output x{' to compute a distribution over the candidate nodes N, _,
without the projection step. We refer to this as SCCNN-Node, and the method of using the
edge features with the projection step as SCCNN-Edge.

MODEL

In this experiment, we consider the following methods: 1) PSNN by Roddenberry et al.
[2021]; 2) SNN by Ebli et al. [2020]; 3) SCNN by Yang et al. [2022a] where we consider
different lower and upper convolution orders Tq,7};; and 4) Bunch by Bunch et al. [2020]
where we consider both the node features and edge features, namely, Bunch-Node and
Bunch-Edge.

Synthetic Data. Following the procedure in Schaub et al. [2020], we generate 1000
trajectories as follows. First, we create an SC with two “holes” by uniformly drawing 400
random points in the unit square, and then a Delaunay triangulation is applied to obtain a
mesh, followed by the removal of nodes and edges in two regions. To generate a trajectory,
we consider a starting point at random in the lower-left corner, and then connect it via a
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shortest path to a random point in the upper left, center, or lower-right region, which is
connected to another random point in the upper-right corner via a shortest path.

We consider the random walk Hodge Laplacians Schaub et al. [2020]. For Bunch method,
we set the shifting matrices as the simplicial adjacency matrices defined in Bunch et al.
[2020]. We consider different NNs with three intermediate layers where each layer contains
F =16 intermediate features. The tanh nonlinearity is used such that the orientation
equivariance holds. The final projection n generates a node feature of dimension one. In
the 1000-epoch training, we use the cross-entropy loss function between the output d and
the true candidate and we consider an adam optimizer with a learning rate of 0.001 and
a batch size 100. To avoid overfitting, we apply a weight decay of 5-10~° and an early

stopping.

As done in Roddenberry et al. [2021], besides the standard trajectory prediction task, we
also perform a reverse task where the training set remains the same but the direction of
the trajectories in the test set is reversed and a generalization task where the training
set contains trajectories running along the upper left region and the test set contains
trajectories around the other region. We evaluate the correct prediction ratio by averaging
the performance over 10 different data generations.

Real Data. We also consider the Global Drifter Program dataset” localized around Mada-
gascar. It consists of ocean drifters whose coordinates are logged every 12 hours. An SC
can then be created as Schaub et al. [2020] by treating each mesh as a node, connecting
adjacent meshes via an edge and filling the triangles, where the “hole” is yielded by the
island. Following the process in Roddenberry et al. [2021], it results in 200 trajectories and
we use 180 of them for training. In the training, a batch size of 10 is used and no weight
decay is used. The rest experiment setup remains the same as the synthetic case.

REsuULTS

We report the prediction accuracy of different tasks for both datasets in Table 3.13. We
first investigate the effects of applying higher-order SCFs in the simplicial convolution
and accounting for the lower and upper contributions. From the standard accuracy for
both datasets, we observe that increasing the convolution orders improves the prediction
accuracy, e.g., SCNNs become better as the orders 7y,7}, increase and perform always
better than PSNN, and SCCNNs better than Bunch. Also, differentiating the lower and
upper convolutions does help improve the performance as SCNN of orders Tg =T, = 3
performs better than SNN of 7" = 3.

However, accounting for the node and triangle contributions in SCCNNs does not help the
prediction compared to the SCNNs, likewise for Bunch compared to PSNN. This is due to
the zero node and triangle inputs because there are no available node and triangle features.
Similarly, the prediction directly via the node output features is not accurate compared to
projection from edge features.

Moreover, we also observe that the performance of SCCNNs that are trained with the same
data does not deteriorate in the reverse task because the orientation equivariance ensures

Shttp://www.aoml.noaa.gov/envids/gld/,
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SCCNN:Ss to be unaffected by the orientations of the simplicial data. Lastly, we see that, like
other NNs on SCs, SCCNNs have good transferability to the unseen data.

Table 3.13: Trajectory Prediction Accuracy. (Left): Synthetic trajectory in the standard, reverse and general-
ization tasks. (Right): Ocean drifter trajectories. For SCCNNs, we set the lower and upper convolution orders
T4, Ty to be the same as T'.

METHODS STANDARD REVERSE  GENERALIZATION  PARAMETERS STANDARD  PARAMETERS
PSNN 63.1+3.1 58.4+3.9 55.31+2.5 — 49.0+8.0 —
SCNN 65.6+3.4 56.6+£6.0 56.1£3.6 Ta=Tu=2 52.549.8 Tq=Tu=2
SCNN 66.5+5.8 57.7+5.4 60.6+4.0 Ta=Tu=3 52.5+7.2 Ta=Tu=3
SCNN 67.3£2.3 56.9+4.8 59.4+4.2 Tqa=Tu=4 52.548.7 Ta=Tu=4
SCNN 67.7£1.7 55.3£5.3 61.2£3.2 Tqa=Tu=5 53.0+£7.8 Ta=Tu=5
SNN 65.5+2.4 53.616.1 59.5+3.7 T=3 52.5+6.0 T=3
BuncH-NoDE 35.443.4 38.1t4.6 29.0£3.0 — 35.0£5.9 —
BuncH-EDGE 62.31+4.0 59.6+6.1 53.9£3.1 - 46.0+6.2 —
SCCNN-NoDE 46.8+7.3 44.5+8.2 31.945.0 T=1 40.5+4.7 T=1
SCCNN-EDGE 64.6+3.9 57.2+6.3 54.0£3.0 T=1 52.5+7.2 T=1
SCCNN-NopE 43.54+9.6 44.447.6 32.8+2.6 T=2 45.5+4.7 T=2
SCCNN-EDGE 65.2+4.1 58.9+4.1 56.81+2.4 T=2 54.5+7.9 T=2

CoNVOLUTION ORDER AND INTEGRAL L1PSCHITZ PROPERTY

Here, to illustrate that the integral Lipschitz property of the SCFs helps the stability of
NNs on SCs, we consider the effect of regularizer 1, against perturbations in PSNNs and
SCNNs with different Tq and T}, for the standard synthetic trajectory prediction. The
regularization weight on 7y, is set as 5- 10~% and the number of samples to approximate
the frequencies is set such that the sampling interval is 0.01.

Fig. 3.10 shows the prediction accuracy and the relative distance between the edge outputs
of the NN trained with and without the integral Lipschitz regularizer in terms of different
levels of perturbations. We see that the integral Lipschitz regularizer helps the stability of
the NNs, especially for large SCF orders, where the edge output is less influenced by the
perturbations compared to without the regularizer. Meanwhile, SCNN with higher-order
SCFs, e.g., Tq =Ty, = 5, achieves better prediction than PSNN (with one-step simplicial
shifting), while maintaining a good stability with its output not influenced by perturbations
drastically.

We also measure the lower and upper integral Lipschitz constants of the trained NNs across
different layers and features, given by maxy, . |A\x,chr,a(Mk,c)| and

maxy, \)\k;,cilk:,c()\k,c)\, shown in Fig. 3.11. We see that the SCNN trained with 7y,
indeed has smaller integral Lipschitz constants than the one trained without the regularizer,
thus, a better stability, especially for NNs with higher-order SCFs.
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Figure 3.10: Effect of the integral Lipschitz regularizer 7y, in the task of synthetic trajectory prediction against
different levels € of random perturbations on L 4 and L1 ,,. We show the accuracy (Top row) and the relative
distance between the edge output (Bottom row) for different NNs on SCs with and without 71r,. SCNN13 is the

SCNN with Ty =1 and Ty, = 3.
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Figure 3.11: The integral Lipschitz constants of SCFs at each layer of the trained SCNNs with and without
the integral Lipschitz regularizer r1y,. We use symbols cic’ g and cﬁc,u to denote the lower and upper integral
Lipschitz constants at layer [. Regularizer 1y, promotes the integral Lipschitz property, thus, the stability,
especially for NNs with large SCF orders.
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HoDGE-CoOMPOSITIONAL EDGE
GAUSSIAN PROCESSES

In Chapters 2 and 3, we have developed the processing and learning of signals on simplicial
complexes based on the simplicial convolution operator. Yet, these methods remain determin-
istic, composing of the first part of this thesis. To quantify the uncertainty of the learning,
we consider a probabilistic setting from now on. When viewing simplicial signals as random
variables, we first consider the Gaussian case. In this chapter, we focus on the edge flows
in simplicial 2-complexes, and introduce edge Gaussian processes (GPs) that are designed to
model the gradient, curl and harmonic components of edge functions in a Hodge-compositional
manner. This allows them to independently learn each component, providing increased expres-
siveness and interpretability when compared to directly extending edge GPs from graph GPs.
This chapter is based on the work of Yang et al. [2024].

4.1 INTRODUCTION

Gaussian processes (GPs) are a widely used class of statistical models capable of quan-
tifying uncertainty associated to their own predictions [Rasmussen & Williams, 2006].
These models are determined by covariance kernels which encode prior knowledge about
the unknown prediction function. Choosing an appropriate kernel is often challenging,
particularly when the input space is non-Euclidean [Duvenaud, 2014].

Developing GPs on graphs has been a subject of recent work, which requires structured
kernels to encode the dependence between nodes [Venkitaraman et al., 2020; Zhi et al.,
2023], like the diffusion [Smola & Kondor, 2003] or random walk kernels [Vishwanathan
et al., 2010]. More recently, Borovitskiy et al. [2021] derived the more general family of
Matérn kernels on graphs from stochastic partial differential equations (SPDEs) thereon,
mirroring the continuous approaches on manifolds [Azangulov et al., 2022; 2023; Borovitskiy
et al., 2020]. Nikitin et al. [2022] incorporated the temporal factor in this framework to
build temporal-graph kernels. However, GPs in these works are targeted for modeling
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functions on the nodes of networks.

We instead focus on functions defined on the edges, of particular interest for modeling
edge-based dynamical processes in many complex networks, such as flows of energy, signal
or mass [Schaub et al., 2014]. For example, in water supply networks, we typically monitor
the flow rates within pipes (edges) connecting tanks (nodes) [Zhou et al., 2022]. Other
examples include energy flows in power grids [Jia et al., 2019], synaptic signals between
neurons in brain networks [Faskowitz et al., 2022], and exchange rates on trading paths
(edges) of currencies (nodes) [Jiang et al., 2011].

While it might seem intuitive to use node-based methods for edge-based tasks using line-
graphs [Godsil & Royle, 2001], this often yields sub-optimal solutions [Jia et al., 2019].
Alternatively, recent successes in signal processing and neural networks for edge data have
emerged from modeling flows on the edge set of a simplicial 2-complex (SC>), including
[Barbarossa & Sardellitti, 2020; Isufi & Yang, 2022; Jia et al., 2019; Roddenberry et al., 2021;
Schaub et al., 2021; Yang et al.,, 2022b], among others. A SCy can be viewed as a graph
with the additional set of triangular faces, encoding how edges are adjacent to each other
via nodes or faces. A SCq also allows to characterize key properties of edge flows using
discrete concepts of divergence (div) and curl [Lim, 2020; Lovasz, 2004], measuring how they
diverge at nodes and circulate along faces. For example, electric currents in circuit networks
respecting the Kirchhoff’s law are div-free [Grady & Polimeni, 2010], and arbitrage-free
exchange rates are curl-free along a loop of trading paths [Jiang et al., 2011]. Moreover,
edge functions on a SCo admit the Hodge decomposition into three parts: gradient, curl
and harmonic components, being curl-free, div-free or both, respectively [Lim, 2020]. This
provides unique insights in various applications including ranking [Jiang et al., 2011],
gaming theory [Candogan et al., 2011], brain networks [Vijay Anand et al., 2022] and
finance [Fujiwara & Islam, 2020]. Nevertheless, existing works on edge-based learning
remain deterministic and there is a lack of principled ways to define GP priors on the edge
set of SCs, which is the central goal of this work.

Our main contribution lies in the proposal of Hodge-compositional edge GPs. We build them
as combinations of three GPs, each modeling a specific part of the Hodge decomposition
of an edge function, namely the gradient, curl and harmonic parts. With a focus on the
Matérn family, we show that each of them can be linked to a SPDE, extending the framework
used by Borovitskiy et al. [2020; 2021; 2023]. Compared to a direct extension of graph
GPs, they enable separate learning of the different Hodge components, which allows us to
capture the practical behavior of edge flows. We also demonstrate their practical potential
in edge-based learning tasks in foreign currency exchange markets, ocean flow analysis
and water supply networks.

4.2 BACKGROUND

A random function f : X — R defined over a set X is a Gaussian process f ~ GP(u, k) with
mean function (-) and kernel (-, -) if, for any finite set of points x = [z1,...,2,] " € X™,
the random vector f(x) = [f(x1),...,f(z,)]" is multivariate Gaussian with mean vector
1(x) and covariance matrix k(x,x).
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The kernel k of a prior GP encodes prior knowledge about the unknown function while its
mean  is usually assumed to be zero. GP regression combines such a prior with training
data (z1,%1), .., (Zn,yn) where z; € X, y; € R with y; = f(2;) + €, € ~ N(0,02). This
results in a posterior f|,, which is another GP: f|,, ~ GP(uyy,k|y). For any new input
x* € X, the mean ju|y (™) is the prediction and the posterior variance k|, (z*, ") quantifies
the uncertainty. We refer to Rasmussen & Williams [2006] for more details. Defining an
appropriate kernel is one of the main challenges in GP modeling [Duvenaud, 2014]. For
example, to define a RBF kernel, one often requires a distance function on the input space,
which is not always available especially in non-Euclidean spaces.

4.2.1 GPs oN GRAPHS

Let G = (V,€) be an unweighted graph where V = {1,..., Ny} is the set of nodes and
& is the set of Ny edges such that if nodes i, are connected, then e = {i,j} € £. We
can define real-valued functions on its node set fp : V — R, collected into a vector
fo = (fo(1),..., fo(No)) T € RNo. Denote the node-to-edge incidence matrix by By of
dimension Ny x Nj. Its entries are [B1];c = —1 and [B1] e = 1, and zero otherwise, for
edge e = {i,7}. The graph Laplacian is then given by Ly = B1B/, which is a positive
semi-definite linear operator on the space R™V0 of node functions. It admits an eigende-
composition Lg = UOAOUJ where Ay collects its eigenvalues on the diagonal and Uy
collects the orthogonal eigenvectors of Ly [Chung, 1997].

A GP on graphs fy ~ GP(0,K() assumes fj is a random function with zero mean and
a graph kernel K¢ which encodes the covariance between pairs of nodes. To construct
justified graph GPs, Borovitskiy et al. [2021] extended the idea of deriving continuous GPs
from SPDEs' [Lindgren et al., 2011; Whittle, 1963] to the domain of graphs. Specifically,
given the following SPDE on graphs with a Gaussian noise wg ~ N(0,1)

VIS

®(Lo)fy = wo, with ®(Lg) = <i—‘2’I+L0) , (4.1)

where ®(Lo) = Ug®(Ao)U,] and ®(-) applies to A element-wise. Its solution gives the
Matérn graph GP

fy ~ GP (0, (i—’;I—i-LO) 7") (4.2)

with positive parameters «,v. When scaled properly, the Matérn kernel gives the graph
diffusion kernel for v — oo, which in turn relates to the random walk kernel by Kondor &
Lafferty [2002]. This SPDE framework can be extended to spatial-temporal data yielding
respective graph kernels [Nikitin et al., 2022].

IStocahstic partial differential equations generalize partial differential equations via random force terms and
coefficients, in the same way ordinary stochastic differential equations generalize ordinary differential equations.
For example, the stochastic heat equation may be written as 0;x = Ax + & where A is the Laplacian (not to be
confused with the graph Laplacian) and £ denotes space-time random noise.
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Figure 4.1: (a) A SC2 where we shade (closed) triangles in green and denote reference orientations of edges/tri-
angles by arrows. (b) An edge function f; with its divergence (purple values on nodes) and curl ( values
in triangles). (c) Gradient flow fg = BIfQ (fo denoted in blue). (c-d) Hodge decomposition: (c) f; (d) curl flow
fc = Baf (f2 denoted in red); and (e) harmonic flow 7. All numbers are rounded to two decimal places.

4.2.2 EDGE FuNcTIONS ON SIMPLICIAL COMPLEXES

Simplicial 2-complexes represent discrete geometry more expressively than graphs. They
are triples SCy = (V,&,T ) where V, € are the sets of nodes and edges, same as for graphs,
and T is the set of triangular faces (shortened as triangles) such that if {7, 5}, {j,k},{é,k}
form a closed triangle, then t = {i,j,k} € T [Munkres, 2018]. An example is shown in
Fig. 4.1a. We assume a fixed orientation for each edge and each triangle by increasing labels
of their nodes. An oriented edge, denoted as e = [i, j], is an ordering of {7, j}. This is not a
directed edge allowing flow only from ¢ to j, but rather an assignment of the sign of the
flow: from 7 to j is positive and the reverse is negative. Same goes for oriented triangles
denoted as t = [i, j, k].

Given a SCo, the functions, f1: £ — R, on its edges £ are required to be alternating [Lim,
2020], meaning that, we have f;(€) = — f1 (e) if € = [j, ] is oriented opposite to reference
e = [4,j]. For example, in Fig. 4.1b, f1(1,2) = —1.2 means there is 1.2 unit of flow from 2
to 1. This property keeps the flow unchanged with respect to the edge orientation. We
collect the edge functions on & into f; = (fi(e1),..., f1(en,)) T € RM, as in Fig. 4.1b,
which we also call as an edge flow.

We can also define alternating functions on triangles in 7" where fo(t) = — fo(t) if t is an
odd permutation of reference ¢ = [i, j, k| [Lim, 2020]. We collect them in f5 € RN2 where
Ny =|T]. In topology, functions fo, f1, f2 are called 0-, 1-, 2-cochains, which are discrete
analogs of differential forms on manifolds [Grady & Polimeni, 2010]. This motivates the
use of subscripts 0,1,2. Here we can view these functions as vectors of data on nodes,
edges and triangles, respectively.

4.3 EDGE GAUSSIAN PROCESSES

We now define GPs on edges of a SCa, specifically, f; ~ GP(0,K;) with zero mean and
edge kernel K. Throughout this work, we refer to them as edge GPs, and call graph GPs
in Section 4.2.1 as node GPs because they are both multivariate Gaussian but the former is
indexed by X = £ and the latter by X = V. We start with deriving edge GPs from SPDEs
on edges as a natural extension of (4.1). Then, by introducing basic notions from discrete
calculus [Grady & Polimeni, 2010] and the Hodge decomposition theorem, we propose the
divergence-free and curl-free GPs, combining them into Hodge-compositional GPs.
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4.3.1 EDGE GPs FrRom SPDEs oN EDGES

The derivation of graph GPs in (4.2) as solutions of graph SPDE in (4.1) motivates the
following SPDEs on edges, with edge Gaussian noise wi ~ N (0,1),

O(Ly)f; =wy (4.3)

where ®(L1) = U;®(A1)U] is a differential operator defined through Li. When we
consider the operators

v
2

2 52
®(Ly) = (H—gl—i-Ll) ,and (L) =TI, (4.4)

the solutions to (4.3) give two edge GPs

2v v _ K2y,
f1,Ma\térn ~ GP <O7 ( D) I+ Ll) )a and fl,diﬁusion ~GP (O, e 2 1)a (4'5)
K

which are the edge Matérn and diffusion GPs, respectively. These edge GPs impose structured
prior covariance that encodes the dependence between edges. A related Hodge Laplacian
kernel (LlTL1)Jr can be obtained by setting ®(L1) = L, i.e,, L1f; = w. This kernel was
used to penalize the smoothness of edge functions in Schaub et al. [2021]. The kernels of
(4.5) are more flexible though and allow encoding non-local edge-to-edge adjacency while
L; instead encodes the local direct (one-hop) adjacency.

4.3.2 D1v-FREE AND CURL-FREE EDGE GPs

The edge GPs in Section 4.3.1 define distributions over all edge functions. As opposed
to this, here we seek to define GPs on the classes of divergence-free and curl-free edge
functions. Recall the physics interpretations of incidence matrices in Chapter 2, which
carry the appropriate notions of discrete derivatives.

Discrete Derivatives. The gradient is a linear operator from the space of node functions
to that of edge functions. At edge e = [4, j], it is defined as

(grad fo)(e) = (B{ fo)e = fo(j) — fo(i), (4.6)

which computes the difference between the values of a function on adjacent nodes, resulting
in a flow on the connecting edge. We call f; = B f; a gradient flow and fy a node potential,
as shown in Fig. 4.1c.

The divergence, the adjoint of gradient, is a linear operator from the space of edge functions
to that of node functions. At node 7, it is defined as

(div £1)(0) = (Buf)i = — ¥ epre) J1023) (47)

with AV (%) the neighbors of i. Physically, it computes the net-flow of edge functions passing
through node i, i.e., the in-flow minus the out-flow, as shown in Fig. 4.1b. A divergence-free
flow has a zero net-flow everywhere.
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Lastly, the curl operator is a linear operator from the space of edge functions to that of
triangle functions. At triangle ¢ = [4, 7, k], it is defined as

(cwrl f1)(t) = (Bg f1) = f1(i,5) + f1(j. k) — f1(i, k) (4.8)

which computes the net-circulation of edge functions along the edges of ¢, as a rotational
measure of f1, as shown in Fig. 4.1b. A curl-free flow has zero curl over each triangle. As in
calculus, we have the identity curlgrad = B;— B! =0,ie, gradient flow is curl-free.

Analogous to their continuous vector field counterparts, div-free and curl-free edge func-
tions are ubiquitous, e.g., the electric currents and the exchange rates later in Section 4.4.1.
We refer to Grady & Polimeni [2010]; Lim [2020] for more examples. From this perspective,
we can view the graph Laplacian as Lo = divgrad = BB/, which is a graph-theoretic
analog of the Laplace-Beltrami operator A on manifolds. Also, the SPDE on graphs in (4.1)
is a discrete counterpart of the continuous one for scalar functions on manifolds. Moreover,
the Hodge Laplacian L1 can be viewed as L = grad div + curl® curl = B1TB1 + B2B2T,
which is a discrete analog of the vector Laplacian (or Helmholtzian) A for vector fields.

Recall the Hodge decomposition in Theorem 2.4 that unfolds an edge function. It states
that any edge function f; is composed of three orthogonal parts: gradient, curl, harmonic
functions

fi=fg+fg+fc (4.9)

where fg = B]—fo, being curl-free, is the gradient of some node function fy, and fo = Bafo,
being div-free, is the curl-adjoint of some triangle function fs. Lastly, fx is harmonic (both
div- and curl-free, L1 f; = 0). This decomposition is illustrated in Fig. 4.1. It provides a
crucial tool for understanding edge functions, has been used in many applications as we
discussed above, and will allow us to improve the edge GPs in (4.5).

Furthermore, Proposition 2.5 shows that the eigenspace U; of L; can be reorganized in
terms of the three Hodge subspaces as

U, =[Uy Ug Ug] (4.10)

where Uy is the eigenvector matrix associated to zero eigenvalues Ay = 0 of Ly, Ug
is associated to the nonzero eigenvalues Ag of Lg, and U¢ is associated to the nonzero
eigenvalues A ¢ of Ly,. Moreover, they span the Hodge subspaces:

span(Up) = ker(Ly ), span(Ug) = im(B{ ), span(U¢) = im(By), (4.11)
where span(e) denotes all possible linear combinations of columns of e.

Div-free, Curl-free Edge GPs. Given the eigendecomposition in (4.10), we can obtain
special classes of edge GPs by only using a certain type of eigenvectors when building
edge kernels of (4.5). Specifically, we define gradient and curl edge GPs as follows

fe ~GP(0,Kg), fo~GP(0,K¢) (4.12)
where the gradient kernel and the curl kernel are

Ko =UgUg(Ag)UL, Ko =Uc¥o(A0)UL. (4.13)
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We also define the harmonic GPs frr ~ GP(0,K ) with the harmonic kernel K7 =
UpVu(A)Uj.

Proposition 4.1. Let f and fo be the gradient and curl Gaussian processes, respectively.
Then, curlfg = 0 and divfc = 0 with probability one. Moreover, a harmonic Gaussian
process £7 follows curlfy = 0 and divfy = 0 with probability one.

See proof in Appendix 4.A.2. These Hodge GPs provide more targeted priors for special
edge functions which are either div- or curl-free, capable of capturing these key properties.
In the case of Matérn kernels, we set

2v4

Uo(Ag) = (—I+A )wm, (4.14)

for 0 € {H,G,C}, where 02 controls the variance we assign to the function in the subspace,
and vy, kg are the regular Matérn parameters. Note that since Ay = 0, we consider a
scaling function for Ky as ¥ (0) = 0%1. We illustrate such a Matérn kernel function in
Fig. 4.2 (left). These Hodge GPs can be derived from SPDEs on edges as well.

Proposition 4.2. Given a scaled curl white noise wo ~ N (0, W ) where W¢
= O’CUcUC, consider the following SPDE on edges:

®c(Lu)fc =we, (4.15)
with differential operators
2v £ s}
B (Ly) = (—CI 4L ) , B (Ly) = e+ Lu, (4.16)
Ke:

The respective solutions give the curl edge GPs with Matérn kernel in (4.14) and diffusion
kernel

Ue(Ag) = oe T AC, (4.17)

Likewise, we can derive the gradient Matérn and diffusion GPs from the SPDEs as (4.15) but
with operators G (Lq) and a scaled gradient white noise.

See proof in Appendix 4.A.3. We can draw the intuition of SPDE in (4.15) from the
continuous analogy. In the case of L, fc = w¢, the equation curl*curl f1 (x) = w1 (x) is
a stochastic vector Laplace’s equation of a div-free (solenoidal) vector field, where w1 (x)
the curl adjoint of some vector potential. In physics, this describes the static magnetic field
from a magnetic vector potential, as well as an incompressible fluid.

4.3.3 HoDGE-cOMPOSITIONAL EDGE GPs

Many edge functions of interest are indeed div- or curl -free, but not all. In this section
we combine the gradient, curl and harmonic GPs to define the Hodge-compositional (HC)
edge GPs.
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Figure 4.2: (Left) Matérn kernel functions W (\) for 0 = {H,G, C} in (4.14) of gradient, curl and harmonic
GPs in the eigen-spectrum A ranging in the min and man eigenvalues of L. (Right) Matérn kernel function
W(A) of non-HC GP in (4.5).

Definition 4.3. A Hodge-compositional edge Gaussian process f; ~ GP(0,K/) is a sum
of gradient, curl and harmonic GPs, i.e., f; = fg +fc + £ where

fy ~ GP(0,Ky) with K = Ug ¥ (Ag)UJ (4.18)
for 0 = H, G, C where their kernels do not share hyperparameters.

Given this definition, we can obtain the following properties of HC edge GPs.

Lemma 4.4. Let f; ~ GP(0,K) be an edge GP in Definition 4.3. Its realizations then give
all possible edge functions®. It further holds that K1 = K g + K¢ +K¢, and the three Hodge
GPs are mutually independent, i.e., Cov(fg,fc) = Cov(fg,fy) = Cov(fo,fy) = 0.

See proof in Appendix 4.A.4. Naturally, we can construct a Matérn HC GP as the sum
of Matérn GPs in the three subspaces with their kernels given by (4.14), and likewise for
the diffusion HC GP by (4.17). Compared to the GPs in (4.5), referred to as non-HC GPs
henceforth, HC GPs are more flexible and expressive, having more degrees of freedom. We
discuss their practical advantages below.

Inductive GP Prior. The HC GP encodes the prior covariance Cov(f1(e), f1(e’)) between
edge functions over two edges e, ¢’ as follows: (i) the covariance is the sum of three covari-
ances Covg = Cov(fg(e), fu(e’)) for 0 = H,G, C; (ii) each Covy encodes the covariance
between the corresponding Hodge parts of f; without affecting the others; and (iii) no
covariance is imposed across different Hodge components, e.g., Cov(fa(e), fo(e')) = 0.

In the spatial/edge domain, this is related to separating the down and up adjacencies
encoded in the SPDE operators ®(-). From an eigen-spectrum perspective, the eigenvalues
W of HC GP’s kernels associated to the three Hodge subspaces have individual parameters.
This enables capturing the different Hodge components of edge functions, as well as their
relevance during hyperparameter optimization, further allowing us to directly recover
the Hodge components in predictions, which we detail in Appendix 4.A.5. Non-HC GPs
instead require solving the Hodge decomposition in (4.9) (least squares problems) [Lim,

2Note that HC edge GPs do not represent all possible edge GPs. They are a particular GP family satisfying the
independence hypothesis on the three Hodge GPs. This, however, does not contradict with that their realizations
can represent all edge functions.
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-1

Figure 4.3: Node (Top) and edge (Bottom) diffusion processes (started at one random location (Left), then two
intermediate states (Center) and harmonic state (Right)).

2020]. Another implication is that, unlike for non-HC GPs, we do not require specific
knowledge about the div or curl of the underlying function.

Comparison to non-HC GPs. When we view non-HC GPs in terms of the Hodge
decomposition, we notice that they put priors on the three Hodge GPs in a way that shares
hyperparameters. This enforces learning the same hyperparameters for different Hodge
components, resulting in a single function covering the entire edge spectrum, as shown in
Fig. 4.2 (right), as opposed to the three individual functions of the HC one.

This raises issues when separate learning, say, different lengthscales, is required for the
gradient and curl components. Non-HC GPs are strictly incapable of this practical need
when an eigenvalue is associated to both gradient and curl spaces. We also delve into this
in terms of edge Fourier features in the following.

Connection to Diffusion on Edges.

2 2
The HC diffusion kernel, given by K = exp(—(“£Lg + “£Ly)), when 025 are one, is
the Green’s function for the edge diffusion of a function ¢ : [0,00) x £ = R

%gt) = —(uLq +~Ly)o(t), where p,y >0 (4.19)
with the solution ¢(t)|;—, = e~ (#7La+t77Lu) $(0). This equation describes the diffusion
process on the edge space of SCo that was used for network analysis [DeVille, 2021;
Muhammad & Egerstedt, 2006], often arising as the limit of random walks on edges [Schaub
et al., 2020]. The covariance K1 within this context encodes the proportion of edge flow
traveling from edge e to e’ via down and up edge adjacencies. Its vector field counterpart
was used for shape analysis [Sharp et al., 2019; Zobel et al., 2011]. Compared to the graph
(node) diffusion converging (¢ — 00) to the state that is constant on all nodes as long as
the graph is connected, the harmonic state of the edge diffusion can be non-constant, but
lies in the span of U g. We refer to Fig. 4.3 for visualizations of the two harmonic states.

Complexity. The kernels of HC edge GPs can be constructed in a scalable way by consid-
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ering the [ largest eigenvalues with off-the-shelf eigen-solvers, e.g., Lanczos algorithm. We
refer to Appendix 4.A.8 for more details on the complexity of implementing HC GPs, as
well as sampling from them.

4.3.4 EDGE FOURIER FEATURE PERSPECTIVE

From the edge eigen-feature perspective, any edge function can be viewed as a linear
combination of eigenvectors in U, that is,

N
fi =) frin=Ufy withf; =U'f (4.20)
i=1

where f'l is known as the (edge) Fourier feature of f; and fl,i is the i-th Fourier coefficient
at eigenvalue \;. These eigenvalues carry the notion of frequency [cf. Section 2.4.2]. Based
on the correspondence in Proposition 2.5 between the Hodge subspaces and the eigenbasis
Uj [cf. (4.10)], we futher have the edge Fourier representation as

f'l = U;rfl = [fg,f&—jg]—r with fH = Ugfl, fG = Ugﬁ7 fC = U—Crvfl. (4.21)

This provides as a spectral tool to understand the edge functions. The harmonic Fourier
feature fz; measures the extent of harmonic Fourier basis U in f, reflecting how harmonic
f| is. The gradient Fourier feature f; measures the extent of gradient Fourier basis Ug in
f1, reflecting how divergent f is, where each basis in U has different total divergence.
The curl Fourier feature fo measures the extent of curl Fourier basis U¢ in f;, reflecting
how rotational f; is, where each basis in U has different total curl.

Corollary 4.5 (Fourier feature perspective of edge GPs). Letf; ~ GP(0,K1) be an edge
Gaussian process with kernel diagonalizable by U . Then, given the edge Fourier transform
fi = UIfl, its Fourier coefficients {fll}ivzl are independently distributed Gaussian variables

Fri~ N0, uf Kjw,), fori=1,...,N. (4.22)

This corollary indicates that an edge GP can be viewed as an affine transformation by U;
of a collection of independent Gaussian variables, f; = | f~1,17 ce fl, ~,] T, which are the
Fourier coefficients of f. The prior distribution of certain Fourier coefficient is the prior
imposed on the corresponding divergent or rotational part of the function f. This allows
us to compare HC and non-HC edge GPs from the following perspective.

Proposition 4.6. Suppose the Hodge Laplacian Ly has eigenpairs (A, ug) and (\,uc), ie.,
A is associated to both gradient and curl subspaces. Let f; ~ GP(0,K1) be an edge Gaussian
process. Denote the Fourier coefficients of f| at A\ and ¢ as fg and f, respectively. Then,
a non-Hodge-compositional GP with K1 = W(L1) imposes the same prior variance on fa
and fc, ie., R R

Var[fg] = Var[fc] = T (). (4.23)

Instead, a Hodge-compositional GP with K; in (4.18) imposes different variances on two
coefficients ~ ~
Var[fg] = Ug(X) and Var[fc] = T (V). (4.24)
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This edge Fourier feature perspective directly shows that non-HC GPs impose the same
prior on two Fourier coefficients, which are however associated with two different Hodge
subspaces. This prohibits individual learning for the gradient and curl parts of edge
functions particularly associated to the same eigenvalue. Instead, HC edge GPs do not have
this limitation.

4.3.5 NODE-EDGE-TRIANGLE GP INTERACTIONS

The gradient and curl components of edge functions are (co)derivatives of some node and
triangle functions, specifically, fg = Birfo and fo = Bafs as in (4.9). Since the derivative
of a GP is also a GP, we can then construct a gradient GP from node GPs.

Corollary 4.7. Suppose a node function fy is a GP fy ~ GP(0,Ky) with Ko = Uy(Lo) =
UO\IIO(AO)US—. Then, its gradient is an edge GPf ~ GP(0, K¢ ) where K = BIKoBl =
Ug¥q(Ag)U[ with

Va(Ag) =AcVo(Ag). (4.25)

The proof follows from (i) derivatives preserving Gaussianity, and (ii) Ly and L4 having
the same nonzero eigenvalues. We can also obtain a curl edge GP from a GP on triangles
likewise. In turn, for an edge GP, its div is a node GP and its curl is a GP on triangles. We
refer to Appendix 4.A.9 for the proof and more details.

Exploiting this interaction between GPs on nodes, edges and triangles can lead to new
useful GPs, especially when functions on nodes, edges and triangles are intrinsically related
by physical laws. For example, in water networks, water flowrates in pipes are often related
to the gradient of hydraulic heads on nodes, as we will show in Section 4.4.3. This implies
that given an appropriate node GP, say, node Matérn GP in (4.2), a good edge GP prior can
be imposed as its gradient, as in Corollary 4.7. Furthermore, by leveraging this interaction,
we can construct HC edge GPs as follows.

Proposition 4.8. Let f; be an edge function defined in (4.9) with harmonic component £y,
node function fy and triangle function f5. If we model £y as a GP on nodes fy ~ GP(0,Kj),
model f2 as a GP on triangles fo ~ GP(0,K2), and 57 as a harmonic GP frr ~ GP(0,Ky),
then we have GP f; ~ GP(0,K) with

K, =Ky +B/ KB; +ByK>B, . (4.26)

See proof in Appendix 4.A.10. This alternative HC GP incorporates the Hodge theorem
prior in a way that directly relates the node potential and the triangle function. It can be
applicable when GP priors of node or triangle functions are more discernible. Similar ideas
for general cellular complexes are studied in the concurrent paper by Alain et al. [2024].

Continuous Counterparts. Edge functions can be viewed as discrete analogs of vector
fields. Berlinghieri et al. [2023] studied the models similar to our HC edge GPs in (4.26)
for Euclidean vector fields and the concurrent work by Robert-Nicoud et al. [2024] studies
similar models for vector fields on manifolds.
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Figure 4.4: (a-d) Interpolating a smaller forex market (for better visibility) with train ratio 50% where dashed
(solid) edges are used for training (testing). (e) Learned Matérn kernels in the spectrum of the Hodge Laplacian,
W () for non-HC GP and ¥ () with 0 = {H, G, C'} for HC GPs.

4.4 EXPERIMENTS

We apply HC GPs for edge-based inference tasks in three applications: foreign currency
exchange (forex), ocean current and water supply networks (WSNs). We showcase the
structured prior on edges in these tasks by comparing them to baselines: (i) Euclidean GPs
with RBF and Matérn kernels, and (ii) Node GPs on the line-graph—built by exchanging
the nodes with edges in the original graph [Godsil & Royle, 2001]. To highlight the prior of
Hodge decomposition, we also compare with non-HC GPs. For each of them, we consider
Matérn and diffusion kernels. We perform GP regression with Gaussian likelihood for
model fitting using the GPyTorch framework [Gardner et al., 2018]. We use the root
mean squared error (RMSE) to evaluate the predictive mean and the negative log predictive
density (NLPD) for prediction uncertainty. We refer to Appendix 4.B for full experimental
details.

4.4.1 FOREIGN CURRENCY EXCHANGE

A forex market can be modeled as a network where nodes represent currencies and edges
the exchangeable pairs [Jiang et al., 2011]. Forex rates in a fair market ideally satisfy the
arbitrage-free condition: for any currencies 4, j, k, we have r#/771/% = ri/k with 1i/J the
rate between ¢ and j. That is, the exchange path ¢ — j — k provides no gain or loss over a
direct path i — k. If we model forex rates as edge flows f) (i, j) = log(r*/7), this condition
can be translated into that f; is a gradient flow, being curl-free, i.e., f1(¢,5) + f1(j, k) —
f1(i,k) = 0. Here we consider real-world forex data on 2018/10/05 with 25 most traded
currencies forming 210 exchangeable pairs and 710 triangles, formed by any three pairwise
exchangeable currencies [Jia et al.,, 2019; Oanda, 2018]. We randomly sample 20% of edges
for training and test on the rest.

From Table 4.1, we see that HC GPs achieve significantly lower RMSEs with high certainty
(small NLPDs), as visualized in Fig. 4.4. This shows their ability to automatically capture
the curl-free nature of the forex rates. As shown in Fig. 4.4e, the HC Matérn GP learns
that harmonic and curl components should vanish. In contrast, the other three give poor
predictions, due to: (i) Euclidean GPs being oblivious of the structure of edge functions; (ii)
line-graph GPs imposing inappropriate structure through node priors; and (iii) non-HC
GPs being unable to induce the curl-free prior without removing the gradient. This results
from sharing parameters in their kernels for different Hodge components. As shown in
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Table 4.1: Forex rates inference results.

Method RMSE NLPD

Diffusion Matérn Diffusion Matérn

Euclidean 2.17£0.13 2.19+0.12 2.12+£0.07 2.20£0.18
Line-Graph 2.43+£0.07 2.4640.07 2.28+0.04 2.32+0.03
Non-HC 2.48+0.07 2.47+0.08 2.36+0.07 2.344+0.04
HC 0.08+£0.12 0.06+£0.12 —-3.524+0.02 —3.5240.02

Fig. 4.4e, the non-HC Matérn GP learns a nonzero kernel in the whole spectrum, unable to
remove the non-arbitrage-free part.

4.4.2 OCEAN CURRENT ANALYSIS

We consider the edge-based ocean current learning following the setup in Chen et al.
[2021c]. The ocean current velocity fields were converted using the linear integration
approximation to edge flows within a SCo whose nodes are 1500 buoys sampled from
North Pacific ocean drifter records in 2010-2019 [Lumpkin & Centurioni, 2019]. We apply
both non-HC and HC GPs to predict the converted edge flows. Given the large number of
edges (~20k), we consider a truncated approximation of kernels with eigenpairs associated
with the 500 largest eigenvalues [Knyazev, 2001]. We randomly sample 20% of edges for
training and test on the rest.

From Table 4.2, we see that HC and non-HC GPs exhibit similar performance. This
arises from the comparable behavior of the gradient and curl components, as depicted in
Fig. 4.5f, where the learned gradient and curl diffusion kernels display close patterns. In
contrast, Euclidean and line-graph GPs give poor predictions emphasizing the importance
of structured edge priors.

136°E 172°E 1

(c) Standard deviation

1501 g
100 Ye

501

01 —

100°€ 136°E 172°€ 152°W 116W X g 136° 172°E 15200 116°W - 00 01 02 03 04 05

(d) Curl-free component (e) Div-free component (f) Learned HC kernel

Figure 4.5: (a-b) Ground truth and interpolated ocean current in the vector field domain. (c) Standard deviation
approximated by sampling 50 edge flows from the predictive posterior distribution and converted to the
vector field domain. (d-e) The curl-free and div-free components directly obtained from the learned kernels. (f)
Learned diffusion kernels ¥ (\) and ¥ () of the HC GP in the spectrum of the Hodge Laplacian.
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Table 4.2: Ocean current inference results.

Method RMSE NLPD

Diffusion Matérn Diffusion Matérn

Euclidean 1.004£0.01 1.00£0.00 1.4240.01 1.424+0.10
Line-Graph 0.99+£0.00 0.99+£0.00 1.41+£0.00 1.41+0.00
Non-HC 0.35+£0.00 0.35£0.00 0.33+0.00 0.36£0.03
HC 0.34£0.00 0.35£0.00 0.33£0.01 0.37£0.04

We further convert the predicted edge flows into the vector field domain, as shown in
Fig. 4.5b, based on Chen et al. [2021c]. We see that the predictions capture the pattern
of the original velocity field. We approximate the predicted velocity field uncertainty by
computing the average /o distance per location from 50 posterior samples to the mean
in the vector field domain. As shown in Fig. 4.5¢, the standard deviation estimated this
way is small in most locations except for a few exceptions (small islands at the bottom left)
where the original field is more discontinuous. Moreover, since HC GPs enable the direct
recovery of gradient and curl components, we show their corresponding vector fields in
Figs. 4.5d and 4.5e, giving better insights into how ocean currents behave, of particular
interest in oceanography. For example, we can observe the well-known North Pacific gyres
including the North Equatorial, Kuroshio and Alaska currents in Fig. 4.5¢.

4.4.3 WATER SUuPPLY NETWORKS

Network-based methods have been used in WSNs where tanks or reservoirs are represented
by nodes, and pipes by edges [Zhou et al., 2022]. By modeling the hydraulic heads as node
functions fy and the water flowrates as edge functions f;, the commonly used empirical
equation connecting the two reads as B{ fo = f := diag(r)f; 82 where r. is the resistance
of pipe e and the exponentiation is applied element-wise [Dini & Tabesh, 2014].

We consider the Zhi Jiang WSN with 114 tanks (including one source) and 164 pipes
(without triangles, Dandy [2016]) and simulate a scenario based on Klise et al. [2017]. We
perform joint state estimation of heads fy and the adjusted flowrates f;, by modeling them
as GPs on nodes and edges, respectively. To compare HC and non-HC edge GPs, for a node
GP with kernel K, we consider the HC GP as its gradient, as discussed in Corollary 4.7.
For the non-HC one, we consider a kernel K; of the same type as Kg. We randomly sample
50% of nodes and edges for training and test on the rest.

From Table 4.3, we see that while the mean predictions of heads remain similar whether
we use HC or non-HC edge GPs, the former perform better for edge flows, particularly
in the pipes around the source, as shown in Figs. 4.6b and 4.6c. Moreover, HC GPs have
better prediction uncertainty with smaller average NLPDs for both heads and flowrates,
as illustrated in Figs. 4.6d and 4.6e. This is because HC GPs that we use share parameters
with node GPs, helping to calibrate the uncertainty of head predictions. They also capture
the physical prior of the pipe equation that assumes flowrates are a gradient flow. As
shown in Fig. 4.6f, the HC Matérn GP learns a kernel with a trivial harmonic prior and
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non-HC Matérn edge GPs. Squared (Circled) nodes represent the node samples for training (testing). Dashed
(solid) edges denote the edge samples for training (testing). (f) The learned edge GP kernels in the spectrum,

W (A) for non-HC GP and W 7 (0), () for HC GPs.

Table 4.3: WSN inference results.

Method Node Heads Edge Flowrates
RMSE NLPD RMSE NLPD
Diffusion, non-HC  0.16£0.05 0.72+£2.06 0.32+£0.05 0.97+1.80
Matérn, non-HC 0.164+0.04 0.71+£2.39 0.26+0.05 0.10£0.13
Diffusion, HC 0.15+£0.04 —0.47+0.14 0.22+£0.03 —0.20£0.13
Matérn, HC 0.15+£0.04 —-0.254+0.48 0.23+£0.03 —0.45+0.49

a nonzero gradient prior in small eigenvalues, reflecting the gradient nature of the pipe
flowrates. Note that due to the randomness of training samples, the WSN, having small
edge connectivity, may become disconnected, causing the significant variance in NLPDs.

4.5 CONCLUSION

We introduced Hodge-compositional (HC) Gaussian processes (GPs) for modeling functions
on the edges of simplicial 2-complexes. These HC GPs are constructed by combining three
individual GPs, each designed to capture the gradient, curl and harmonic components of
edge functions through Hodge decomposition. This allows them to independently learn
each component, providing increased expressiveness and interpretability when compared to
directly extending edge GPs from graph GPs. They can also be constructed by leveraging the
physical interactions between functions on nodes, edges and triangles. We demonstrated
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their practical potential in learning real-world flow data. Finally, the HC GPs can be
extended to higher-order simplicial complexes, and we focused on the edge flow modeling
because of their relevance in real-world applications.
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APPENDIX

4.A EDGE GAUSSIAN PROCESSES

Here, we provide the additional details on Section 4.3 and the missing proofs.

4.A.1 DERIVATION OF EDGE GPs FrRoMm SPDEs oN EDGES

Here we derive the edge Matérn and diffusion GPs in (4.5) from the two SPDEs in (4.3).

Proposition 4.9. Given the SPDE with a general differential operator ®(L1) = U1 ®(A 1)U
and the stochastic Gaussian noise process w1 ~ N (0,1)

@(Ll)fl = Wi, (4.27)
its solution is an edge GP
£~ GP(0, (@ (L1)@(L1))T) (4:28)
Proof. By writing out its solution
fy = & (Ly)w, (4.29)

which is a random process, we can find its covariance as

Covl[fy] = ®T(L1)Cov[w1](®T(L1)) " = (&7 (L) ®(Ly))" (4.30)

Corollary 4.10. Matérn and diffusion edge kernels in (4.5) given as follows
21/ —-v 7ﬁL
£ NGP(O, <?I+L1) ) £ NGP(O,e : 1) (4.31)

are the solutions of the following two SPDEs, respectively.

2 5 2
(H—ZH—Ll) “fi=wi, eTUf —w,. (4.32)

Proof. By following the procedure in Proposition 4.9, the proof completes. O
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4.A.2 SAMPLES OF GRADIENT AND CURL EDGE GPs

Here, we discuss the div and curl properties of samples of gradient and curl GPs in (4.12),
which completes the proof of Proposition 4.1.

Proposition 4.11. Consider the gradient and curl GPs
fe ~GP(0,Kq), fo~GP(0,K¢) (4.33)
where the gradient kernel and the curl kernel are
Ko =UgUg(Ag)UL, Ko =UcgUo(Ag)UL. (4.34)

Their prior samples are, respectively, curl-free and div-free.

Proof. We focus on the case of gradient GPs. First, we can decompose the gradient kernel
interms of U; = [Ug Ug Ug] as

Ko=U; Ua(Ag) u/. (4.35)
0

From a vector v = (v1,...,un,; )T of variables following independent normal distribution,
we can draw a random sample of gradient function as

£ = Urdiag([0, 93 (Ac),0))v (436)

where diag([a, b, c]) is the diagonal matrix with (a,b,c) on its diagonal.

Therefore, their curls are
1 1
curlfg = BJ Uy diag([0,¥2(A¢),0]) = By Ug¥2(Ag) = 0. (4.37)

Likewise, we can show the samples of a curl GP are div-free.

Remark 4.12. An alternative proof can follow by studying the curl of the gradient GP which
is another GP on triangles as given later by Proposition 4.16. The kernel By KgBs is
zero, due to the orthogonality B Ug = 0. Thus, the curl of a gradient GP is a zero GP on
triangles, as well as its samples. Similarly, one can show the div of a curl GP is a zero GP
on nodes, thus, its samples are zero.

4.A.3 DERIVATION OF GRADIENT AND CURL GPs From SPDEs

Here we provide proofs for Proposition 4.2, deriving Matérn and diffusion gradient/curl
GPs from their SPDE representations.
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Proposition 4.13. Given a scaled curl white noisewc ~ N (0, W) where W = U%UcUg,
consider the following SPDE on edges:

®c(Lu)fc =we, (4.38)

with differential operators

2v & re
O (Ly) = ( “F1+L, ) Bo(Ly) = e+ bu, (4.39)
C

The respective solutions give the curl edge GPs with Matérn kernel and diffusion kernel

2 —vc re
fo ~GP (o,aéUC (%IJFLU) Ug), fo ~ GP (O,U%Uce’TCUg). (4.40)
K
C
Proof. First, consider the Matérn curl GP case. The corresponding SPDE has the form

el

(2VCI+L ) * o =we, (4.41)

kg
with a solution fo = of o(Ly)we.

Given the scaled curl Gaussian noise process wo ~ G(0, W) with W = JCUCUT, the
solution f¢ is an edge GP following f ~ GP(0, Cov[fc]) with the covariance of solution
fo as

2 2 <
Covlfc] :( ”CI+L ) WC<EI+L ) 7 (4.42)
Note that we have
0
T
We = (UH Uq Uc) 0 (UH Uq Uc) . (4.43)
U%I
Moreover, L, can be decomposed by U; as follows
0
T
L,= (UH Uq Uc) 0 (UH Uqg Uc) , (4.44)
Ac
which follows that
2 _rc
( ZCI4L, ) = (Uy Ug Uo)
K&
_rc
piZel 2
( w2 I) . (4.45)
T2 T
(1) (U Us Uc)
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By plugging (4.43) and (4.45) into (4.42), we can then express the covariance as

0

Covlfo] = (Ux Ug Ug) (Uy Ug Ug)'

e
o2 (?—QEI—FAC)

2v, —vc
= UCU%’(TQCI—"AC> Ug

C
(4.46)
—ve
which returns the Matérn curl GP fo ~ GP (0, 02 Uc (2:—201 + Lu) UE)
c
Second, consider the following SPDE
oo
e T ufo = we. (4.47)
Following the same procedure as above, we have its solution as
n2
fo ~ GP (O,U%Uce’TCUg) (4.48)
which is the diffusion curl GP. O

Proposition 4.14. Given a scaled gradient white noise wg ~ N (0, W) where Wg =
O’?;UgUg, consider the following SPDE on edges:

P (La)fec =wa, (4.49)
with differential operators
2v, % o
6(La) = (T21+La) T, PG(Ly)=e . (4.50)
G

The respective solutions give the curl edge GPs with Matérn kernel and diffusion kernel

f ~ GP (o,o—gUG (%HLd) _VGUE) f ~ GP (o,agUGe—%Ug). (4.51)
G

Proof. The proof follows Proposition 4.13 likewise. m]

4.A.4 ProoF oF PrRoPERTIES OoOF HC EpDGE GPs

Here we provide proofs for Lemma 4.4, which directly follow from Definition 4.3.

Proof. For an edge GP f; with covariance kernel K, due to the fact that the HC edge kernel
K is built using all the orthonormal basis of the edge function space Uy, its realizations
give all possible edge functions. This is analogous to Karhunen-Loéve theorem for GPs
with Mercer kernels. For the second point that K1 = Ky +Kg + K¢ and the three Hodge
GPs mutually independent, this results from the construction of f; and the orthogonality
of the three Hodge GPs. ]
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4.A.5 POSTERIOR Di1sTRIBUTIONS OF HODGE COMPONENTS

Here we discuss the posterior distribution of the three Hodge components from the posterior
prediction of the edge function. As the construction of our HC edge GPs is essentially a
sum of three independent functions, we can follow Duvenaud [2014, Section 2.4] modeling
the sums of Euclidean functions. Denote f; (x) and f; (x*) the function values, respectively,
at training locations X = [1,...,2,,] | and query locations x* = [z},...,2}] . We first
write down the joint prior distribution over the three Hodge components and the edge
function.

[ (x) ] Ky K3 Kn Kj

frr (x¥) Ky Ky Ky Ky

fe(x) Ke K¢ Ke K

fG((X*)) ~Nlo Ky Ky o K EG I}i&*

fC' x Y c * c *

fo(x°) K K Ko Kp

f1(x) Ky Ki K¢ Ki Ke K Ki K

[ f1(x") | Ky Ky Kg' Ky Ky Ky Ki' K{Y
(4.52)

where we represent the kernel matrices by K; = k1 (x,x), K} = k1 (x,x*) and Kj* =
k1 (x*,x*), and likewise for the other kernel matrices. Given this joint distribution, we
can obtain the posterior distributions of the three Hodge components as follows

£r7 (x*)|f1 (%) ~ /\/’(K’;ITKl_lfl (x), K} — K;,TKl—lKjH) (4.53a)
£ ()£ (%) ~ N (KETKflfl (x), K5 — KgTKflKg) (4.53b)
fo (x) £ (x) ~ N(KgTK;lfl (x), K5 — KzTK;lK*C) (4.53¢)

From these posterior distributions, we can directly obtain the means and the uncertainties
of the Hodge components of the predicted edge function.

4.A.6 EDGE FOURIER FEATURE PERSPECTIVE
Proof of Corollary 4.5
Proof. Using the affine transformation preserving Gaussian, we have
fi ~GP(0,U{ K, Uy). (4.54)
Since the kernel K can be diagonalized by Uy, ths: kernel UIK1U1 isa diagonal matrix,

implying the independence between variables in f;. Thus, a variable f; ; follows normal
distribution A'(0,u; Kqu;). O

Proof of Proposition 4.6
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Proof. For a non-HC edge GP with kernel W(L1), its Fourier coefficients fG and fc ata
common A follows the normal distribution with a variance ¥(\), which follows from the
nature of kernel function ¥ mapping each A to exactly one value ¥(\). However, for a HC
edge GP, we have

fo ~N(0,uiKiug), fo~N(0,ulKiuc). (4.55)

Using Definition 4.3 [cf. (4.18)], we have u/Kjug = ¥g(\) and ulKijuc = U (),
which are two different values, arising from the individually parametrized kernels K and
Kc. O

4.A.7 DIFFUSION ON EDGES

Here we provide the details on the connection of diffusion HC edge GPs to edge diffusion
equations, as well as an illustration of diffusion process on edges. Consider the diffusion
equation on the edge space

do(t)

Br T —(uLg +vLy) (1) (4.56)

where i,y > 0. Given an initial value ¢»(0), we obtain a solution

Pli=r = e~ TRaTITLW 6 (0), (4.57)

When aé = 0% = a?{ = 1, the diffusion kernel can be written as

K, = ¢ (7" kat=5Lu) (4.58)

which is the Green’s function of above diffusion equation. In Fig. 4.3, we illustrate the
diffusion processes on nodes and on edges, started at a random location. When the graph is
connected, the node diffusion converges to the harmonic state where all nodes are constant.
Instead, the harmonic state of the edge diffusion gives an edge flow which is div- and
curl-free, cycling around the 1-dimensional “hole” of the SCy [Munkres, 2018].

4.A.8 CoMmPLEXITY OF EDGE GPs

Here we discuss their complexity when training, e.g., in Gaussian process regression, and
the complexity of sampling from them. Note that the complexity of graph GPs naturally
apply to edge GPs.

Complexity when Training The Matérn and diffusion kernels can be trained in a
scalable way. Due to their decreasing eigenvalues, we can consider the [ largest eigenvalues
of the kernel matrices with off-the-shelf eigen-solvers, e.g., Lanczos algorithm. The recent
work on Krylov subspace methods to accelerate graph kernels by Erb [2023] can be extended
to edge kernels. Moreover, other computational techniques applicable for graph GPs in
Borovitskiy et al. [2021, Section 3.1] can be adopted as well.
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Complexity when Sampling from Edge GPs Given an edge GP, as well as the eigen-
pairs for constructing the edge kernel, we can follow the procedure in Appendix 4.A.2 to
sample an edge function. That is, from a vector v = (v1,...,vn, )T of variables following
independent normal distribution, a sample of the edge function can be given by

f) = U Ug U] diag([03 (Ag), V2 (Ag), Wa(Ac))v (4.59)

which has a complexity of O(N?) (matrix-vector multiplication). Furthermore, the discus-
sion on improving sampling efficiency in graph GP models by Nikitin et al. [2022, Section
4.7] naturally applies to our proposed edge GPs as well.

4.A.9 INTERACTION BETWEEN NODE, EDGE AND TRIANGLE GPs

Here we provide the proof for Corollary 4.7, showing the gradient of a node GP is an edge
GP.

Proof. Given a node GP fy ~ GP(0,Kj), using the derivative of a GP is also a GP, its
gradient fo = B{ f; is an edge GP whose kernel can be found as

K¢ = Cov[fg] = B{ Cov[fy]B; = B] K(B;. (4.60)

By definition, Ly = B1B{ and Lgq = B{ B; are isospectral, having the same nonzero
eigenvalues. Furthermore, using Ko = ¥y (Lg), we can write above covariance as

Kc =B{ ¥(B1B{)B; = B B1¥((B] B;) = Lq¥((Ly) (4.61)

where the second equality can be shown by using the definition of analytic functions of
matrix [Higham, 2008, Corollary 1.34]. Furthermore, relying on the eigendecomposition

0
-
Lqg= (UH Ugqg Uc) Ag (UH Uqg Uc) , (4.62)
0
we can obtain
Kg =UgAg¥o(A)US, (4.63)
which gives the gradient kernel function U (Ag) = Ag¥o(Ag). ]

In the following we provide the respective corollaries for other derivative operations
of interest, where the proofs can directly follow from the fact that derivatives preserve
Gaussianity.

Corollary 4.15 (Curl of a triangle GP). Suppose a triangle function f3 isa GPf3 ~ GP(0,K3)
with Ko = WUa(Lo) = Ua Uy (Ag)U;— given the eigendecomposition Lo = Ug Ay
U, . Then, its curl is an edge GP fc ~ GP(0,K¢) where Ko = UC\I/C(AC)UE with

Ye(Ac)=Ac¥2(Ac). (4.64)
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Proposition 4.16 (Div and Curl of edge GPs). Let f; ~ GP(0,K) be a Hodge-compositional
edge Gaussian process in Definition 4.3. Then, its divergence and curl are Gaussian processes
on nodes and triangles, respectively, as follows

B:f ~ GP(0,B1K¢B|), By f~GP(0,B] KcBs). (4.65)

Remark 4.17. These interactions between GPs on nodes, edges and triangles provide us
alternative ways to construct gradient and curl edge GPs [cf. Corollaries 4.7 and 4.15], as
well as construct appropriate node GPs and triangle GPs. They are more applicable when
the underlying physical relationships exist between the corresponding functions and the
GP priors on the original simplices are easier to construct.

4.A.10 ALTERNATIVE HODGE-cOMPOSITIONAL EDGE GPs

Here we provide the proof for Proposition 4.8 giving an alternative way to build HC edge
GPs.

Proof. From the Hodge decomposition, we can write an edge function as
f; = fy + B fy + Bafy. (4.66)

where fj and f; are some node and triangle functions. Then, the proof can be completed
by using the results from Corollaries 4.7 and 4.15. O

4.A.11 ALTERNATIVE HC EDGE GPs From SPDEs oN EDGES

While gradient and curl edge GPs in Definition 4.3 can be linked to their SPDEs as dis-
cussed by Proposition 4.2, we can also obtain the alternatively constructed counterparts in
Corollaries 4.7 and 4.15 from SPDEs. Again, we consider the Matérn family.

Corollary 4.18. Suppose a node function fy is a graph (node) Matérn GP f ~ GP(0,Ky)
with

2y —vo
Ko = Uo(Lo) = (K—QHLO) .
0

(4.67)
Then, Corollary 4.7 gives us its gradient as a gradient edge GP f; ~ GP(0,K¢) with
21/0
Ko =Ly (—21 n Ld) . (4.68)
Ko
Furthermore, the gradient GP fg is the solution of the following SPDE

21/0 VTO
(H—glJrLd) fo =B{ wo (4.69)

where wy is a standard Gaussian noise on nodes following £y ~ N'(0,1).
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Proof. First, we can solve the SPDE with the following solution
2 ) 2 _
fr = (QHLd) > B/ wo =B/ (LQOHLO) ® wo (4.70)
ko Ko
where the second equality follows from the definition of Lo and Lg. Given that wy is a
GP, so is fg and we can study its covariance as

9 _w 9 _x
Covlfg] =B/ <L2OI+L0> : COV[W()](L;I-FLQ) ’ By
ko ko
2v —vo
=B/ (%HLo) B, (4.71)
ko
2 —V
=Lq4 (L;]I —+ Ld> ’
ko
which completes the proof. O

For completeness, we give the corollary relating the curl Matérn edge GP obtained from
some triangle GP to its SPDE representation.

Corollary 4.19. Suppose a triangle function fa is a triangle Matérn GP f5 ~ GP(0,K3)
with

2v2 )_VQ. (4.72)

Ko =Us(Ly) = <?I+L2
2

Then, Corollary 4.15 gives us its curl adjoint as a curl edge GP fo ~ GP(0,K ) with

2 —v2
Ko — LU(L;I—&-LU[) . (4.73)
k2
Furthermore, the curl GP f¢ is the solution of the following SPDE
2v %
(Z21+L,) " fo = Baws (4.74)
k2
where wy is a standard Gaussian noise on triangles following f5 ~ N'(0,1I).
Proof. The proof can follow the same procedure as above for Corollary 4.18. O

4.B EXPERIMENTS

Here we provide additional details on the three experiments presented in the main text.

Experimental Setup In our three experiments we consider the regression tasks and
implement GP regression using the GPyTorch library [Gardner et al., 2018]. We optimize
the marginal log likelihood loss for 1000 iterations with the ADAM optimizer where the
learning rate is set to the default value of 0.001. We run each experiment 10 times with
hyperparameters randomly initialized. We report evaluation metrics averaged over 10
experiments and the respective standard deviations. All experiments are run on a NVIDIA
GeForce RTX 3080 GPU with 10GB of memory.
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Figure 4.7: (a) Forex prediction RMSEs of different GPs using Matérn kernels with respect to training ratios. (b)
Forex prediction RMSEs of HC GPs using different edge kernels with respect to training ratios. (c) Learned HC
and non-HC Matérn kernels in the spectrum for a training ratio of 0.2.

Line-graph Construction Given the incidence matrix B of the original graph, the
adjacency matrix and the corresponding graph Laplacian of the line-graph can be found as

Ay, = |B{ By —2I|and L, = diag(A;,1) — Ay,.

4.B.1 ADDITIONAL DETAILS FOR THE FOREX EXPERIMENT

In the forex experiment, we obtain the data from Foreign Exchange Data by Oanda Cor-
poration®. The data was collected at 2018/20/05 17:00 UTC by Jia et al. [2019]. It includes
the pairwise exchange rates between the 25 most traded currencies, which form 210 ex-
changeable pairs. With them as nodes and edges, we then construct an unweighted SCy by
including the triangles formed by any three pairwise exchangeable currencies. For an edge
{i,7} connecting currencies %, j, we assign its orientation based on an alphabetical order of
their currency names, and likewise for a triangle. For each exchangeable pair, we consider
the underlying edge flow as f; (i, j) = logr?/7, translating the arbitrage-free condition to
curl-free condition, where /7 is the midpoint between ask and bid prices. Fig. 4.7 shows
the prediction RMSEs using different GP models with respect to training ratios from 0.1 to
0.5 with a step 0.05, as well as the learned Matérn kernels.

For visualizing the predictions using different models, we consider a smaller market for
better visibility where we first randomly removed seven currencies then half of the ex-
changeable pairs, resulting 18 currencies and 77 pairs, as shown in Fig. 4.8.

4.B.2 ADDITIONAL DETAILS FOR OCEAN CURRENT ANALYSIS

In the second experiment, we consider the ocean drifter data, also known as Global La-
grangian Drifter Data, which was collected by NOAA Atlantic Oceanographic and Mete-
orological Laboratory®. Each point in the dataset is a buoy at a specific time, with buoy
ID, location (in latitude and longitude), date/time, velocity and water temperature. We
consider the buoys that were in the North Pacific ocean dated from 2010 to 2019 with a size
of around three million. The dataset itself is a 3D point cloud after converting the location
to the earth-centered, earth-fixed (ECEF) coordinate system. We follow the procedure in

Shttps://www.oanda.com/.
‘http://www.aoml.noaa.gov/envids/gld/.


https://www.oanda.com/
http://www.aoml.noaa.gov/envids/gld/
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(d) non-HC Matérn, posterior mean (e) HC Matérn, posterior std (f) Prior variance of HC Matérn GP

Figure 4.8: (a-e): Visualization of forex rates predictions in a smaller market. (f): Prior variance of the learned
HC Matérn GP. Note that (b-d) and (f) are the same as the ones in the main content [cf. Fig. 4.4]. Here we
show them with a better resolution.

Chen & Meila [2021] to first sample 1,500 buoys furthest from each other, then construct a
weighted SCs as a Vietoris-Rips (VR) complex with N7 around 20k and N3 around 90k. We
then convert the velocity field into flows on the edges of SC» by using the linear integration
approximation [Chen et al., 2021c]. We randomly sample 20% of the edges for training and
test on the rest. To efficiently construct the edge kernels, we use eigensolver in Knyazev
[2001], implemented using the megaman library [McQueen et al., 2016], to compute the
eigenpairs associated to the 500 largest eigenvalues. We evaluate the prediction mean and
uncertainty in the edge flow domain, reported in Table 4.4. Furthermore, we obtain the
gradient and curl components of the edge flow of the prediction as in Appendix 4.A.5. We
visualize the predictions in the edge flow domain in Fig. 4.9. We see that both HC and
non-HC edge diffusion GPs give close performance and they capture the general pattern of
the edge flow. Moreover, the standard deviation is small in most of the locations except
few locations (small islands around the lower left corner) where the edge flows (velocity
fields) exhibit more discontinuities due to the boundary.

We further convert the edge flows back into vector fields, as shown in Fig. 4.10. We refer
to Chen et al. [2021c] for this procedure. We also approximate the standard deviation of
the velocity field prediction by sampling 50 edge flows from the posterior distribution and
converting them to the vector field domain, followed by computing the average ¢ distance
between the samples and the mean per location, as shown in Fig. 4.10d.

4.B.3 ADDITIONAL DETAILS FOR WATER SUPPLY NETWORKS

We obtain the Zhi Jiang WSN from Dandy [2016] which contains 114 nodes (113 tanks
and 1 source reservoir) and 164 edges (water pipes), no triangles considered. We build
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(d) Predicted ocean current, non-HC diffusion
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Figure 4.9: (a-h) Results for ocean current prediction with 20% training ratio in the edge flow domain. Note
that we highlight the edge flow values on the middle points of the edges.
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Figure 4.10: (a-h) Results for ocean current prediction with 20% training ratio in the vector field domain. Note
that (a-b) and (g-h) are the same as in Fig. 4.5. We show them here for reader’s convenience.
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Table 4.4: Ocean current inference results.

RMSE NLPD
Method
Diffusion Matérn Hodge Laplacian Diffusion Matérn Hodge Laplacian
Euclidean 1.00£0.01 1.00£0.00 — 1.424+0.01 1.424+0.10 —
Line-Graph  0.994+0.00 0.99+0.00 — 1.41+0.00 1.41+£0.00 —
Non-HC 0.35£0.00 0.3540.00 0.35+0.00 0.33£0.00 0.3640.03 0.33+0.01
HC 0.34£0.00 0.354+0.00 0.35+0.00 0.33+£0.01 0.374+0.04 0.33+0.01

an unweighted graph based on the topology of this WSN. We model the hydraulic heads
as functions on nodes fy and water flowrates as functions on edges f;. A WSN is often
governed by the following equations

mass conservation :B;f; = q,

Hazen-Williams equation :[B] fo](e) = f1(e) := ro f1 () 1-8%2 (473)
for a pipe e, where q € R™V0 is the demand on nodes, 7. is the roughness of pipe e [Dini
& Tabesh, 2014]. We then use the WNTR library [Klise et al., 2017] to simulate a scenario
generating the states of node heads and edge flowrates given the pipe roughnesses and the
node demands. The latter are sampled uniformly from 0 to 10 (unit liter/s), modeling the
read-world demand.

We consider the joint state estimation of both heads (using node GPs) and the adjusted
flowrates f; (using edge GPs). Specifically, our GP models are

(1) ~e((0)( w))

We choose the Matérn and diffusion node GPs [Borovitskiy et al.,, 2021]. For HC edge GPs,
we leverage the physical prior to model K; = BIKOBl as discussed in Corollary 4.7,
while for non-HC edge GPs, we choose them as in (4.5), of the same type as node GPs.
We randomly sample 50% of the nodes and edges for training and use the rest for test.
Note that the WSN has small edge connectivity. The randomness of the training set may
disconnect the graph, which may deteriorate the performance, causing the large variance
in the metrics.
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TOPOLOGICAL SCHRODINGER
BRIDGE MATCHING

Gaussian processes on simplicial complexes in Chapter 4 provide us a modest statistical
modeling of simplicial signals. In the probabilistic setting, a more involved question concerns
the matching of two arbitrary distributions, which is fundamental in the modern machine
learning tasks, especially in generative modeling. In this chapter, we investigate the problem of
matching distributions of simplicial signals and intend to build models for generative learning
and matching on simplicial complexes. The classical formulation of Schrédinger bridge (SB)
problem originates from Schrodinger’s Gedankenexperiment where he aimed to seek the “most
likely process” that describes the random evolution between two marginals, i.e., two point
coulds of diffusive particles, relative to a Wiener reference process. This was later on shown to
be closely related to optimal transport theory. Here, instead of Wiener process, we formulate
the topological SBP to match two distributions of simplicial signals with respect to a topology-
aware reference driven by the simplicial convolution in Chapter 2, e.g., stochastic diffusion on
graphs/simplicial complexes. Inspired by the recent results on SBPs, we try to find the solutions
of topological SBP in both Gaussian and general cases. While a closed form solution for the
general case is intractable, we leverage the power of neural networks (e.g., simplicial CNNs
in Chapter 3) to approximate the involved unknowns. Upon the recent likelihood training
framework that unifies the diffusion and flow matching methods, we build the topological SB
models for generative modeling and matching on simplicial complexes. This chapter is based
on the work published in Yang [2025].

5.1 INTRODUCTION

As a fundamental problem in statistics and optimization, matching distributions aims to find
a map that transforms one distribution to another. It has found numerous applications in
machine learning tasks, particularly in generative modeling, which often involves learning
a transformation from a data distribution to a simple one (often Gaussian) for efficient
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sampling and inference. While various methods have been proposed, including score-
based [Ho et al., 2020; Song et al., 2020b] and flow-based [Lipman et al., 2022] generative
models, among others [Albergo et al., 2024; Neklyudov et al., 2023; Tong et al., 2024a], the
Schridinger Bridge (SB)-based methods [Chen et al., 2022b; De Bortoli et al., 2021; Liu et al.,
2024] provide a principled framework for matching arbitrary distributions.

Inspired by Schrédinger [1931; 1932], the classical SB problem (SBP) aims to find an optimal
stochastic process that evolves from an initial distribution to a final distribution, while
minimizing the relative entropy (Kullback-Leibler divergence) between the measures of the
optimal process and the Wiener process [Léonard, 2014]. Alternatively, the SBP can be cast
as a stochastic optimal control (SOC) problem which minimizes the kinetic energy while
matching the distributions through a nonlinear stochastic process [Dai Pra, 1991; Pavon &
Wakolbinger, 1991]. The optimal solution to this problem satisfies a Schrodinger system of
coupled forward-backward (FB) stochastic differential equations (SDEs) [Léonard, 2014].
Traditionally, SB problems have been solved by addressing the unknowns in this system
using purely numerical methods [Follmer, 1988; Fortet, 1940]. More recently, machine
learning approaches have been proposed [Chen et al., 2022b; De Bortoli et al., 2021; Pavon
et al, 2021; Vargas et al., 2021; Wang et al., 2021] where the unknowns are approximated
by learnable models (e.g., Gaussian processes, neural networks) trained on data-driven
objectives, such as the likelihood training [Chen et al., 2022b].

However, SB-based methods have primarily focused on solving tasks in Euclidean spaces,
such as time series, images [Deng et al.,, 2024] and point clouds. Modern learning tasks
often involve data supported on irregular topological domains such as graphs, simplicial
and cell complexes. Arising from applications like chemical reaction networks, biological
networks, power systems, social networks [Bick et al., 2023; Faskowitz et al., 2022; Wang
et al., 2022], the emerging field of topological machine learning [Papamarkou et al., 2024]
centers on signals supported on topological objects such as nodes and edges, which can
represent sensor data or flow type data over network entities. A direct application of
existing SB models to such topological data may fail due to their inability to account for
the underlying topology. Thus, in this work, we investigate the SBP for topological signals,
with a focus on node and edge signals over networks modeled as graphs and simplicial
complexes. To this end, we propose the Topological Schrodinger Bridge problem (T SBP)
between two distributions of signals defined on a topological domain, with a focus on the
distributions of node signals and edge flows on graphs and simplicial complexes. To match
distributions of such topological signals, our contributions are threefold.

(i) We propose the Topological Schridinger Bridge problem (7 SBP), which seeks an optimal
topological stochastic process that minimizes the relative entropy with respect to a reference
process, while respecting the initial and final distributions. To incorporate the domain
knowledge, we define the reference process to follow topology-aware SDEs (7 SDEs) with a
linear topological convolution drift term, admitting tractable Gaussian transition kernels.
This subsumes the commonly-used stochastic heat diffusions on graphs and simplicial
complexes for networked dynamics modeling.

(ii) Focusing on the case where the end distributions are Gaussian, we find the closed-form
optimal Gaussian 7 SB and characterize it in terms of a stochastic interpolant time marginal,
as well as its Itd differential. This generalizes the results of Bunne et al. [2023] where the
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reference process is limited to SDEs scalar-valued linear coefficients. For the general case,
we show that, upon existing results, the optimal 7 SB adheres a pair of FB-7 SDEs governed
by some unknown terms (also called policies), which in turn satisfy a system driven by
topological dynamics.

(iii) We propose the 7 SB-based model for topological signal generative modeling and
matching. Specifically, we parameterize the hard-to-solve policies by some (topology-aware)
learnable models (e.g., graph/simplicial neural networks), and train them by maximizing
the likelihood of the model based on Chen et al. [2022b]. We show that 7 SB-based models
unify the extensions of score-based and diffusion bridge-based models [Song et al., 2020b;
Zhou et al., 2024] for topological signals.

We validate the theoretical results and demonstrate the practical implications of 7 SB-
models on synthetic and real-world networks involved with brain signals, single-cell data,
ocean currents, seismic events and traffic flows. Before concluding the chapter, we provide
an extensive discussion on future directions in generative modeling for topological data.
Overall, our work lies in the intersection of SB theory, stochastic dynamics on topology,
machine learning and generative modeling for topological signals.

Notations. For z € R", the gradient, divergence and Hession of a function f(z) are
denoted by Vf(x) e R, V- f(z) € Rand Af(x) € R"*", respectively. We denote by X
a stochastic process (X¢)o<t<1 asamap X : [0,1] x X = R" from the unit time interval
[0,1] (i.e., index space) and sample space X (e.g., Euclidean space) to R™ (state space).
Here X is a random variable representing the state at ¢t. The standard n-dim Wiener
process (Brownian motion) is denoted by W. Let = C([0,1],R"™) denote the space of
all continuous R™-valued paths on [0,1], and let P(£2) denote the space of probability
measures on ). For a path measure P € P(f) describing the law of the process X, we
denote by P; its time marginal that describes the distribution of X4, i.e., if X ~ P, then
Xt ~ Py

In this chapter, we make the following assumptions on the stochastic processes and mea-
sures. We assume distributions of random variables are associated with measures that have
a density with respect to the Lebesgue measure. We may then use the terms measure and
density interchangeably, unless otherwise specified.

5.2 BACKGROUND

5.2.1 SCHRODINGER BRIDGE PROBLEM

Let Qp be the path measure of a Wiener process dY; = o dW; with variance o. The
classical SBP [Léonard, 2014] seeks an optimal path measure P on ) by minimizing its
relative entropy Dy with respect to Qyy

minDKL(PHQW), st.Pe 'P(Q)JP() = po,P1 = p1, (SBP)

where pg and p; are the prescribed initial and final time marginals on R”. Intuitively, the
SBP aims to find a stochastic process evolving from pg to p; that are “most likely” to a
reference (a prior) process, here the Wiener process. This is in fact a dynamic formulation
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of the entropic-regularized optimal transport (OT) with a quadratic transport cost [Villani,
2009]. The static formulation reads

. 1
min / *HLU()—£L'1||2d71’($0,$1)—‘rUQDKL(?THp() ®p1) (E-OT)
T€M(po,p1) JR7 xR7 2

where II(po, p1) is the set of couplings (or transport plans) between pg and p1, and pg ® p1
denotes their product measure (i.e., independent coupling). The first term is the quadratic
cost of transporting mass from pg to p1, and the second term is the relative entropy of the
coupling 7 with respect to the independent coupling po ® p1, weighted by the variance o2
of the Wiener process.

In this static formulation, the optimization is over the coupling of pg and p1, as opposed to
the full path measure in the dynamic formulation (SBP). As ¢ — 0, E-OT reduces to the
typical 2-Wasserstein OT, and the associated dynamic problem is given by Benamou &
Brenier [2000]. The entropy regularization makes the OT strongly convex, ensuring unique
solutions, and allows for efficient algorithms like Sinkhorn algorithm [Villani, 2009].

5.2.2 TOPOLOGICAL SIGNALS

In this work, we are interested in signals defined on a graph, a simplicial complex or a
cell complex such a topological domain, denoted by 7. If T is a graph with a node set
and an edge set, we may define a node signal x € R" as a collection of values associated
to the nodes, where n denotes the number of nodes. Such signals often arise from sensor
measurements in sensor networks, user properties in social networks, etc [Shuman et al.,
2013]. Similarly, if 7 is a simplicial 2-complex SCy with the sets of nodes, edges, as well as
triangular faces (or triangles), we can define an edge flow by associating a real value to each
oriented edge. Here, for an edge e = {4, j }, if we choose [i, j] as its positive orientation, then
[7,] represents the opposite [Godsil & Royle, 2001]. The sign of the signal thus indicates
the flow orientation relative to the chosen one. Such edge signals often represent flows
of information or energy, such as water flows, power flows, or transaction flows [Bick
et al.,, 2023]. Moreover, we may consider signals on general topological objects such as
higher-order simplices (or cells). If n is the number of simplices, we refer to z € R” as a
topological signal where the i-th entry represents the signal value on the ¢-th simplex. In
topology, these are called cochains, which are the discrete analogues to differential forms
[Lim, 2020].

The emerging field of learning on graphs and topology [Barbarossa & Sardellitti, 2020;
Papamarkou et al., 2024] concerns such topological signals, where the central idea is to
leverage the underlying topological structure in 7. For example, the graph Laplacian or
adjacency matrix (or their variants) can be used to encode the graph’s structure, acting as a
spectral operator for node signals [Chung, 1997]. Similarly, in a SCy, the Hodge Laplacian
can be defined as the operator for edge flows, composed of the down and up parts, which
encode the edge adjacency through a common node or triangle, respectively. Other variants
of Hodge Laplacians can also be defined [Grady & Polimeni, 2010; Schaub et al., 2020].
Thus, for a topological signal z € R™, we assume a Laplacian-type, positive semidefinite,
topological operator L € R™*™ on T which encodes the topological structure.
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In a probabilistic setting, a topological signal can be considered random, following some
high-dim distribution on R™ associated with the topology 7. This allows for the application
of probabilistic methods to topological signals, similar to Euclidean cases. Recent works
[Alain et al., 2024; Borovitskiy et al., 2021; Yang et al., 2024] have modeled node signals
and edge flows using Gaussian processes (GPs) on graphs and simplicial complexes. These
GPs encode the topological structure by building their covariance matrix (kernel) ¥ as a
matrix function of the associated Laplacian L. For example, a diffusion node GP uses the

kernel ¥ = exp(—%zL) with a hyperparameter x and the graph Laplacian L. Other GPs
can be defined as well to model signals in specific subspaces with certain properties [Yang
et al., 2024] or to jointly model the node-edge signals [Alain et al., 2024].

5.3 TOPOLOGICAL SCHRODINGER BRIDGE PROBLEM

In a topological domain 7, we consider a topological stochastic process X where the index
space is instead the product space of [0,1] and the set of topological objects (e.g., nodes,
edges) in T, and the state space R™ is the space of topological signals with n the cardinality
of the set. When we consider the node set of a graph (the edge set of a SCg), X is a
stochastic process of node signals (edge flows). We assume that X follows some unknown
dynamics with its law described by the path measure P. For some prescribed initial and
final time-marginals, i.e., Xo ~Pg = v9 and X; ~ P; = 11, we then aim to obtain the
optimal P by solving the Topological Schridinger Bridge Problem (T SBP):

minDKL(P H QT), st. PeP(Q),Pog=19,P; =v1. (7TSBP)

Here, Q7 is the path measure of a reference process Y which follows some prior topology-
aware stochastic dynamics on 7. Effectively, the solution P to 7 SBP describes the “most
likely” process X that conforms to the prior Y in the sense of minimizing relative entropy
with respect to Q7, while respecting the initial and final distributions v and v;.

Topological stochastic dynamics. For the reference process Y, given an initial topologi-
cal signal condition Yy = yo, we assume it follows a general class of topological SDEs:

dY; = f(t,Yy: L) dt + g AW, (TSDE)

where fi = f(t,-;L) : R"™ — R" is a time-varying drift that depends on the topological
structure 7 through the operator L, and g; = ¢(t) € R is a scalar diffusion coefficient. We
assume that g is uniformly lower-bounded, i.e., g? > c¢1 for some ¢; > 0, and that f; is
Lipschitz continuous in the sense that there exists a constant ¢ > 0 such that || f(¢,y; L) —
f@&ys D) <ecslly—y'| forall y,y’ € R™ and ¢ € [0,1].

For tractability, we consider a class of linear dynamics on T with the following drift term:
F(t,Ye; L) = Hy(L)Y;: + oy, with Hy(L) = Y5 hy(t) LF (5.1)

and a; € R™ a bias term. Here, H;(L), denoted simply as Hy, is a matrix polynomial of
L with time-varying coefficients hy, ; = hy(t), which is able to approximate any analytic
function of L for an appropriate K by the Cayley-Hamilton theorem. The drift f; is also
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referred to as a topological convolution of the topological signal in the literature. With a
graph Laplacian L, this returns the graph convolution of a node signal [Sandryhaila & Moura,
2013; 2014], and with the Hodge Laplacian for edges or general simplices, it yields the
simplicial convolution [Yang et al., 2022b]. Various topological machine learning methods
have been developed based on such convolutions for their expressivity and efficiency. We
provide a few examples of linear 7 SDE, which will be used later.

Topological stochastic heat diffusion: T SDE gives the stochastic variant of heat equation on

T
dY; = —cLY; dt + g, AWy, (T SHeat)

by setting H; = —cL, with ¢ > 0. When 7 is a graph with the graph Laplacian L, this
dynamics enables modeling graph-time GPs [Nikitin et al., 2022], networked dynamic
system [Delvenne et al., 2015; Pereira et al., 2010; Santos et al., 2024], and social opinion
dynamics [Gaitonde et al., 2021]. More importantly, in the deterministic case of g; = 0, it has
a harmonic steady-state, revealing the topological features of T . Specifically, node diffusion
converges to a state that can identify the connected components (0-dim holes), while edge
diffusion in a SCy based on the Hodge Laplacian has a converging state of circulating
around cycles (1-dim holes). We refer to Fig. 4.3 for such illustrations [cf. diffusion over
graphs and SC» in Chapter 4]. In line with our goal of distribution matching for topological
signals, we present three examples of 7 SHeat, inspired by diffusion models for generative
modeling [Song et al., 2020b].

Example 5.1 (T SHeatg)). Consider a constant g; = ¢ in 7 SHeat. This results in a mixture
of a topological heat diffusion and BM with variance g2, which we refer to as 7 SHeatgy.
Example5.2 (T SHeatyg). For some noise scales 0 < 0min < 0max, consider a time-increasing
gt = \/do?(t)/dt with o(t) = omin(Tmax/min)’, which drives the well-known variance
exploding (VE) noising process [Song & Ermon, 2020; Song et al., 2020b]. The resulting

form of 7 SHeat is
dY; = —cLY;dt + 1/do?(t)/dt dW. (7 SHeatyg)

Example 5.3 (T SHeatyp). When combined with another noising process, known as the
variance preserving (VP) process [Ho et al., 2020; Sohl-Dickstein et al., 2015; Song et al.,
2020b], we obtain

1
dy; = —(iﬂ(t)I—I—cL)Ytdt—F VB(t) AW, (T SHeatyp)
where 8(t) = Bmin + t(Bmax — Bmin) With scales 0 < Bimin < Bmax- The drift here can be
considered as an instantiation of the topological convolution H; = — (% B + cL) in
(5.1).

Gaussian transition kernels. The 7SDE, as an It process, is fully characterized by its
transition kernel in a probabilistic sense. As a result of the linear drift (5.1) of 7 SDE, the
associated transition kernel p;|(y¢|ys) (i.e., conditional distribution of Y;|Y5) is Gaussian.
Its mean and covariance can be computed according to Sarkkd & Solin [2019, Eq. 6.7]. Let
the transition matrix of the ODE dY; = H(L)Y; dt be denoted by ¥,s = U (¢, s), which is
given by U, = exp(fst H.,dr) [cf. Lemma 5.18]. For brevity, we denote Wy as simply U;.
We then have the following lemma.
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Lemma 5.4 (Statistics of transition kernels). For the T SDE with the linear drift (5.1), its
Gaussian transition kernelpﬂo(yt |yo) has the mean m; and the cross covariance K+, at tq
and ty:

t
my = Wy + \I/t/ \I/;lozT dr =: Uyyo + &4, (cond. mean)
0
min{ty,ta}
Kiyty = Wy (/0 gru? dT) v (cond. cross cov)

More importantly, we may characterize them for 7 SHeatgy and 7 SHeatyg, in closed-forms.
Both have the same mean m; = Wy with U, = exp(—cLt), and their covariances are
given by:

2
Kiyt,= 4- [exp(—cL|ty —ta]) —exp(—cL(t1 +t2))| L1, for 7T SHeatgy
o2 ln(‘;r;“ )exp(—cL(t1 +t2)) [exp(2Amin{t1,t2}) —I] A, for TSHeatyg

(52)
with A =1In (Umax )1 +cL.If L is singular, we use a perturbed L + ¢I for a small € > 0 to
compute Ky, 4, or numerlcally model the 7 SHeat. We detail the derivations in Appendix 5.B.
These expressions allow for tractable solutions for the 7 SBP and, more importantly, facili-
tate the construction of 7 SB-based learning models, as will be discussed later.

5.3.1 TOWARDS AN OPTIMAL SOLUTION OF 7 SBP

To solve the classical SBP, early mathematical treatments [Beurling, 1960; F6llmer, 1988;
Fortet, 1940; Jamison, 1975] lead to a Schrodinger system characterizing the SB optimality.
Similarly, by Disintegration of Measures, we can convert the 7 SBP to a static problem over
the joint measure Pg; of the initial and final states, instead of the full path measure P

IninDKL(POl H QTOl)a s.t. Pg1 € 'P(Rn X Rn),PO =19,P1 =11 (T SBPgtatic)

where Q71 is the joint measure of the reference process Y at t = 0 and 1. The 7 SBPgatic
only concerns at the boundary times, unlike the (dynamic) 7 SBP. Using Lagrange multipli-
ers for the linear constraints above, we can arrive a Schrédinger System that is instead driven
by topological dynamics (see Appendix 5.C), differing from the classical case [Jamison, 1975;
Léonard, 2014]. This can be also interpreted through the equivalent E-OT formulation of
T SBPgtatic:

min/ *||yl \I/1y0—£1||§<,1d]P01(y0,y1)+/ log(Po1)dPo1  (TE-OT)
Po1 Jrnxrn 2 11 R7 xR

where the transport cost is linked to the 7SDE as a K;'-weighted norm of the difference
Y1 —
On the other hand, this system could also be derived from the SOC view which makes

more apparent connections to machine learning methods. Initiated by the variational
formulation of the classical SBP by Dai Pra [1991]; Pavon & Wakolbinger [1991], Caluya &
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Halder [2021] extended the analysis to the case with a general nonlinear reference process
and derived the optimality condition. Since it is convenient to arrive an SOC formulation
for the 7 SBP (see Appendix 5.C), we readily obtain the following optimality.

Proposition 5.5 (7 SBP optimality; Caluya & Halder [2021]; Chen et al. [2022b]). The
optimal solution P of T SBP can be expressed as the path measure of the following forward
(5.3a), or equivalently, backward (5.3b), T SDE:

dX¢ = [fe +9eZ¢] At + ge AWy, Xo ~ vo, Zt = g:Vogpi(Xt) (5.3a)
AX; = [fe — g1 Z¢) At + g, AWy, X1 ~ 11,2y = gV log ¢u(Xy) (5.3b)

where (5.3a) runs forward and (5.3b) runs backward with a backward Wiener process. Here,
w1 = i(Xy) and ¢y = $1(Xy) satisfy a pair of PDEs system (forward-backward Kolmogorov
equations). Using nonlinear Feynman-Kac formula (or applying It6’s formula on log ¢ and
log @4 ), this PDE system admits the SDEs

1
dlog oy = §||Zt||2dt+ZtTth,
L ) - AT (5.4)
dlogpr = <2||Zt|| +V - (9:Zt — fr) + Z, Zt> dt+ 27, dWs.

Then, the optimal path measure has the time-marginal P, = @ (X;)P1(Xe) = Pg‘s'ga) =

PES'%), That is, the paths given by (5.3a) and (5.3b) are equivalent in the sense that they have
the same time-marginal distributions.

This optimality condition adapts the result from Chen et al. [2022b] for 7 SBP. From the
forward-backward 7 SDEs (FB-7 SDEs in (5.3)), we see that the optimal Z; guides the
forward 7 SDE to the final 11, and likewise Zt adjusts the reverse 7 SDE to return to the
initial v9. While solving the system (5.4) is still highly nontrivial, we highlight that the
FB-7SDEs (5.3) and (5.4) pave a way for constructing generative models and efficient
training algorithms, as demonstrated by the recent works, to name a few, [Chen et al.,
2022b; De Bortoli et al., 2021; Pavon et al., 2021; Vargas et al., 2021]. We further discuss in
detail how to build such models for topological signals in Section 5.5.

5.4 GAussiAN ToroLoGICAL SBP

In this section, we consider the special case of 7SBP where the initial and final measures
are Gaussians, to which we refer as the Gaussian topological SBP (G7T SBP). We show that
there exists a closed-form G7 SB by following the idea in Bunne et al. [2023], which focuses
on a limited class of reference SDEs with a scalar coefficient in the drift, instead of a
convolution operator Hy(L). We establish the first closed-form expression on the G7 SB in
the following theorem.

Theorem 5.6. Denote byP the solution to GT SBP withvy = N (po, X0) andvy =N (p1,21).
Then, P is the path measure of a Markov Gaussian process whose marginal Xy ~ N (¢, 3¢)
admits an expression in terms of the initial and final variables, Xo, X1, as follows

Xi =R Xo+ R X1 +&— Ri&1 +T4Z (5.5)
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where Z ~ N (0,1) is standard Gaussian, independent of (X, X1), and we have

Ri=KnK', Ri=W;— Ry,

) (5.6)
Iy == Cov[Vy|(Yo,V1)] = Ky — K K K1y

Proof. We provide a sketch of the proof here, with the full derivations presented in Ap-
pendix 5.D.

1. By Disintegration of Measures, we first solve the reduced static Gaussian 7 SBPg.tic
(i.e., TE-OT). We can then convert the problem into a Gaussian E-OT via a change-of-
variables. The closed-form formula for the latter has been recently found by Janati et al.
[2020, Theorem 1]. Via an inverse transform, we can then obtain the optimal coupling Pg;
[i.e., the optimal GT SBgtatic]-

2. In the disintegration of G7 SBP to its static problem, the optimum is achieved when
P shares the bridge with the reference Q7 (i.e., P is in the reciprocal class of Q) [Follmer,
1988; Léonard, 2014, Proposition 1]. The Q-bridge, Q%C- =Q7[|Yo =x,Y1 =y, can be
constructed using the conditional Gaussian formula and Lemma 5.4. Upon this, together
with the optimal Py;, we can construct the optimal X; and the marginal P;. o

At the first sight, the construction of optimal process X in (5.5) meets the recently proposed
stochastic interpolant framework by Albergo et al. [2024, Definition 1], in that X;—g = X¢
and Xy—1 = X1, and I'g =I'; = 0. Moreover, from (5.5), we can compute the marginal
statistics P; in terms of its mean p; and covariance ¥; in closed-form as well, detailed in
Corollary 5.26. In the following, we characterize the process X under the optimal P in
terms of its It6 differential.

Theorem 5.7 (SDE representation). Under the optimal P, the process X admits the SDE
dynamics:

dX; = fr(t,Xs; L) dt + g, dWy, where

B ) (5.7)
Frita L) = ST S (@ — o) +fu
with (14,2 the mean and covariance of X [cf. Corollary 5.26] and we have
St :Pt—Q;r'f‘Htht—KthﬂlT;ra (5.8)

with P, = (RyS1+ ReC)R], Qe = —Ro(CR +S0R] ), T = Hi K1 + 70, '], where
C isthe covariance of Xo, X1 in the optimalPo1, and Rt, Ry are the time-derivatives of Ry, R;.

Proof. We detail the proof in Appendix 5.D and outline a sketch here. From Caluya &
Halder [2021]; Léonard [2014] [cf. Theorem 5.24], the optimal P is the law of an SDE in the
class of (5.7). To determine the drift, we first compute the associated infinitesimal generator
by definition for some test function. Since the generator for an Itd SDE is known (dependent
on the drift) [Sarkki & Solin, 2019, Eq. 5.9], we can then match the two expressions and
find a closed-form for the drift term. O

Theorems 5.6 and 5.7 characterize the optimal P of the G7 SBP from different views. While
the stochastic interpolant formula is intuitive and straightforward, it is natural to look for
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the associated SDE for a Markov measure. Despite the packed variables, both results [cf.
Egs. (5.5) and (5.7)] fundamentally depend on the transition kernel, defined by the transition
matrix V; and &, K ¢, [cf. Lemma 5.4], which has closed-forms (5.2) for 7 SHeatgy and
T SHeatyg, and is related to the topological convolution H;. From a broader perspective,
Theorems 5.6 and 5.7 extended the existing results of Bunne et al. [2023], where the
reference process has a limited drift cY; + a4 for some scalar c. While Chen et al. [2016]
aimed to solve for a linear drift with a matrix coefficient, their results lead to the solution
of a matrix Riccati equation, which is computationally expensive.

Solution complexity. While the variables involved in Egs. (5.5) and (5.7) involve many
matrix operations, we remark that (i) the underlying W, is a matrix function of L and can be
computed efficiently [Higham, 2008]. Given the eigen-decomposition L = UAU T, which
scales at O(n?), denote by iLZ’S = fst hy, - d7 the integral of the scalar coefficients in Hy [cf.

(5.1)], we then have U;; = Uexp ( i{:O EZ’SA]“) U, where the matrix exponential can
be directly computed elementwise on each diagonal element of A. We may also consider
the Chebyshev polynomial approximation based on Huguet et al. [2023], which is feasible
thanks to the closed-form Chebyshev coefficients for matrix exponentials [Marcotte et al.,
2022, Eq. 5], despite the need for all ¢ € [0, 1]. (ii) The other terms depending on ¥y can be
computed similarly in the eigenspectrum of L.

5.5 ToPOLOGICAL SIGNAL GENERATIVE MODELS

The recent SB-based generative modeling framework primarily relies on the learnable
parameterizations of the (Z;,Z;) pair (also viewed as the FB policies) in the FB-SDEs
and a trainable objective that approximates the SBP. Specifically, Vargas et al. [2021] and
De Bortoli et al. [2021] use GPs and neural networks, respectively, to parameterize the
policies, and alternatively train them using iterative proportional fitting (IPF) to solve the
half-bridge problem. On the other hand, Chen et al. [2022b] derived a likelihood based on
the SB optimality condition, generalizing the score matching framework [Song et al., 2020b].
Upon the proposed 7 SBP, along with the above theoretical results, we now discuss how to
build generative models for topological signals using the existing framework designed for
Euclidean domains.

7T SB-based model. Consider the matching task: In some topological domain T, given two
sets of signal samples following initial and final distributions vo,v1 on T, we aim to learn
a Topological Schrodinger Bridge between the two distributions. From Proposition 5.5, the
optimal 7 SB follows the FB-7T SDEs in (5.3). Moreover, given a path sampled from the
forward SDE (5.3a) with an initial signal xg, one can obtain an unbiased estimation of the
log-likelihood L(x0) of the 7SB model driven by the optimal policies by using (5.4) [Chen
et al., 2022b, Theorem 4]. Similarly, the log-likelihood £(z1), given a final sample x1, can
be found. This allows us to build a 7 SB-based model for topological signals, following the
ideas of Chen et al. [2022b]; De Bortoli et al. [2021].

We first parameterize the policies, Z; and 7, by two learnable models Z¢ = Z(t,;0)

and Zf = Z(t,x;0) with parameters 0 and 0, resulting in the parameterized FB-7 SDEs.
Then, we can perform a likelihood training by minimizing the following loss functions in
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an alternative fashion at initial and final signal samples xg and x
A« 1 1, 4619 ) oT 56
Uz0;0) = | Ex,~(5.30) §||Zt 1°+9:V-Zy + Z} 7, ‘XO =g | dt, (5.92)
0

1
1 5T
l(xl;e)z/o E X (5.30) [QIZfII2+gtV-Zf+Zf Zf’\Xlzarl} dt,  (59)

which are, respectively, the upper bounds of the negative log-likelihoods (after dropping the
unrelated terms) of the signal samples x¢ and z; given paths sampled from the FB-7 SDEs.

Other choice of reference 7 SDE. In this work, we mainly consider reference dynamics
following 7 SHeatgy;, 7 SHeatyg and 7 SHeatyp. For the dynamics involved with Hodge
Laplacians in a SCy, we may further allow heterogeneous diffusion based on the down
and up parts of the Laplacian. Bunne et al. [2023] proposed to better initialize the SB
model using the closed-form Gaussian SB. Likewise, we can consider the G7 SB in (5.7) as
a stronger prior process, which yet requires a GP approximation from signal samples. We
also consider fractional Laplacian for some cases to enable a more efficient exploration of
the network [Riascos & Mateos, 2014] due to its non-local nature.

Topological neural networks (TNNs). While Chen et al. [2022b]; De Bortoli et al.
[2021] applied convolutional neural networks for the Euclidean SBP, we naturally consider
parameterizing the policies using the emergent TNNs. For node signals, we could consider
graph convolution networks (GCNs) [Kipf & Welling, 2017]; and likewise, for edge flows in
a SCay, simplicial neural networks (SNNs) [Roddenberry et al., 2021]. These topology-aware
models perform convolutional learning upon the topological structure, more efficient with
less parameters and better in performance.

Complexity. Like standard SB models, 7 SB-based models also require simulations of the
FB-T7 SDEs. The key difference is that these models operate over topological networks where
the drift (5.1) involves a matrix-vector multiplication H;Y;. However, this is essentially
a recursive iteration of LY;, which is efficient due to the typically sparse structure of L,
reflecting the underlying topological sparsity. Moreover, our TNN-parameterized policies
are also efficient for the same reason.

Connection to other models. As discussed in Chen et al. [2022b], in the special case of
Z: =0 and Z; as the score function (scaled by g;), the likelihood of SB models reduces to
that of the score-based models [Song et al., 2020b] when 1 is a simple Gaussian and the
forward process is designed to reach v;. Furthermore, if the reference process is poorly
designed. SB models can still guide the process to the target distribution through these
learnable policies, thus generalizing score-based models. On the other hand, for FB-7 SDEs,
we can also obtain probability flow ODEs [Chen et al., 2018; Song et al., 2020b] which share
the same time-marginals and likelihoods, allowing for exact likelihood evaluation of the
model. Training through the likelihood of these flow ODEs naturally links to flow-based
models. While there are no direct score-based or flow-based models for topological signals,
the above discussions apply to 7 SB-based models. We refer to Appendix 5.E for more
details where we show how the variants of these models including the diffusion bridge
models [Zhou et al., 2024] for topological processes can be constructed.
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5.6 EXPERIMENTS

We first validate the theoretical results on G7 SB using the 14
synthetic graph in Fig. 4.3. Here, we aim to bridge a zero-
mean graph Matérn GP v with o = (I + L)~ !-? and a diffu-
sion GP v with ¥1 = exp(—20L). Using the 7 SHeatgy; and
T SHeatyg, reference dynamics, we obtain the closed-form X;
in (5.5), from which we further compute the covariance ¥ [cf.
Corollary 5.26]. We measure the Bures-Wasserstein distance 0 t 1
between ¥; and ;. From the right-hand-side figure, we see

that both bridges reach the target distribution. The bridges exhibit distinct behaviors de-
pending on the reference dynamics, as demonstrated by the disparate curves for 7 SHeatyg
with ¢ = 0.01 and 10. This highlights the flexibility of 7 SB-models in exploring a large
space of topological bridges.

=— GTSB - BM
GTSB - VE1

w2 m— GTSB - VE2

We then focus on evaluating 7 SB-based models for topological signal generation (v is
a Gaussian noise) and matching (general v1) in different applications, with the goal of
investigating the question: whether T SB-based models are beneficial for these tasks
compared to the standard SB-based models? For this goal, we consider as the baseline SB-
based models in Euclidean domains which use BM, VE and VP as reference dynamics [Chen
et al,, 2022b], labeled as SB-BM, SB-VE and SB-VP, respectively. We consider 7 SB-
based models using 7 SHeatgy, 7 SHeatyg and 7 SHeatyp as references, labeled as TSB-BM,
TSB-VE and TSB-VP, respectively. We refer to Appendix 5.F for the experimental details
and additional results, as well as complexity analyses in Appendix 5.F.2.

Topological signal matching. We first consider matching two sets of fMRI brain signals
from the Human Connectome Project [Van Essen et al., 2013], which represent the liberal
(with high energy, as the initial) and aligned (with low energy, as the final) brain activities,
respectively. We use the recommended brain graph [Glasser et al., 2016] that connects 360
parcelled brain regions with edge weights denoting the connection strength. From Fig. 5.1,
we see that a TSB-VE model learns to reach at a final state with low energy indicating
the aligned activity, whereas SB-VE fails.

We then consider the single-cell embryoid body data that describes cell differentiation over
5 timepoints [Moon et al., 2019]. We follow the preprocessing from Tong [2023]; Tong et al.
[2024a;b]. We aim to transport the initial observations to the final state. Our method relies
on the affinity graph constructed from the entire set of observations (~18k). We define two
normalized indicator functions as the boundary distributions, which specify the nodes
corresponding to the data observed at the first and last timepoints. Fig. 5.2 shows the
two-dim phate embeddings of the groundtruth and predicted data points using TSB-BM
and SB-BM models. Here, SB-BM gives very noisy predictions, especially for intermediate
ones, even when trained on the full dataset (see Table 5.8).

Edge flows have been used to model vector fields upon a discrete Hodge Laplacian estimate
of the manifold Helmholtzian [Chen et al., 2021c]. Following the setup there, we consider
the edge-based ocean current matching in a SCy (~20k edges). With an edge GP, learned
by Yang et al. [2024] from drifter data, as the initial distribution modeling the currents, we
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Figure 5.1: Energies of true (Left) final state and the predictions obtained from TSB-VE (Center) and SB-VE
(Right) models.
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Figure 5.2: Phate embeddings of the single-cell data observations (Left) and predictions based on
TSB-BM (Center) and SB-BM (Right) models.

synthetize a curl-free edge GP as the final one, modeling different behaviors of currents.
From Fig. 5.3, we see that SB-BM fails to reach the final curl-free state, while TSB-BM
becomes more divergent, ultimately closer to the target.

For these matching tasks, we evaluate the forward final predictions using 1-Wasserstein
distances in Table 5.1, showing the consistent superiority of 7 SB-based models over SB
ones. We reasonably argue that this difference is due to the improper reference in SB-based
models, which overlooks the underlying topology. This highlights the role of topology
using 7 SB-based models in these tasks.

Generative modeling. We model the magnitudes of yearly seismic events from IRIS as
node signals on a mesh graph of 576 nodes based on the geodesic distance between the
vertices of an icosahedral triangulated earth surface [Moresi & Mather, 2019]. We also
consider the traffic flow from PeMSD4 dataset modeled as edge flows on a SCy with 340
edges [Chen et al., 2022c]. From Table 5.1, we see that 7 SB-based models consistently
outperform SB-based models also for signal generation tasks, highlighting the importance
of topology-aware reference processes.

Effect of policy models. From the training curves of
TSB-BM/VE for ResBlock and GCN as policy models on o
the right, we see that the training converges much faster and s
better using GCN compared to the former. This underlines £

the positive effect of TNNs on topological signal generative | E::\éaﬁi’:
modeling. We refer to Tables 5.3 and 5.4 for the performance —— TSB-VE,Res
metrics of other bridge models with the two policy parame-
terizations on both seismic and traffic datasets.

TSB-BM,GCN

1 2, 3 4
Training Stage
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Table 5.1: 1-Wasserstein distances for generating and matching tasks across datasets over five runs, where *
indicates using GSB-VE and GTSB-VE for ocean currents.

Method  Seismic magnitudes Traffic flows Brain signals  Single-cell data Ocean currents

SB-BM 11.731+0.05 18.6940.02 12.0840.08 0.3310.01 7.2140.00
SB-VE 11.49:&0,04 19.04:{:0‘02 17.46i0.14 0.33:{:0‘01 7.17:{:0‘02
SB-VP 12.6140.06 18.2240.03 13.4140.05 0.3310.01 0.8340.01™
TSB-BM 9.0140.03 10.57+0.02 7.5140.08 0.1440.03 6.941 001
TSB-VE 7.69-+0.04 10.51 10,02 7.59+0.05 0.14 10,02 6.89+0.00
TSB-VP 8.4040.04 9.9240.02 7.67 011 0.1440.01 0.5310.00"

Effect of G7 SB prior. Instead of using 7 SHeatp); or 7 SHeatyg, as the reference, we here
consider their corresponding closed-form SDEs (5.7) as the reference, imposing on the
bridges a stronger prior carrying the moment information of the data samples [Bunne et al.,
2023]. For ocean current matching, we show the samples from the learned FB-7 SDEs using
GTSB-BM in Fig. 5.3, which arrives at a more faithful final state compared to TSB-BM,
as also evaluated in Table 5.1.

t=0.0

t=0.2 ) i t0A7 ) i tOA9 ) i t] .0

Figure 5.3: Forward sampled currents using TSB-BM (Top), SB-BM (Center) and GTSB-BM (Bottom).

5.7 D1scussiON AND CONCLUSION

In this work, we demonstrated how to construct 7 SB-based topological signal matching
models within the likelihood training framework [Chen et al., 2022b]. We here discuss
a few promising future directions based on emerging work and unexplored theoretical
results.

On model training. Peluchetti [2023]; Shi et al. [2023] applied iterative Markovian
fitting (IMF), as an alternative of IPF, to the classical SBP. This algorithm, trained via
score matching, extends to 7 SB-models with 7 SHeatgy or 7 SHeatyg as the reference,
thanks to their closed-form transition kernels in (5.2). Recent work proposed (partially)
simulation-free training of SB models. Tong et al. [2024b] learns the optimal SB by flow and
score matching the forward SDE upon a heuristic E-OT. Gushchin et al. [2024]; Korotin
et al. [2024] modeled Schrodinger potentials using Gaussian mixtures, enabling light
training for the optimal drift, and Deng et al. [2024] linearized the forward policy. However,
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these methods require the reference dynamics to be either Wiener process or have scalar
drifts. While training 7 SB-based models remain scalable w.r.t. the topology size (see
Appendix 5.F.2), extending these approaches to our models is worthwhile but nontrivial.

On model improving. We focused on the reference dynamics driven by a topological
convolution H; up to order one. It is however worthwhile to consider more involved
(potentially learnable) convolutions to impose more general priors or incorporate physics
knowledge of the process. The scalar diffusion coefficient g+ could be extended as matrix-
valued, enabling spatially correlated noising processes over the topology. On the other hand,
SB models perform a kinetic energy minimization from the SOC view. [Liu et al., 2024]
considered generalized SBP by adding a cost term which can model other knowledge of the
process. This broadens the applicability of SB models and 7'SB models could benefit from
this, when there are external interactions with the topological process or prior knowledge
on the process, such as enforcing curl-free edge flows.

On other models. While we showed the connections of 7 SB to stochastic interpolants,
flow- and score-based models, as well as diffusion bridges, we notice that the 7°SB optimality
can be interpreted as a Wasserstein gradient flow (WGF) (see Appendix 5.C.2). For example,
the ’TSHeatBM driven ’TSB is the WGF of a functional F(v) of some measure v with

=c[ 32T Lz v(z)dz+ 3¢° [vlogrdz where D(z) := 32T Lz is the Dirichlet
energy of z and the second term is the negative entropy. Thus, the 7 SHeatgy-driven
forward T SB essentially reduces the Dirichlet energy. This may not always align with the
needs of real-world applications, which in turn motivates developing topological dynamics
learning models via the JKO flow [Jordan et al., 1998] of a parametrized functional D(x)
on topology, akin to approaches used in Euclidean domains [Bunne et al., 2022].

We focused on a fixed topological domain, but it is also of interest to study the case where
T itself evolves over time. The 7 SBP in this scenario may rely on a time-varying operator
Ly to guide the reference process. This is relevant for recent generative models for graphs,
to name a few [Jo et al., 2022; Liu et al., 2023; Niu et al., 2020], where the graph structure,
together with node features, are learned in the latent space based on diffusion models
[Song et al., 2020b]. Lastly, we remark that discrete distributions on topological domains
may be defined. For instance, nodes of a graph can represent discrete states where node 4
is associated with a discrete probability P;. This motivates the emerging geneartive models
for discrete data [Austin et al., 2021; Campbell et al., 2024; Haefeli et al., 2023; Ye et al.,,
2022]. For a formal treatment of matching such discrete distributions on graphs, we refer
to Chow et al. [2022]; Léonard [2013]; Maas [2011]; Solomon [2018].

Conclusion. With the goal of matching topological signal distributions beyond Euclidean
domains, we introduced the 7 SBP (topological Schrédinger bridge problem). We defined
the reference process using an SDE driven by a topological convolution linear operator,
which is tractable and includes the commonly used heat diffusion on topological domains.
When the end distributions are Gaussians, we derived a closed-form 7 SB, generalizing
the existing results by Bunne et al. [2023]. In general cases, we showed that the optimal
process satisfies a pair of FB-7 SDEs governed by the some optimal policies. Building
upon these results, we developed 7 SB-based models where we parameterize the policies
as (topological) neural networks and learn them from likelihood training, extending the
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framework of Chen et al. [2022b]; De Bortoli et al. [2021] to topological domains. We
applied 7 SB-based models for both topological signal generation and matching in various
applications, demonstrating their improved performance compared to standard SB-based
models. Overall, our work lies at the intersection of the SB-based distribution matching and
topological machine learning, and we hope it inspires further research in this direction.
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APPENDIX

5.A PRELIMINARIES ON SCHRODINGER BRIDGES

5.A.1 ON OPTIMAL TRANSPORT

For the static E-OT where the end distributions are Gaussian, when o = 0, it reduces to
the classical Gaussian optimal transport, whose solution is classical [Villani, 2009]. When
o > 0, ana analytical solution was found recently by Bojilov & Galichon [2016]; del Barrio
& Loubes [2020]; Janati et al. [2020]; Mallasto et al. [2022] as follows.

Theorem 5.8 (Static Gaussian OT; [Janati et al., 2020]). Let ¥o,31 be positive definite.
Given two Gaussian measures pg ~ N (10, 20) and p1 ~ N (p1,%1), the entropic-regularized
optimal transport

. 1
min / —|lzo — x1||?dm (0, 21) + 02 Diy (|| o @ p1) (E-OT)
m€ll(po,n1) Jrn xgn 2

admits a closed-form solution

* N/\/( L‘ﬂ , EQ g‘j ) (5.10)

1 _1 1 1
(R2D,%5 2 —02I), Dy =(4NE%, 58 +0°1)3. (5.11)

where

o -1t
72

Remark 5.9. Note that while the above results are stated for positive definite covariance

matrices (in order for pg and p; to have a Lebesgue density), the closed-form solution

remains well-defined for positive semi-definite covariance matrices.

5.A.2 ON SCHRODINGER BRIDGE

Léonard [2014] provides a survey on the connections between SBP and E-OT, showing how
SBP can be solved by reducing it to E-OT. Chen et al. [2021b] offers a stochastic control
perspective of SBP, which reformulates SBP as a variational optimization problem. Both
works provide a comprehensive overview of SBP. Here, we highlight key results necessary
for solving 7 SBP.

Lemma 5.10 (Léonard [2014]). For a given measure P over the path space S, let P*Y represent
the conditioning of P on paths that take values x and y att =0 and 1, respectively. That is,
P*Y =P[-| X = 2, X1 = y|. Let Po1 denote the joint probability for the values of paths at the
two endst =0,1. Then, P can be disintegrated into

P(-) = / P ()Pp1(dxdy). (Disintegration of Measures)
R™ xR™
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Static SBP By Disintegration of Measures, for all P € P (), the relative entropy can be
factorized as

Dx1(P||Q) = DkL(Po1]|Qo1) + / Dk (P || Q%)Pgy (dz dy), (5.12)
R7 XR™

which implies that Dky,(Po1]|Qo1) < Dk1,(P||Q) with equality if and only if P*¥ = Q*Y
for each (z,y) € R™ x R™. This allows us to reduce the (dynamic) SBP to the static one.

min Dgt,(Po1||Qo1), s.t.PePR™xR"),Po=po,P1 = p1. (SBPstatic)

The above results allow us to reduce the dynamic SBP, which focuses on the entire path of
the process, to a static one, which focues instead on the joint distribution of the end points.
Furthermore, it readily gives the following important theorem.

Theorem 5.11 (Follmer [1988]; Léonard [2014]). The SBP and SBPs,tic admit, respectively,
at most one solution. If SBP has the solution P, then its joint-marginal at the end times Po1
is the solution of SBPsatic. Conversely, if Po1 solves SBPgaic, then the solution of SBP can be
expressed as

PO= [ QVOPa(dsdy), 6.19)
R™ xR™
which means that P shares its bridges with Q (i.e., P is in the reciprocal class of Q):
P =Q* V(z,y) eR" xR". (5.14)

Proposition 5.12 (Léonard [2014]). If the reference measure Q is Markov, then the solution
P of SBP is also Markov.

These two results show that the optimal solution shares the bridge with the reference
measure. That is, the optimal bridge can be constructed by composing the solution Pg; of
the static problem with the reference measure Q*¥.

Schrodinger System

Theorem 5.13 (Chen et al. [2021a]; Jamison [1975]; Léonard [2014]). Given two probability
measures pg, p1 on R™ and the continuous, everywhere positive Markov kernelpt|s(y\sc) (not
necessarily associated to a scaled Brownian motion), there exists a unique pair of (up to scaling)
of functions ¢g,p1 on R™ such that the measure Pg1 on R™ x R™ defined by

sz/Rn Rnpuo(ylx)@o(dx)%(dy) (5.15)

has marginals py and p1. Moreover, the Schrodinger bridge from pg to p1 induces the distri-
bution flow

Py = @1p¢ with 4 (x) :/put(ylx)m(dy),@t(fc) = /pt\0($|y)¢0<dy)~ (5.16)

This theorem is stated for a general Markov kernel that is not necessarily associated with a
Brownian motion. Thus, it can be readily applied to the topological case where the kernel
is governed by 7 SDE.
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SOC Formulation Benamou & Brenier [2000]; Dai Pra [1991]; Pavon & Wakolbinger
[1991] showed an equivalent SOC formulation of the SBP that aims to minimize the kinetic
energy as follows

1
1 dX; =u(t, X;)dt dW
mmE[/ ||u<t,Xt>2}, s, § WX =ult, Xodidodive (SBPyoc)
el | Jo 2 Xo ~ po, X1~ p1,

where U is the set of finite control functions u; = u(t,z). This derivation builds upon
the fact that the square of the Euclidean distance can be expressed as the infimum of an
action integral. We refer to the derivations in Chen et al. [2021b, Section 3.3]. Given the
SDE constraint in SBP,., the associated marginal density p; = p(t, ) evolves according to
the Fokker-Planck-Kolmogorov equation (FPK, Risken [1996]). This allows to arrive an
equivalent variational formulation

1 2
1 . =
min/ / “|ju(t,z)p(t,x)|*dtdz st Orpt +V - (prur) = %G Dpt, (SBPyar)
(prut) Jrn Jo 2 P0 = po,p1 = p1-

Given p; = ©;(4, the optimal control in SBP,,. can be obtained by u; = 02V log ;.

5.B StocHASsTIC DYNAMICS ON TOPOLOGICAL DOMAINS

Compared to the Euclidean domain, the dynamics on topological domains are less studied.
Here we provide some existing work on the dynamics on graphs and simplicial complexes.
Note that our choice of the linear topological drift f; in (5.1) is analogous to the ideas in
[Archambeau et al., 2007; Verma et al., 2024] which considered linear SDEs to approximate
nonlinear dynamics, enabling approximations of more complex topological dynamics.

5.B.1 PRELIMINARIES ON (STOCHASTIC) DIFFERENTIAL EQUATIONS

We are involved with differential equations in this work. In the following, we review some
results on ordinary differential equations (ODEs) and SDEs which are required later.

oN ODEs

Given an initial solution 2y € R™, consider a linear differential system of the form
doy = Az dt (linear ODE)

with A; a time-varying matrix. To solve this system in closed-form, we require an ex-
pression for the state transition matrix ¥(t,s) which transforms the solution at s to ¢,
xy = U(t,s)xs. For the general case, the closed-form of ¥(¢,s) is not possible. In the
following, we introduce an important class of matrices A; for which a closed-form solution
is possible [Antsaklis & Michel, 1997].

Lemma 5.14 (Closed-form of the transition matrix of a linear ODE). Given a linear ODE,
if for every s,t > 0, we have

At[/:ATdT] = [/:ATdT] Ay, (5.17)
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then the transition matrix is given by

W(t,s):exp(/ ATdT) ::I+/ ATdT+2'(/ ATdT) +.... (5.18)

For the scalar case, or when A; is diagonal, or for A; = A, (5.17) is always true.
Lemma 5.15. For A; € C[R,R™*™, (5.17) is true if and only if Ay As = A Ay for all s,t.

Lemma 5.16 (Integration of matrix exponential). For a nonsingular matrix A, we have

/ exp(A7)dr = [exp(At) —exp(As)| A~ (5.19)

ON SDEs

Lemma 5.17 (Itd isometry, Oksendal [2013]). Let W : [0,1] x X — R denote the canonical
real-valued Wiener process defined up to time 1, and let X : [0,1] x X — R be a stochastic
process that is adapted to the filtration generated by W'. Then

([ ra)]slf e,
([ ) ([ )] ol [ o], e

This corollary allows us to compute the covariance of two stochastic processes Xy and Yy that
are adapted to the same filtration.

and

Transition densities of SDEs All It6 processes, that is, solutions to Itd SDEs, are
Markov processes. This means that all It processes are, in a probabilistic sense, completely
characterized by the transition densities (from z ¢ at time s to x; at time ¢, denoted by
Pt|s(zt|Ts) = p(zs,8;71,1)). The transition density is also a solution to the FPK equation
with a degenerate (Dirac delta) initial density concentrated on x5 at time s. We refer to
Sarkka & Solin [2019, Thm 5.10].

5.B.2 TRANSITION DENSITIES OF 7 SDE

TSDE First, we can find the transition matrix of the associated ODE to 7 SDE.
Lemma 5.18. For an ODE dy; = H(L)y, dt, the transition matrix is given by
k

t oo t
1
U(t,s) =: U5 = exp (/ H, dT) =1+ g Pl (/ H; d’T’) (transition matrix)
S k=0 * S

with y; = Utsys. Note that Uy is symmetric since Hy is a function of the symmetric L.

! An adapted process with respect to a Brownian motion is a stochastic process that only uses information from
the past and present, never the future, of the Brownian motion.
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This is a direct result from Lemmas 5.14 and 5.15 since H;H, = H; Hy for all ¢t,7. By the
definition of matrix integral, the computation of Wy, is given by

K

U(t,7) = exp(Hy (L)) = exp (Z ﬁgTLk) (5.22)

k=0

where )" = f: hy,s ds are the integral of the scalar coefficients in H;. In the following,
we characterize the transition densities of the 7 SDE, as well as the three concrete examples
in Examples 5.1 to 5.3. Then, using the formulas in Sarkké & Solin [2019, Eq. 6.7], we can
compute the statistics of the transition kernel.

The following two lemmas compose Lemma 5.4.

Lemma 5.19. The transition density py|s(yt|ys) of the T SDE conditioned on Ys = ys is
Gaussian

pt|s(yt‘ys) NN(yt;mt|saKt|s) (5.23)
with the mean and covariance, fort > s, as follows

t t
mtIS:\Ijtsys+\Ilt/ \Ij;laTdT, KtlS:\I}t</ g?.\]:/;ZdT>\I/:
S

s

Proof. Given the transition matrix, using the transition kernel formula in Sarkka & Solin
[2019, Eq. 6.7], we have

t t
Mi|s = \I/tsys +/ Virardr = \I]tsys + \Ilt/ \I/;laT dT,
s s

where we use the property Wy, = U, W1 Likewise, we have

t t
Ky|s :/ gz‘Ptr‘I’g—T dr =Wy (/ gz\l’;z dT) \Il;r
S S

]

Lemma 5.20. Conditioned on Yy = yq, the cross covariance K (t1,t2) of T SDE at t1,t is

given by
min{¢,t2} ) ) T
Kt17t2 = \Ijtl </ gT\I/; dT) \I/tg'
0

Proof. This can be obtained by applying the cross covariance function in Sarkka & Solin
[2019, Sec 6.4].

i1 to T
Kty t, = Cov[Yy,, Y4, [ Y0 E[(/O 911 ¥ty 7 dWTl) </0 972 Wity dWTz> ]

min{t1 ,tg}
= / gE\Iltl,,-\I!;;J dr (by Lemma 5.17 (Ito’s isometry))
0

min{ty,t2} 9 9 T
=Wy, (/ g dT) Uy, (by Uy, =0, U1
0

]




148 5 TOPOLOGICAL SCHRODINGER BRIDGE MATCHING

TSHeatgy  Given an initial sample yg of the random topological signal Y{, consider the
SDE:

dY't = —CL}/t dt + g th (TSHeatBM)
Its steady-state (by setting ¢ — oo) distribution has zero mean and covariance matrix

Y= %Lil. Note that when L is singular, we consider a perturbed version L + ¢ with a
small constant € > 0. The transition matrix of the associated ODE dY; = —cLY; dt is given

by
Uy =exp(—c(t—s)L). (5.24)

Lemma 5.21. The transition density py|s(yt|ys) of the T SHeatpys conditioned on Yy = ys is
Gaussian with the mean and covariance, fort > s, as follows

2
g _
myls = Visys, Kyjs= % [T —exp(—2cL(t—s))|L L

Moreover, the conditional dynamics Y¢|Yy = yo has the covariance process at t1,ts as

Ky 1y = 2 [exp(—cLlty — t1]) —exp(—cL(t1 +12))] 17 (5.25)

2c

Proof. For the conditional mean, we can obtain it directly from the transition matrix of the
associated ODE. For the conditional covariance, we have

t t
Kt‘sz/ \I/(t,T)QQ\I/(t,T)TdTZ‘I/t</ \I/T292d7'>\I/tT

¢
=%, </ exp(2cLT) d7'> v (by U2 = exp(2¢L7))
S

2

= g—\Ilt [exp(2cLt) — exp(2cLs)] L=t (by Lemma 5.16)
c
2

- % [ — exp(—2cL(t—s))] L™ (U = exp(—cLt))
c

To compute the covariance process of the conditional dynamics Y;|Yy = yo, by definition,
we have, for t1 < t9

t1
Ky, o = Cov]Ys,, Y, |Yo] = Uy, (/0 g2\IJT_2 dT) \I/tT2 (by Lemma 5.4)
t1
=gy, [/ exp(2¢cLT) dT] \Il;l; (by U2 = exp(2¢cLT))
0
1 _
= gQ\Iltl [20 [exp(2th1) - I]] L 1\1’;; (by Lemma 5.16)

g—z [exp(—cL(ta —t1)) —exp(—cL(t1 +t2))] L=t

The case of t1 > to can be similarly derived, which completes the proof. ]
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TSHeatyg

Lemma 5.22. The Gaussian transition kernel p(t|s) of T SHeatyg has the mean and covariance

mys = Visys, Kyjs = Ufninln(amax> exp(—2cLt) [exp(2At) —exp(2As)}A_1

min
(5.26)
where Wy is the same as (5.24) and A = In (%)I + cL. The cross covariance between Y}
and Y, conditioned on Yy, is given by

Ky 4= 0'12nin In <Umax) exp(—cL(t1 +1t2))[exp(2Amin{t,ta}) — I]A_l. (5.27)

Omin

Proof. As the associated ODE of 7 SHeatyg, is also a topological heat diffusion, the transition
matrix is the same as ¥y; = exp(—cL(t — s)) for 7 SHeatgy. By substituting o (¢) into g¢,

we can find that
t
gt = Omin (Umax) 21n (Umax> (5.28)
Omin Omin

For the covariance of the transition density, we have

t
ol [ vctac)or
S

for which, we need to compute the integral

t t 2T
/ U -2dr = / o2 (Jmax) 21n (Umax> exp(2cL7)dr
s s Omin Omin

t 2T
=202, In (Umax) {/ (Umax> exp(2¢LT) dT:| (factor out the constant)

Omin Omin

=202, (Zmax exp [2Tln(z )} exp(2cLT)dr

(by the identity exp(lnz) = x)

=20%in <0max exp(27A)dr (by A =In(omax/0min)l +cL)
Omin
=021 (Umax) (exp(2At) —exp(24s)) AL (by Lemma 5.16)
Omin

Thus, we have

Omin

o
Ky = o2 ln( maX) exp(—2cLt) [ exp(2At) — exp(24s)] AL
For the cross covariance, assuming ¢; < to, then we can find the covariance kernel as

t1
Kiy 1o = CovlYi Vil Yol = | [ 2w72ar ] (by Lemma 5.4)
0
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=0 h 2 Omax 27-21 Omax 2¢Lm)d \IJT
- *h Omin K n . exp( c T) T to
0 Omin Omin

(since W2 = exp(2cLT))

=02, 1n(omax > Wy, [exp(24t1) — 1] A_l‘l/tT2 (using the same steps as above)

Omin

=02 1n(amax> exp(—cL(ty +t2))[exp(24t;) — IJA™L.

Omin

The similar steps can be followed for ¢; > to, which completes the proof. O

TSHeatyp For this stochastic process, a closed-form transition kernel cannot be found.
Yet, we could proceed the following for numerical computations. First, we can find the
closed-form transition matrix of the associated ODE as

Uy = exp (/:—(;B(T)I—FCL) dT> — exp (—cL(t—s) _ ;/:5(7)017) (5.29)

where the integral can be easily obtained as

t t
/ B(r)dr = [;7_2 (Bmax — Bmin) + Tﬁmin:| = Bts- (5.30)

This allows to compute the mean of the transition kernel m;; given an initial solution ys.
For the covariance kernel, we have

t
Kys =¥y </ B(r)w;? dT) 2

where the integral can be expressed as

t t -
/ ﬁ(T)\I/;2 dr = / (T(ﬂmax — Bmin) + Bmin) exp <2CLT + ﬂTO) dr
t

- [(T(ﬂmax — Brmin) +ﬁmin>v(f)]

~ P i) | “u(r)dr

(integration by parts)

S

Here, we denote v(7) = [exp(2cLT —|—BT0) dr, thus v'(7) := exp(2cLt —1—570), which
does not have a simple closed-form, we need to compute it numerically. This gives the
covariance kernel. Following the similar procedures, we can compute the cross covariance
K, +, of the conditional process Y;|Yy = yo.

5.B.3 OTHER ToPOLOGICAL DYNAMICS

We may consider fractional Laplacian in T SHeat which allows for a more efficient explo-
ration of the network [Riascos & Mateos, 2014] due to its non-local nature.
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For 7 SHeat, we can further allow heterogeneous heat diffusion on the edge space as follows
dY; = —(ClLd—i-CQLu)Y%dt—th dWrs, (5.31)

by setting Hy = —(¢1Lq + 2Ly, ), with ¢1,¢2 > 0. Here, the diffusion rates are different for
the different edge-adajcency types encoded in Lg and L,,. This in fact can be generalized
to using a more general topological convolution operator, if L := Lq + Ly, consists of the
down and up parts,

K Ko
Hy = " hp(t)LE+> hi(t)LE (5.32)
k=0 k=0

where h}.(t), hi(t) are the coefficients of the topological convolution. We refer to Yang
et al. [2022b] for more details on its expressive power compared to 7 SDE.

Beyond T SDE: Instead of first-order dynamics, we can use higher-order dynamics such as
wave equations. Graph wave equations [Chung et al., 2007] have been used for building
more expressive graph neural networks [Poli et al., 2021] and its stochastic variant for
modeling graph-time GPs [Nikitin et al., 2022]. Moreover, we may allow the interactions
between node and edge signals in which the dynamics is defined over the direct sum of
the two spaces. While not considered in this work, we refer to [Alain et al., 2024] for such
cases to define topological GPs on SCs.

5.C TowaARDS THE OPTIMALITY OF ToroLOGICAL SBP

Proposition 5.23 (7 -Schrodinger System; [Chen et al., 2016; Jamison, 1975]). The optimal
solution of T SBPg4yic has the form Py; = fRan" @O(xo)p”o(wl |zo)p1(x1)degdzy with
 and  satisfying the system

@t(xt)ZAnP1\t($1|$t)¢1($1)d$17 @t(ﬂft)ZAnpt\o($t|$o)¢o($o)dxo (5.33)

where pys(y|x) = N (y; piy|s, K¢|s) is the Gaussian transition density [cf. Lemma 5.19] of
T SDE with drift in (5.1). Moreover, the time-marginal at t can be factored as Pi(x) =

ot (z)Pe ().

Proof. This is a direct result of the Schrédinger system in Theorem 5.13 by replacing the
Markov kernel by that [cf. Lemma 5.19] of the 7 SDE. O

From this system, we see that the optimal path measure has its marginal P; factorized into
two time-marginals ¢; and ¢y, which are both governed by the 7 SDE.

5.C.1 VARIATIONAL FORMULATIONS OF 7 SBP

By Girsanov’s theorem, the 7 SBP can be formulated as the minimum energy SOC problem:

1 [t dX; = b(t, X¢)]dt + g AW,
min E|:/ ||b(t,Xt)2dt:|, s.t. K [ft+gt ( ’ t)] +gt ¢ (TSBPSOC)
by 2 Jo Xo ~ v, Xog~11
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where by = b(t, X}) is the control function. The SDE constraint in 7 SBPy,. is also known
as the controlled SDE, in comparison to the uncontrolled reference 7 SDE. It further leads
to the variational problem

1! Qv +V - b A
min 3 [ [ P aat, sa. Ot VR )] = o
(bg,vg) 2 n v(0,2) =vo,v(l,x) =11

(T'SBPyar)
where v, = v(t,2) =Py is the time-marginal of P and follows some PDE constraint, which

is the FPK equation of the SDE constraint in 7 SBP;.

Theorem 5.24 (7 SBP Optimality; Caluya & Halder [2021]; Léonard [2014]). Assume® that
g(t) is uniformly lower-bounded and f(t,x; L) satisfies Lipschitz conditions with at most
linear growth in x. Let o = ¢(t,x) and $y = $(t,x) be the solutions to the pair of PDEs

Oepr = —(Vor) T fi — 397 A 5 5
T TR S 0,090, = r0sp(1 )R ) = w530
Ospt = =V - (Peft) + 59 Db,
Then, the optimal control in T SBP,,, is b} = g2V log p; and the optimal path measure is
vy = Py = 1 r. Moreover, the solution to T SBP can be represented by the path measure of

the following coupled (forward-backward) T SDEs

dX; = [fi+ 97 Viego(t, X;)]dt + g, dW;,  Xo ~ 1o, (5.35a)
dXt = [ft 7gt VIOgQD(t,Xt)] dt+gt th, Xl ~ UV, (5.35b)

where V1og p(t, X¢) and Vlog ¢(t, X¢) are the forward and backward optimal drifts, respec-
tively.

Proof. The proof is an adaption of Caluya & Halder [2021] to the topological setting by
specifying the topology-aware drift in 5.1. From the first oprder optimality conditions for
the SOC formulation 7 SBPy,,, we can obtain a coupled system of nonlinear PDEs for v,
(the potential function of b4, i.e., by = V;) and 14, which are known as the Hamilton-
]acobi Bellman (HJB) and FPK equations, respectively, as well as the optimal control

= g2V log ;. Via the Hopf-Cole transform, this system returns (5.34) [Caluya & Halder,
2021, Thm 2]. Then, by substituting the optimal control into the constraint in 7 SBPg,, one
can obtain the forward SDE, and the backward SDE can be derived from the time-reversal
of the forward SDE [Anderson, 1982; Nelson, 2020]. O

Using nonlinear Feynman-Kac formula (or applying It6’s formula on log ¢; and log ¢+), the
PDE system (5.34) admits the SDEs [Chen et al., 2022b]

1
dlogy = 2| Z|* dt + 2, AW, (5.36)
. 1 5 A ; A
dlogpy = <2||Zt2+V'(tht_ft)+ZtTZt> dt+ 2z, dw, (5.37)

where Z; = g;Vlog o (X;) and Zy = g;Vlog $¢(X4). This results in Proposition 5.5.

2The nonexplosive Lipschitz condition on f; rules out the finite-time blow up of the sample paths of the SDE, and
ensures the existance and uniqueness of the solutions. It, together with the uniformly lower-bounded diffusion
¢, guarantees the transition kernel py |, is positive and everwhere continuous [Sirkké & Solin, 2019].
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5.C.2 WASSERSTEIN GRADIENT FLOW INTERPRETATION

The gradient flow of a funcitional over the space of probability measures with Wasserstein
metric, i.e., the Wasserstein gradient flow (WGF), is fundamentally linked to FPK equations
[Ambrosio et al., 2008; Otto, 2001]. In the following, we show that solving the 7 SBP with
T SHeatp)y; reference amounts to solving the WGF of some functional on a probability
measure V.

Theorem 5.25. Consider the T SBP,,, with the reference process T SHeat. The SB optimality
[cf (5.34)] respects a pair of FPK equations of the form

Ouprla) = V- (cLagu(n)) + 50°A¢i(2). fole)=gol)  (5380)

Oupl) = V- (cLep()) + 5" Bpu(a),  polw) = or(x)exp(2er Larfg?)  (5.380)

Therefore, the Wasserstein gradient flow of F(v) recovers the paired PDE in solving T SBP,,,

Fv)= c/ %xTLx -v(z)dx+ %QQ/ viogvdx := ¢E,[D(z)] + %ng(u) (5.39)

where D(z) = $a " Lz is the Dirichlet energy of x and S(v) is the negative differential
entropy.

Proof. First, from Theorem 5.24, we have the PDE system in (5.34) which can be rewritten
as the pair of PDEs in (5.38) by applying Caluya & Halder [2021, Thm 3]. Both PDEs are of
the following FPK form with V(z) := Scz T Lz on some density p;

Oumn(x) = V - (pu(x) TV () + 5 0* Ay ), (5.40)

for some initial condition. We can view V' (x) as the potential energy of some function
ft(z). Here, we have f(z) = —cLzy = —VV(z). Then, from the seminal work Jordan
et al. [1998], the flows generated by the PDEs in (5.38) (both of the FPK form) can be seen
as the gradient descent of the Lyapunov functional F(-) in the following form

.7-'(~):c/Rn%xTLx-(-)dx+%g2/R (~)log(~)dx::cE(,)[D(x)}+%gQS(-) (5.41)

n

with respect to the 2-Wasserstein distance in the space P2(R"™) of probability measures on
R™ with finite second moments. Here, (-) can be ¢; or p;. ]

We note that it is also possible to obtain the associated functional for the 7 SBP with more
general reference 7 SDE based on the similar argument, but it would be more involved and
lead to a time-dependent functional [Ferreira & Valencia-Guevara, 2018].
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5.D THE CLOSED-FORM OF GAUSSIAN TOPOLOGICAL SCHRODINGER
BRIDGES [THEOREMS 5.6 AND 5.7] (PROOFS AND OTH-
ERS)

For convenience, we state the Gaussian 7 SBP

minDKL(PH QT), st.Pe P(Q),I/O :N(Mo,zo),yl :N(ul,El) (GTSBP)

and its static problem

min DKL(PO]_ || QTOl)) s.t. Pg1 € P(Rn X Rn),Po. =vy,P.1=11. (GT SBPgatic)

We also restate the main results of the Gaussian 7 SBP.

Theorem 5.6. Denote byP the solution to GT SBP withvy =N (10, %0) andvy =N (p1,%1).
Then, P is the path measure of a Markov Gaussian process whose marginal X¢ ~ N (11, 2¢)
admits an expression in terms of the initial and final variables, Xo, X1, as follows

Xi = ReXo+ R X1 +& — Ri&1 + T4 Z (5.5)
where Z ~ N(0,1) is standard Gaussian, independent of (X, X1), and we have
Ry=KnKy', Ri=W—RVy,

) (5.6)
Ty := Cov[Vi|(Yo,V1)] = Kt — K K7 K1z

Corollary 5.26 (Marginal Statistics). The time marginal variable X; in (5.5) of the optimal
solution to GT SBP has the mean and covariance as follows

pre = Rypio + Repuy + & — R, (5.42a)

Y = RiXoR,) + RS\ R] + R.CR] + R,CTR] +T, (5.42b)

where C' = 1111_1[(111/26'[(111/2 with

51 s1220-1/2 ~ S1/28 @1/2 | 1/2
C==(EV2ps Y2, D=@us sl nye,
5 (20 "Dy ) (4% 515y " +1) (5.43)

—-1/2

So= K050 K2, 5y = Kk M?

K2
Theorem 5.7 (SDE representation). Under the optimal P, the process X admits the SDE
dynamics:

dX = fr(t,Xy; L) dt + g AWy, where

_ . (5.7)
frta; L) = ST S @ — pe) + fu
with 11,2 the mean and covariance of X [cf. Corollary 5.26] and we have
Sy =P~ Q) + HiKy — K K'Y/, (5.8)

with Pt = (thl +RtO)R;r, Qt = —Rt(ORtT +20R;), Tt = Hthl —|—gt2\11;1\11£r, where
C isthe covariance of X, X1 in the optimalPg1, and Ry, Ry are the time-derivatives of Ry, R;.
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5.D.1 PRELIMINARIES FOR THE PROOF

We first introduce the following three lemmas and the definition of infinitesimal generators.

Lemma 5.27 (Central identity of Quantum Field Theory [Zee, 2010]). For all matrix M > 0
and all sufficiently regular analytical function v (e.g., polynomials or v € C>®(R%) with
compact support), we have

(27)~ % (det M)~ 2 /Rd v(z)exp (;ZTMJ&> dz = exp (;8;M_18m) ()

" (544)

where exp(D) =1+ D+ 3D*+ -, for a differential operator D.

Lemma 5.28 (Conditional Gaussians). Let (Yp, Y1) ~ N Ho , 00 o1 . Then,
1]’ Y10 Y11

Yo|Y1 =y is Gaussian with
E[Yo|V1 =y] = po+Z01217 (y— 1), and Cov(Yo|Y1 =y) = S0 — Z01 571 S10. (5.45)

Definition 5.29 (Infinitesimal generator of a stochastic process). For a sufficiently regular
time-dependent function ¢(¢,7) € RT x R™ — R, the infinitesimal generator of a stochastic
process X, for ¢(t,x) can be defined as

E[@(t+h, Xeyn)| Xe = 2] — o(t,2)

Ae(t,) = lim ; (5.46)
For an It6 process defined as the solution to the SDE
dX; = f(t,Xt)dt—Fg(t,Xt)th, (5.47)

with f(t,x),g(t,x) : RT x R — R", the generator is given as
Ar(t,x) = 0t 7) + f(t,2)  Vao(t,2) + % Trlg(t z)g(t,2) " Ap(t,2)] (548

where A := V2 is the Euclidean Laplacian operator.

5.D.2 OUTLINE OF THE PROOF
Our proofs follow the idea from Bunne et al. [2023, Theorem 3].
For Theorem 5.6. We follow the following two steps:

1. We first solve the associated static G7 SBP. Specifically, we formulate the equivalent
E-OT problem, which has the transport cost dependent on the transition kernel of the
T SDE. By introducing new variables, we can convert this involved transport cost to a
quadratic cost over new variables, thus, converting the G7 SBPgic to a classical Gaussian
E-OT. Based on the existing results [Janati et al., 2020; Mallasto et al., 2022], we can then
obtain the optimal coupling over the transformed variables. The coupling over the original
variables can be recovered via an inverse transform.
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2. From Theorem 5.11, we can obtain the solution of G7 SBP based on that the optimal P
is in the reciprocal class of Q, specifically, by composing the static solution with the Q-
bridge. This is an optimality condition obtained from the reduction to the static problem.
From that, we know that the solution P is a Markov Gaussian process and shares the same
bridge as Q7 [cf. Proposition 5.12]. This further allows us to characterize the mean and
covariance of the time-marginal.

For Theorem 5.7. Let P € P(f2) be a finite-energy diffusion [Féllmer & Wakolbinger,
1986]; that is, under P, the canonical process X has a (forward) It6 differential. Furthermore,
since P is in the reciprocal class of Q7 it has the SDE representation in the class of (5.7)
from the SOC formulation where the drift f7 (¢, : L) is to be determined. We then proceed
the following two steps:

1. For the SDE (5.7) of the optimal process X;, we first compute its infinitesimal generator
[Protter, 2005] for a test function ¢(¢,2) € RT x R™ — R by definition using (5.46).

2. Second, we express the generator in terms of its given solution in (5.48) for the SDE
(5.7)

By matching the generators computed in both ways, we then obtain the closed-form of the
drift term.

5.D.3 DETAILED PROOF OF THEOREM 5.6

STEP 1: SOLVE G7 SBPgrar1c

First, recall that Y;|Y(y = yo is a Gaussian process with mean m; := E(Y}|yo) and covariance
Ky [cf. cond. mean and cond. cross cov], respectively. Thus, we have the transition
probability density

1
Q7110(y1ly0) ox exp <—2(y1 —Wiyo—&) K5y (1 — Payo —51)>

(5.50)
1 T -1
ocexp (=3 =) K (- ).
~ _1 ~ _1
By introcuding the variables Yy = K{,* (V1Yp+¢1) and Y7 = K{,? Y1, we have
Lo _ 9
Qr1j0(y1lyo) o< exp { =171 —GolI” ) - (5.51)

Furthermore, if the joint distribution Py; has marginals Yy ~ vy and Y7 ~ vy, then after
the change of variables (Yy — Yy and Y7 — YY), it gives rise to a joint distribution Po1
with marginals Yy ~ 7y = N (fio, X0) and Y} ~ &y = N(ji1, %), where

_1 ~ _1 _1
fio=K > (Prpo+&1),  So=K 20180 K%,
1 . 1 a1 (5.52)
3 :K112N1a 2 :K11221K112~
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That is, there is an one-to-one correspondence between Py; and Po1. This allows us to
expand the objective of GT SBPg,tic in terms of minimization as follows

P ;
Po1(yo,y1)log (01(yoy1)> dyodyr

Dy (Po1Q701) :/ Q701(%0,y1)

R™ xR™

= _/log(QTo1(yo,y1))dIPo1(yo,y1)+/log(19>01)d}p01

=3 / 91— doll* Ao (yo,41) + / log(Po1)dPos +const. 1 (+)
= %/Hﬂl —§0||2dP01(§0,§1)+/log(]§01)d1§>01 + const. 2

= D (Po1]|Q7o1)

where the second last step results from [log(Po1)dPg1 = [log(Po1)dPg; + const.. To
obtain (%), we notice that Q701(y0,¥1) = Q71/0(¥1/90)Q70(y0), and we have

—/log(QTm(yo,y1))dP01(yo,y1)

=—/10g(QT1\o(y1|y0))d]?o1(yo,y1)—/10g(QTo(yo))dP01(yoay1)
=—/10g(Qmo(y1Iyo))de(yo,yl)—/10gQTo(yo)dPo(yo)

where the last equality holds since we can remove the dependence on y; in the second
term by integrating over y1, thus, appearing as a constant in the optimization over Py;.
Moreover, the expression (x) is in fact the equivalent E-OT associated to the 7 SBP

1
mlﬂ*/Hyl —Wiyo—&f3 dP01(yo,y1)+/10g(P01)dPo1- (TE-OT)
Po1 2 11

Note that by definition we have D (Po1 [|[vo ®@v1) = [log(Po1) dPo1 — [log(ro®v1) dPor =
J1og(Pp1)dPo1 — [logrodry — [logry dvy where the last two terms are constants.

Thus, solving G7 SBPy,ic is equivalent to solving the following problem

. . 1. L . .
_ min DKL(P01||QT01)E/*Hyl*y0||2dPo1(y0,y1)+/log(Pm)de (5.53)
Pp1 €P(R™ XR™) 2

with By = &y and P; = 1. This is a classical static Gaussian E-OT between 7y and 7 with
o = 1. The closed-form solution is given by the joint Gaussian [cf. Theorem 5.8]

(B3 £)

(£/2DEg? —1), D=(4Sy?£,8)2 + D)V/2. (5.55)

where
1

C:2
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1 1
Finally, via the inverse transforms Y = \Ill_1 (K190 —&1) and Y1 = K7 §1, we can obtain
the solution to the original problem G7 SBPg,c as

. Y C
01 NN < |:Z(1):| ) |:Cp|' 21:|> (GTSBstatiC)

STEP 2: FROM STATIC TO DYNAMIC VIA DISINTEGRATION FORMULA

From Theorem 5.11, we know that the solution P to G7 SBP shares its bridges with the

reference Q7. We denote by Qgi)yl the process Y conditioning on Yy =y and Y1 =1

under Q7 ie., Y|yo,y1 ~ QPY" = Q7 [Yo = yo,Y1 = y1]. It is the bridge of Q7, following

Qr()= /Rann QP (1) Q701 (dyo dyr). (5.56)

In the classical case of Brownian motion ¥ = W ~ Qy, Qz{,[(}yl is often referred to as
the Brownian bridge. Here, we aim to first find the Qggyl -bridge, and then construct the
optimal solution P* by composing the static solution Pfj; with the QyTom -bridge [cf. ?? in
Theorem 5.11].

From the transition kernel in Lemma 5.4, we have the conditional distributions Y |yo ~
N(my, Kyt) and Yi|yo ~ N (m1, K11). Thus, the joint distribution of Y; and Y; given yq

follows
Ky K
v~ (][50 K1) 6557

Applying Lemma 5.28, we know that Y;|yo, Y1 = y1 is Gaussian with mean

E(Yi|yo, Y1 =y1) = mi + Kn K7 (y1 —ma)
=Uyyo + & + Kn Ky (y1 — P1yo — &)

. . . (5.58)
= (U —KnK 3 V)yo+KnKyyi+&—KnKi7 &
2 Ryyo + Rey1 + & — Re&a
where we recall the definitions of R; and Ry in (5.8), and covariance
Ty := Cov(Yi|Yo = yo, V1 =v1) = Kty — K K17 K1z (5.59)

Since a Gaussian process is completely determined by its mean and covariance, we have
1 —
Yi[Yo,Y1 = RiYo+ ReY1+& — Ry€a + 142 ~ Q! (5.60)

where Z ~ N (0,1) is independent of Y;. Now, the Disintegration of Measures and Theo-
rem 5.11 allow us to construct the solution to G7 SBP by first generating (Xo, X1) ~ Pj;
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in G7 SBgtatic, then connecting Xg and X using the Q%’f}yl -bridge. This is equivalent to,
for Xo ~ 19, X1 ~v1and Z ~N(0,1),Z L (X, X1), building a process as

X, 2 Ry Xo+ R X1 +& — Ry + T4 Z ~ B}, (5.61)

which in fact is a stochastic interpolant for stochastic processes over topological domains,
generalizing the same notion in Euclidean domains in Albergo et al. [2024, Definition 1].
Note that since Q7 is a stochastic process following an Ité SDE, which is a Markov process,
the solution P is also a Markov process [cf. Proposition 5.12]. Finally, we obtain the mean
and covariance of the time-marginal X; as

it = Ripio + Repn + & — Riq,

_ _ _ _ 5.62
Yt = RiXoR] + ReZ1R] + ROR; + RC"R] + Ky — Ky K K. (-62)

This concludes the proofs of Theorem 5.6 and Corollary 5.26.

5.D.4 DETAILED PROOF OF THEOREM 5.7

STEP 1: COMPUTE THE INFINITESIMAL GENERATOR OF Xt BY DEFINITION

For some time-varying function ¢(¢, ), by definition, the infinitesimal generator of X} is
given by (5.46). Since X is a Gaussian process, we could express the conditional expectation
using Lemma 5.28. As we are only interested in the terms that are of order O(h), we then
ignore the higher-order terms. First, we compute the first-order approximation of ¥; in
(5.42)
St = RiSoR, + RySoR) + ReS1 R + RiSi R
+R,CR] + RiCR] + R,CTR] + R,CTR/
+ 0 Kyt — (01 K1) K K — (K K 0i K
£ (P +P) = (Qe+Qf ) +0iKet — (9 1) K1y K1e — (Kt Kpp' )0 Kt

(5.63)

where at the last equality we recall the definitions of P; and @) in (5.8). Next, denote by
Yt ¢+n the covariance process of X; evaluated at ¢ and ¢ 4- h. We can estimate ¥; ;1 5, up
to the first order of o(h) as

St ern =E[(Xe — 1) (Xern — o) ']
=RSoR| )+ ReSiR/) , + RiCR/, , + RiC TR+ Ky o — Kn K11 Ky gy
=%+ RiXo(Regpn — Re) T + RiZ1 (Regn — Re) T + ReC(Ryqp — Ry) T
+ RO T (R — Re) T + (K pyn — Kit) — Ken Ky (K1 gon — Kit)

@, WRS0R] + RS RT + RiCR] + RCT R ) +o(h)

+ (Kt ppn — Kut) — K K (K1 — K1)
() _
= S+ (P = Qf + 01, Ky |ty =t,t5=t — Kt K31 00, Koy ]ty =1,15=1) + 0(h)
(5.64)
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where we obtain (a) by plugging in limp_,¢ %(Rwh —Ry) = Ry and limj,_¢ %(RH;L —
Ry); and likewise, we obtain (b) by recognizing the definitions of P; and @, in (5.8) and
using the partial derivatives

AIH{) h(Kt teh — K1) = Ot Kty tolty =t to=t, 1 <t2
(5.65)

hm h(Kl t-‘rh_Kl t) 8t2Kt1,t2‘t1:1,t2:t:atKlt, tl >t2
Following the similar procedure, we can obtain a first-order approximation of ¥; 4, ; as

Sent =E[(Xewn — pon)(Xe —pe) ']
:Et+h(Rt20R:+Rt21R: +RtCR;r +RtCR:)+O(h)
+ (Kignt — Kit) — (Ko — K ) Ky K1

=S¢+ (P = Qu+ 0, Kty 1y |ty =t.t9=t — Ot Koy 1|6y =t,1,=1 K17 K1) + 0(h),
(5.66)
where the partial derivatives should be understood as

1
lim —(Kiqne— Kit) =00 Koy |ty =t tg=t,  t1 > 12

h—0h
| (5.67)
}lllg}) E(Kt—',-h,l — K1) =04 Kip tolt1=t,to=1 = O K1, t1 <ta.

Since Eqs. (5.63), (5.64) and (5.66) are all involved with the partial derivatives of Ky, ;,, we
can compute them by the closed-form of the transition matrix as

t1
8t1Kt1’t2 = 8t1 {\I’tl |:/ gg\l’s_2 d$:| \I/;l; }, for tl S tQ
0

t1
(@)
= Wy, Hy, [/ \II 2d3:| \Iltz +gt1\Pt11\IjT (5.68)
0
®)
- Hthtl to +gt1¢’t11qjt2? for tl S t27
where we use the symmetry of U;. At (a) we use

Oy = &gexp(/ot Hy ds) = exp(/ot H, ds)Ht =W, Hy, (5.69)

and at (b) we use the commutativity of H; and ¥ [cf. Lemmas 5.14 and 5.18]. Similarly,
we have

-ty -
atQKtLtQ == 8t2 {\I/tl / gg\II;Q ds ‘I]tTQ} == Kt1,t2 Ht—g’ for tl S tg
LJ/O J

- ety -
8t1Kt1,t2 8t1{\11t1 / gg\I’S_2d5 \I/;;} :Hthtl,t27 for tl >t2
LJO i

o :

O, Kt 1, :atz{qftl / g2U2ds mg} =05, U, U + Ky, 4, Hy,  forty >to.
LJO i

(5.70)
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We notice that (0; K1) | = 0; K1 = th\Il;lklllT + HtKﬂKfllKu. Now, by introducing
in (5.64) the variable

S2P—Qf + 00Ky, tolty=tts=t — Kt K17 00, Kt 11 =119t
=P —Q) +KuH, —KnK'(g?0 ;' + K14 H") (5.71)
=P —Q) +KuH, —KnK;'(0:K1p),

we can then express the covariance process as
Zt,t-‘rh = Et + hSt +O(h), (572)

and

Stont = +h(P] — Qi+ H Ky — g7V, 0] + H K1) K K11) +o(h)
=% +h(P, — Qi+ H Ky — (0, K1) K7 K1)+ o(h) (5.73)
=% 4+ hS, +o(h).

Lastly, using Lemma 5.28, we see tha variable Xy, ;| X; = x is a Gaussian process with
mean

fitsn == [t +Sean e Sy (T — pe)
) . _
@ e+ b+ (S hST)E" (@ — )+ o(h) (574
= pe 4 hjiy + (T + RS Y) (@ — pe) +o(h)
=z +h(jn+ Sy By (x — ) +o(h)
where in (a) we used ¥y = ¥/, and covariance
i3t+h =Yiin— Zt+h,t2;12t,t+h
=Y 4+ — (S + bS] )8 (S 4 hS) 4 o(h)
. 5.75
=% +h¥ — (S +hS, +hSy)+o(h) (5.75)
b .
© (S, — 8= 8 ) +olh).
By seeing Ky as a matrix function of ¢, we have
t
O Ky = 5t{‘1’t {/ gIv? dS} \I’;r} = HiKy+gi 1+ K H, . (5.76)
0

This reduces (5.63) to

Si=(P +P)—(Qi+Q )+ 0Ky — (0 K1) K K1t — (Kn K)oy K1 (5.77)
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where the last two items appear in S;' and S;, respectively. Thus, we obtain
Sipn =h(3— S — S ) +o(h)
Zh{ [(PtT +P)— (Qi+ Q) )+ Ky — (0, K1) K Kt — (Kthﬂl)atKlt]
— [P - Q] + KuH — Ky K7 (0:K1y)]
— [P = Qi+ H Ky — (0K K7 Ky } +o(h)

=hg?I+o(h).
(5.78)
We can now compute E[¢(t + h, X;1p,)| Xt = 2] as follows
E[¢(t +h, Xt+h)|Xt = 7]
g 1 Ty /
= (27)?2 (detEH_h (,25 (t+h,z')- exp(fi(:c — fbtth) Et+h(x *Ht-}-h)) dx

(a) g 1

1
5 = (2m) (detEtJrh 7/ A(t+h, T+ figyp) - €Xp<—§l‘—r2t+hz> dz
(5.79)

where in (a) we apply a change-of-variable & := x’ — fi;1 ,. We further apply Lemma 5.27
and arrive at

1 71« .
E[p(t +h, Xiqn)| Xt = 2] = eXp(*aythrhaf)sﬁ(tJr h, &+ fig1n) ‘ )

@ (I+ 6T2t+ha +o(h.o.t. ))¢(t+h &+ firn)|z=0

b
© st+hofin) + = hgt AG(t+h, fin) +o(h),

(5.80)
where we expand the power series of exp(%a;[ 3¢+ 10z ) and ignore the higher-order-terms
in (a), and plug in (5.78) in (b). Recalling fi; 15, in (5.74), we can expand the Taylor series
of ¢(t+ h, fiy+p,) in the second variabel at x as

G+ Dy fiegn) =6 (t+ b,z + b+ 5 27 (2 — )
:¢>(t+h,x)+h<V¢>(t+h,m),ut+S TS (@ — ) +o(h).
Therefore, we have
E[p(t+h, Xy yn)| Xe = 2] =

G(t+h,x) +h(Vo(t+h,x), i+ ST (@ —pue)) + 5 hgt A(t+h,x)+o(h).

(5.81)

(5.82)

Now we can express the infinitesimal generator of X; as

Elp(t+h, X )| Xe = 7] — 9(t,7)

I
B0 h
— 1
Zgli% u(t-f—h,.%‘iz u(t, ) +(V(t,2), i +STE;1(!E — )+ 59,52A¢(t,.’)3‘) (5.83)

=0pu(t,2) + (V6 (t,), i+ TS (2 — o)) + 57 A(1, ).
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STEP 2: MATCH THE SOLUTION OF GENERATOR FOR AN IT6 SDE

From Caluya & Halder [2021]; Léonard [2014], we search for the optimal solution to 7 SBP
within the class of stochastic processes following an SDE:

dX; = fT(t,Xt)dt+gt dW;. (5.84)

Recalling the solution of an infinitesimal generator in (5.48) for this SDE

Ad(1,2) = Du6(t,2) + (1) Vel 0) + @A), (589

we then match it with the generator obtained by definition in (5.83). We observe that the
two are equivalent if we set

frita) =in+STS @ — ). (5.86)

This concludes the proof of Theorem 5.7.

5.D.5 CONDITIONAL DISTRIBUTION OF X;|X)

Corollary 5.30 (Conditional distribution of X|X¢). Let X; be the stochastic process associ-
ated to the solution P to GT SBP. Given an initial sample xq ~ vy, the conditional distribution
v(X¢|Xo = z0) ~ N (g0, X¢j0) is Gaussian with

pejo = Rywo + Repy + ReC TS5 (w0 — o) + & — Reba

_ B (5.87)
Zt|0 = thlR;,r - RtCTZO 1()R;r + Kyt _Kt1K111K1t~

Similarly, given a final sample 1, the conditional distribution v(X¢| X1 = x1) ~ N (141, X1
is Gaussian with
g1 = Rewt + Repio + Ry CST (w1 — pa) + & — R,

o _ - (5.88)
Sin = ReSoR[ —RCET'CTR] + Ky — K Ky K.

Proof. First, recall the stochastic interpolant expression in (5.5) of the solution to G7 SBP
and its mean y; and covariance Y in (5.42). Due to the Gaussian nature of the process, we
can write the joint distribution of X; and X as

Xt ~ Mt Zt Zt’o
{XO} N(|:MO:|7|:ZO¢ ZOD (5.89)

where we work out the covariance between X; and X below

S0 =B[(X¢ — pe)(Xo— po) ']
= Ry¥o + R;Cov(X1,Xo) +Cov(&, Xo) — RyCov(&1, Xo) + Cov((t, Xo)
= RyXo + R;Cov(X1,X0) (since & is deterministic, (¢ 1 Xg)
=R;Y0+ R:CT. (by P, in GT SBstatic)




164 5 TOPOLOGICAL SCHRODINGER BRIDGE MATCHING

Based on Lemma 5.28, we know that X;| Xy = ¢ is Gaussian with mean #t|o and covariance
Y4|0 given by
—1
fejo =t + 2,050 " (To — Ho)

" (5.90)
Sijo = i — t,055 ' So.z.

By substituting the expressions of p; and 3¢ from (5.42) and canceling out terms, we
complete the proof for X| Xy = x¢. The proof for X;|X; = x; follows similarly. O

5.E ToroLOGICAL SB GENERATIVE MODELS

Here, we provide more details on the 7 SB-based models. First, we give the likelihood of
the model which allows for the training objective in (5.9), and the probability flow ODEs
corresponding to the FB-7 SDEs in (5.3). Then, we discuss the variants of score-based and
diffusion bridges models for topological signals, as well as their training objectives, with
the goal of illustrating how 7 SB-based models connect to these models.

5.E.1 LIKELIHOOD TRAINING FOR ToPoLoGICAL SBP

The likelihood for the Euclidean SBP by Chen et al. [2022b] extends to the topological case.

Corollary 5.31 (Likelihood for 7 SB models; Chen et al. [2022b]). Given the optimal solution
of T SBP satisfying the FB-T SDE system in (5.3), the log-likelihood of the T SB model at an
initial signal sample xy can be expressed as

1
1 1,4 . N
Crsn(ao) = Ellogn(¥0)] - [ B|Z1Z07+ 51207+ - (02i £+ 2] 2] at
0
(5.91)
where the expectation is taken over the forward SDE in (5.3) with the initial condition Xo = xg.

Corollary 5.32 (Probability flow ODE for 7SB). The following ODE characterizes the
probability flow of the optimal processes of T SB in (5.3)

1 N
dX; = [fi+ 9121 — igt(Zt + Zy)] dt (5.92)

and we have that for allt, Py = pg‘r)‘gz), i.e, the time marginal of the path measure P is equal

to the probability flow p; of this ODE.

This is a direct result from the probability flow for general SB [Chen et al., 2022b], which
extends the probability flow for score-based models [Song et al., 2020b], and relates to the
flow-based training.

5.E.2 SCORE MATCHING FOR TOPOLOGICAL SIGNALS

As discussed in Section 5.5 and by Chen et al. [2022b], SB-based models generalize the
score-based models [Song et al., 2020b]. Here, we provide a detailed derivation on how a
score-based model can be built for topological signals, specifically, on the score matching
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objective, since there is no direct literature on this. First, we show in detail that the
likelihood training based on (5.9b) returns a score matching objective for topological
signals when Z; = 0 and the final v; is a simple Gaussian. The backward training objective
in this case becomes

1
. 1 s
I(x0;0) :/o Ex,~(5.30) [2|Zf|2 +gtV'Z1:0‘XO = xo} dt

1
1 ) )
=/0 ExX,~(5.30) {2938t(9)ll2+gfv-3t(9)

Xo= Ioil dt
where we introduce a score function s;(f) to approximate V log o (Xt| Xo = o), follow-

ing Zté = gtst(é). Here, pyq is the transition kernel of the 7SDE [cf. Lemma 5.4]. By using
the trace estimator [Hutchinson, 1989] to compute the divergence, i.e.,

V~st(é) =Eu~N(0,1) [uTst(é)u], (5.93)

and setting the weighting function A(t) := g7, we then obtain the sliced score matching
objective [Song et al., 2020a;b, Eq. 19] for topological signals based on 7 SDE, which has
the form

~

. 1 A A
0= angninBy-(0. { NV BB a1 O O | (599

N

and is equivalent to [(x;6). This does not require a closed-form solution for the true
score function Vlogpy|o. The associated FB-7 SDEs now become the forward-backward
processes for the score-based models

dXy = fedt+ g dWr, (5.95)
dXy = (fi — g7s¢(0)) dt + g AW, (5.96)

Closed-form score matching For 7 SHeatpy and 7 SHeatyg, since we have their closed-
form transition kernels in (5.2), we can use the direct score matching objective [Song et al.,
2020b, Eq. 7] to train a score-based model for topological signals

0= anganin B0, { NOVB B I510) - Vo el P b (57

where Vlogpy|o can be readily obtained based on (5.2).

5.E.3 DIFFUSION BRIDGES FOR TOPOLOGICAL SIGNALS

As discussed earlier, SB models are closely related to stochastic interpolants, flow- and score-
based models. We further remark that from the 7 SDE, we can build the topological diffusion
bridge to directly construct transport models between any topological distributions via
Doob’s h-transform [Sarkka & Solin, 2019]. This has been evidenced in Euclidean domains
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by converting existing diffusion processes (BM, VE, VP) to diffusion bridges so to arrive
at arbitrary distributions, and training upon score matching [Delbracio & Milanfar, 2023;
Heng et al., 2021; Li et al., 2023; Liu et al., 2022; Zhou et al., 2024].

Specifically, consider the 7 SDE. To let it arrive at a final sample x1, the Doob’s h-transform
gives
dXy = [fe+ g7 Viogpi (1| Xe)| dt + ge AWy, X1 =1, 20 ~ 1 (5.98)

where py|;(z1|zt) is the transition kernel of the 7SDE satisfying the associated backward
FPK, given by Lemma 5.19 (cf. Lemma 5.4). We can further find the time-reversal process
for (5.98) [Zhou et al., 2024, Theorem 1]

dX; = [f —g?(Vlogqt|1(xt|x1) — Vlogp1|t(x1|wt))] dt+g:dWy, X1=z1 (5.99)

where g1 (7¢|z1) is the transition kernel of the new SDE in (5.98) (instead of 7SDE)
conditioned on Y7 = z1. The goal is to learn this new score function Vloggy; (t|71),
which can be achieved by applying the score matching [Song et al., 2020b].

Given paired training samples (o, x1) ~ qo1, Zhou et al. [2024, Theorem 2] considered a
score matching objective to learn the new score function

ézargminEwt,xo,ml,t )\(t)||§t(é)—Vlogqt|1(xt|:vl)|\2 ) (5.100)

However, we cannot directly find closed-form ¢;; in the topological case, we need to use
sliced score matching for this case.

Note that we can view that the underlying topological process X now follows the new SDE
pair (5.98) and (5.99) as the forward and backward processes, respectively. In this sense, the
topological diffusion bridge is a special case of the 7SB when setting the policies as Z; =
9tVlogpy¢(z1]|7e) and Zy = g4 V[log gy1 (w¢]w1) — Viogpy ¢ (1]7¢)]. When performing
learning on these policies, since Z; is fixed once 7 SDE is given, the learning boils down to
training the parameterized Zf .

5.F ADDITIONAL EXPERIMENTS AND DETAILS

We first describe the synthetic experiment on matching Gaussian topological signal distribu-
tions based on the closed-form G7 SB. Then, we detail the generative modeling experiments
conducted on real-world datasets based on 7 SB-models.

5.F.1 CLOSED-FORM G7 SB CORROBORATION

Graph GP matching: We build a synthetic graph with 30 nodes and 67 edges, as shown in
Fig. 4.3 (Left). From its graph Laplacian L, we construct the initial distribution of node
signals as a Matérn GP with zero mean and the kernel o = (I 4+ L)™', and the final
distribution as a diffusion GP with zero mean and the kernel ¥; = exp(—20L). We consider
G7T SB closed forms X in (5.5) driven by both 7 SHeatgy; and 7 SHeatyg. For the former, we
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set c=0.5and g = 0.01, labeled as GTSB - BM. For the latter, we consider oy,;;, = 0.01 and
Omax = 1 with ¢ =0.01 and ¢ = 10, labeled as GTSB-VE1 and GTSB-VEZ2, respectively.

We then compute the covariances > of the time marginals, which has a closed-form given
by Corollary 5.26, and obtain the samples based on the closed-form conditional distribution
[cf. Corollary 5.30] given an initial sample, illustrated in Fig. 5.4. We also measure the
Bures-Wasserstein (BW) distance [Bures, 1969] of ¥; and ¥J; to evaluate the bridge quality,
shown in Section 5.6.

Edge GP matching: We also consider matching two edge GPs which are able to model the
discretized edge flows in a SCy of the vector fields defined on a 2D plane [Chen et al., 2021c].
The initial edge GP has a zero mean and a divergence-free diffusion kernel with k¢ = 10,
while the final edge GP has a zero mean and a curl-free diffusion kernel with kg = 10 [cf.
Chapter 4]. We construct the closed-form G7SB X; with the 7 SHeatpy as the reference
dynamics, where ¢ = 1 and g = 0.01. We obtain the samples from the closed-form SDE
representation (5.7), shown in Fig. 5.5. We can see that the forward samples are able to
reach the final state, and the backward samples are able to reach the initial state, despite
some noise due to numerical simulation.

Figure 5.4: Covariances of the time marginals of the G7 SB driven by 7 SHeatgy; (Top) and 7 SHeatyg, (Center),
as well as the samples conditioned on the inisital signal (Bottom).

5.F.2 7TSB-BASED GENERATIVE MODELING AND MATCHING
DAata

Heat flows: We use the heatflow dataset from Southeastern Australia from Mather et al.
[2018], which collects the heatflow measurements with coordinates in total 294 from 1982
to 2016. Here we split the data into two parts, before and after 2010 (there is a significant
change in the heat flow pattern), to understand the evolution of the heat flow by modeling
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t=0.00 t=0.20 t=0.40 t=0.60 t=0.80 t=1.00

Figure 5.5: Forward and backward samples based on the closed-form SDE in (5.7) with respect to 7 SHeatg.

them as initial and terminal data. That is, for this dataset, we consider the signal matching
task.

Seismic magnitudes: We use the seismic event catalogue for M5.5+ (from 1990 to 2018)
from IRIS which consists of 12,940 recorded earthquake events with magnitudes greater
than 5.5. To process these events, we use the st ripy toolbox to obtain the icosahedral
triangulated mesh of the Earth surface [Moresi & Mather, 2019]. Using the refinement of
level three, this spherical mesh has 1,922 vertices. We refer to Fig. 5.6 for a visualization of
such a mesh of level one for better clarity.

Figure 5.6: Earth mesh (Left) and a node signal sample of the earthquake magnitudes (Right).

Upon this mesh, we first associate each earthquake event to the nearest mesh vertex based
on its longitude and latitude. All events are located on 576 unique vertices of the mesh.
Using these unique vertices, we then construct a 10-nearest neighbour graph based on
the geodesic distance between the vertices, and we use the symmetric normalized graph
Laplacian. Lastly, on top of this graph, we associate the yearly earthquake events to its
vertices and take the magnitudes as node signals, resulting in 29 such signals. Followed by
this, we preprocess the magnitudes by removing the mean over the years. For this dataset,
we consider the signal generation task.

Traffic flows: We consider the PeMSD4 dataset which contains traffic flow in California
from 01-01-2018 to 28-02-2018 over 307 sensors. We convert the node data into edge flows
over a SCy with 307 nodes, 340 edges and 29 triangles, following Chen et al. [2022c], and
use the normalized Hodge Laplacian. For this dataset, we consider the signal generation
task.

Ocean currents: We consider the Global Lagrangian Drifter Data, which was collected by
NOAA Atlantic Oceanographic and Meteorological Laboratory. The dataset itself is a 3D
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point cloud after converting the locations of buoys to the earth-centered, earth-fixed (ECEF)
coordinate system. We follow the procedure in Chen & Meila [2021]; Chen et al. [2021c]
to first sample 1,500 buoys furthest from each other, then construct a weighted SCy as
a Vietoris-Rips (VR) complex with around 20k edges and around 90k triangles. For this
dataset, we consider the signal matching task Upon the weighted Hodge Laplacian, we
use edge GP learned by Yang et al. [2024] from the drifter collected data as the initial
distribution and synthetize a curl-free edge GP as the final distribution. These two GPs
have rather different behaviors, able to model ocean currents with different behaviors and
make the matching task challenging. From these GPs, we can generate the samples for
training and testing in an efficient way based on eigenpairs associated to the 500 largest
eigenvalues, analogous to using Karhunen-Loéve type-decomposition for continuous GPs.

Brain fMRI signals: We consider the Human Connectome Project (HCP) [Van Essen et al.,
2013] Young Adult dataset where we model the human brain network as a graph and
perform the matching task on the measured fMRI signals recorded when the subject
performed different tasks. We use the HCP recommended brain atlas [Glasser et al., 2016]
where each hemisphere is divided into 180 cortical parcels. This results in a total of 360
brain regions. We then build a graph based on the physical conenction patterns between
these regions where the edge weights measure the strength of the axonal connections
between two regions, i.e., proportional to the inverse of the square distance [Perinelli et al.,
2019]. We use the symmetric normalized graph Laplacian. In our experiments, the two
sets of the fMRI signals, respectively, correspond to the liberal and aligned brain activities.
The former is associated with brain regions involved in high-level cognition, like decision
making and memory, whereas the latter is associated with the sensory regions, like visual
and auditory, meaning that functional signals are aligned with anatomical brain structure,
as shown in Fig. 5.7.
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Figure 5.7: The energies of the initial (liberal) (Left) and Figure 5.8: Two-dim phate embedding of the
final (aligned) brain signals (Right). single-cell data [Moon et al., 2019].

Single-cell data: We consider the single-cell embryoid body data from [Moon et al., 2019],
which describes the differentiation of human embryonic stem cells grown as embryoid
bodies into diverse cell lineages over a period of 27 days. These cell data, X1, X»,..., X5,
are collected at 5 timepoints (day 0-3, day 6-9, day 12-15, day 18-21, day 24-27, indexed
by t € {1,2,3,4,5}), resulting in total 18,203 observations. We followed the preprocessing
steps provided by TorchCFM [Tong et al., 2024a;b]. Please refer to this link for the direct
use of preprocessed data [Tong, 2023]. Followed by this, we consider the two-dimensional
phate embedding for the data [Moon et al., 2019], resulting in the data coordinates of
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dimension 18,203 x 2, as illustrated in Fig. 5.8. From the preprocessing, we can build a
sparse k-nearest neighbouring graph over the entire set of data observations. That is, we
have an adjacency matrix of dimension 18,203 x 18,203.

In our experiment, we aim to transport the observed data from day 0-3 to day 24-27, i.e.,
from ¢t =1 to t = 5. Thus, we build the two boundary distributions based on the normalized
indicator functions, which indicate the associated nodes of the data points observed at
these two timepoints. That is,

v i=1x,/25ex, 1x,(7) (5.101)

where the sum is over the nodes associated to the first-timepoint observations in X1, as the
initial distribution, and similarly, 11 :=1x;/ ;¢ x, 1 x;(J) as the final one. After training

the models, using the final sample X,—5 obtained from the learned 7SB given the initial
observations, we can obtain the predictions at the five timepoints based on the sorting (from
large to small) of X—s. Specifically, given the indices after sorting, idx = arg Sort(Xt:g)),
we partition them into the disjoint sets, idx = S1 US2 U+ - - U S5 with | S| = n; the number
of observations at timepoint ¢ for ¢t = 1,...,5. We then have the prediction labels given
by S; that indicate the nodes supporting the data points predicted at timepoint ¢. The
disjointed indices in S; essentially provide a labeling of the whole predictions for the
five timepoints. We found that using adjacency matrix as the convolution operator in the
reference dynamics performs better in practice.

MobDEL
Models. We consider the following two sets of methods:

« Euclidean SB-based models with BM, VE and VP reference processes [Chen et al., 2022b],
which we refer to as SB-BM, SB-VE and SB-VP, respectively.

« Topological SB-based model with 7 SHeatgy, 7 SHeatyg, and 7 SHeatyp as the reference
processes, which we refer to as TSB-BM, TSB-VE and TSB-VP, respectively.

For some datasets, we also apply the Gaussian SB SDE solution as the reference dynamics:
Euclidean SB-based models with the closed-form GSB SDEs (under BM and VE reference
processes) as the reference [Bunne et al., 2023], which we refer to as GSB-BM and GSB-VE,
respectively; and, topological SB-based model with the closed-form G7 SB SDEs (5.7) (under
T SHeatgy; and 7 SHeatyg) as the reference, which we refer to as GTSB-BM and GTSB-VE,
respectively.

Improving reference dynamics. Our proposed three types of reference dynamics have
fixed diffusion rates c. This may limit the model flexibility in capturing the dynamics of
the data, which we found especially in matching ocean current data. Thus, for this task,
we allow the time-varying diffusion rate c;. Specifically, we set it to be linearly increasing
as ¢t = Cmin + t(Cmax — Cmin ) for some ¢pyin, Cmax. Moreover, due to the nonlinearity of
the underlying process (from a non-curl-free GP to a curl-free GP), we also consider the
heterogeneous heat diffusion, as dicussed in (5.31) where the down and up diffusion rates
are different.
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Policy models. For the parameterization of the optimal policies (Z¢, Zf ), we first obtain
the time and signal embeddings individually. To obtain the signal embedding from the
input, we consider the following two sets of models as the signal module:

« ResBlock model: one multi-layer perceptron (MLP) followed by a number of residual

block modules where each block has three MLPs with sigmoid linear unit (SiLU) activations.

+ Topological neural network (TNN) model: For node signals, we consider two-layer
GCNs [Kipf & Welling, 2017] followed by one MLP; For edge flows in a SCa, we consider
two-layer SNNs [Roddenberry et al., 2021] followed by one MLP, where each SNN layer has
the linear convolution X <— L, X Wy + XW; + Ly X Wj with the down and up Laplacians
Lg, L,, and the learnable weights Wy, W1, Wa.

To obtain the time embedding, we pass the sinusoidal positional encoding of the discretized
timepoint through a two-layer MLP module with SiLU activations. We then sum the two
embeddings and pass it through a two-layer MLP output module with SiLU to obtain the
final parameterization.

IMPLEMENTATION DETAILS

Our implementation is built upon the SB-framework by Chen et al. [2022b]. We use AdamwW
optimizer with a learning rate of 10~# and Exponential Moving Average (EMA) with the
decay rate of 0.99. For the reference processes with BM involved, we treat the noise scale g
as a hyperparameter and optimize it by grid search. For the reference processes with VE and
VP involved, we grid search the noise scales 0min; 0max and Bmin, Bmax. For 7 SB-based
models, we grid search the optimal diffusion rate ¢ and the noise scales involved in the
T SHeat.

In computing the likelihood in (5.9) during training, we use the trace estimator following
[Hutchinson, 1989] to compute the divergence. In generative procedures, we apply the
predictor-corrector sampling [Song et al., 2020b] to improve performance. To evaluate the
models, we compute the negative log-likelihoods (NLLs) in (5.91) for generation tasks. For
both generation and matching tasks, we assess the 1- and (square rooted) 2- Wasserstein
distances between the predicted and true signals.

RESULTS

Heat flows: For matching the two types of heat flows, we observe from Table 5.2 that: (i)
T SB-based models are consistently better than SB-based models; and (ii) using GCNs for
policy models increases the performance by a large margin for both sets of models.

Seismic magnitudes: In generative modeling for seismic magnitudes, while we have the
similar observations as for the previous datasets, from Table 5.4, we also observe that the
GT SB-based models are able to achieve the best performance, and likewise GSB-based
models also increase the performance of SB-models. In Table 5.6, we report the 1- and
2-Wasserstein distances between the generated samples and the true ones.

Traffic flows: In geneartive modeling of traffic flows, we observe from Table 5.3 that:
T SB-based models achieve smaller NLLs and using SNNs for both models improves the
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Figure 5.9: Backward sampled ocean currents using TSB-BM (Top), SB-BM (Center) and GTSB-BM (Bottom).

Table 5.2: Heat flow matching results.
Table 5.3: Traffic flow results.

ResBlock GCN
Method Method ResBlock SNN
Forward Backward Forward Backward
SB-BM  0.82+0.00 0.18 = 0.02
SB-BM  -0.10£0.02 -0.08+0.03 -074£005 -072£005  SR_VE 077000 -042 % 001
SB-VE  -0.12+002 -0.10+£0.01 -120£007 -095+007  SE_VP 079 %000 -0.09 % 001
SB-VP  -0.09 £0.02 -0.08 £0.02 -0.83 £0.04 -0.66 £ 0.11

TSB-BM 0.40 £0.00 0.02 £ 0.03
TSB-BM -0.29 +£0.02 -0.27 £0.02 -0.83 £0.05 -0.81 £ 0.05 TSB-VE 0014 0.00 -0.89 =+ 0.02

TSB-VE -0.3140.02 -0.29+0.01 -1.26 £0.05 -0.97 £ 0.08 TSB-VP 0024 0.00 -032 =+ 0.01
TSB-VP -0.57 £0.02 -0.55=+0.02 -1.01£0.03 -0.92 =+ 0.03

Table 5.4: Seismic magnitudes results.

Table 5.5: Ocean current matching results.

Method ResBlock GCN

SB-BM 278 + 001 271+ 0.03 Method Foward Backward

SB-VE 2.97 £0.03 2.73 +0.05 SB-BM 7.21 £0.00 7.21 %+ 0.00

SB-VP 228 +£0.02 2.01 +0.03 SB-VE 7.17 £0.02 7.17 +0.02
GSB-BM 1.86 +0.02 1.83 4 0.05 GSB-BM 1.09 £ 0.01  0.97 4 0.00
GSB-VE 1.68 +0.03 1.46 + 0.07 GSB-VE 0.83 £0.01 0.49 £ 0.00
TSB-BM 213 £0.01 1.8240.02 TSB-BM 6.94 +0.01 3.70 & 0.00
TSB-VE 2.22+0.02 1.53 +0.03 TSB-VE 6.89 £ 0.00 3.60 £ 0.00
TSB-VP 2.00 £0.02 1.51 4+ 0.02 GTSB-BM 1.09+ 001 0.97 4+ 0.00
GTSB-BM 1.58 +0.01 1.43 +0.04 GTSB-VE 0.53 £0.00 0.47 = 0.00

GTSB-VE 149 £0.02 1.06 & 0.04

performance. This observation is consistent with the Wasserstein metrics reported in
Table 5.6.

Ocean currents: In matching ocean currents with two types of different-behaving edge
GPs, note that the initial sample in the forward process in Fig. 5.3 and the final sample in the
backward process in Fig. 5.9 are the true samples. From these two figures, we first observe
that SB-based models fail to learn the dynamics to reach the expected end states, as shown
in Figs. 5.3 and 5.9. On the other hand, 7 SB-based models are able to reach an end state with
small curl component in the forward process, yet with some discrepancy from the true one.



5.F ADDITIONAL EXPERIMENTS AND DETAILS 173

Table 5.6: Overall 1- and (square rooted) 2-Wasserstein distances for generating and matching.

Seismic magnitudes Traffic flows Brain signals Single-cell data
Wy Wa Wy Wa Wy Wa Wy Wa
SB-BM  11.734005 8.294004 18.694002 13361001 12.081400s 8.584005 0.331001 0.40to01

SB-VE 11494004 8131003 19.041002 13.611002 17461014 12424000 0331001  0.39+0.01
SB-VP  12.614006 8921004 18.221003 13.021002 13411005 9.54%004 0331001 0.40+0.00

TSB-BM  9.011003 6.374003 10.574002  7.624001 7514008 5514006  0.1414003 0.284005
TSB-VE = 7.69t004 5444003 10.514002  7.5810.01 7.59+0.05 5.554004  0.144002  0.2710.04
TSB-VP 8401004 5.95t003 9921002 7161001 7671011 5641009  0.141001  0.221003
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Figure 5.10: Intermediate samples of brain signals learned using SB-VE (Top) and TSB-VE (Bottom).

Moreover, the learned backward dynamics remains noisy and does not completely return
to the initial state. This implies that the underlying dynamics cannot be fully captured by
the 7 SHeat-type reference processes. This can be largely alleviated by using G7 SB-based
models, where both the forward and backward processes reach the expected states with
high fidelity. This is however because we have the initial and final distributions modeled
by GPs, allowing for G7 SB to capture the underlying dynamics better. These observations
are reflected in the square-rooted 2-Wasserstein distance results in Table 5.5 between the
samples given by the learned forward process and the true ones, as well as for the backward
ones.

Brain fMRI signals: In matching the two brain fMRI signals, we observe from Fig. 5.10 that
TSB-VE-based model reaches the final state where the signals have lower energy over
the brain, indicating aligned activities, whereas SB-VE fails to do so. This is quantatively
reflected in terms of the Wasserstein metrics between the generated final samples and the
groundtruth ones in Table 5.6.
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Table 5.8: Intermediate prediction performance on single-cell data using TSB-BM and SB-BM.

. . TSB-BM SB-BM
Timepoint
Wy Wo accuracy Wy Wo accuracy leave-one-out
2 0.034000 0.094000 0.80 0.524001  0.594001 0.28 0.24
3 0.094000 0.2240.01 0.42 0121000 0.214000 0.23 0.20
4 0.084000 0.1640.01 0.45 0191000 0.3440.00 0.26 0.26
5 0141003 0.2810.05 0.70 0334001 0.4010.01 0.24 1

Ablation study on graph normalizations. Table 5.7: Ablation study results on graph normaliza-
Here, we compare the performance of the tions for brain signal matching.

TSB-based models usigg dlifferent ways of hod  TSB-BM _ TSB-VE _ TSB_vD
graph Lgplaman normalizations. Specifically, Wy LE 7511008 759005 767 £ o1l
we consider the random walk Lgrw and the Wo LYM. 5514006 5554004 564+ 009
combinatorial Lcon,p graph Laplacians. For Wi Lmw 751008 7622009 765009
the latter, we normalize it by leldll’lg the Wa, Lrw 552 4+ 0.06 558+ 0.07 5.62+ 0.06
maximal eigenvalue of the Laplacian for sta- Wi Loomn 806+ 005 921+ 006 929+ 0.05
bility. From Table 5.7, we notice that us- Wy, Leom, 580 £0.04 662 +0.05 6.73 & 0.03
ing the random walk has comparable perfor-
mance with using the symmetric normalized
Laplacian Ly, and using the combinatorial one is worse than the other two. This is not
surprising since the combinatorial one does not encode the connection strength between
brain regions.

Single-cell data: We first measure the Wasserstein distances between the predicted single-
cells and the groundtruth ones at the final timepoint, as reported in Table 5.6. We here
provide the predictions in the two-dim phate embedding space for the SB-BM and
TSB-BM models in Fig. 5.2 and the latter has a much better prediction. Moreover, from the
final sample, we evaluate the predictions at the intermediate timepoints (see Appendix 5.F.2)
in Table 5.8 where the performance of TSB-BM is consistently better than SB-BM. Since
our method relies on a graph constructed from the entire data points, we also provide the
leave-one-out accuracy for SB-BM by training on the entire data points leaving out the
to-be-predicted timepoint. We see that while the accuracy for the final timepoint is perfect,
the intermediate predictions remain poor. In contrast, TSB-BM, by making use of the
topology, captures the underlying dynamics and predicts the intermediate states better.

CoMPUTATIONAL COMPLEXITY

Compared to SB-based models, the 7 SB-based models introduce an additional topologi-
cal convolution [cf. (5.1)] overhead, which however admits an efficient computation, as
discussed in Section 5.5. We here provide a quantative comparison of the compelxity in
terms of the training time and memory consumption. We measure them using SB-VE
and TSB-VE models on different-sized 10-nearest neighbour graphs built from Swiss roll
point clouds. This comparison is done in a single training stage with 2,000 iterations,
running on a single NVIDIA RTX 3080 GPU. As shown in Fig. 5.11, we observe that in
the moderate scale (< 10,000) region, the training time and memory consumption of
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TSB-VE are only slightly higher than SB-VE, with negligible difference. While this
overhead becomes more significant as the scale further increases, both training time
and memory can be reduced by exploiting the sparse structure (here implemented using
torch. tensor. to_sparse) in the graph topology such that the computational
overheads for for SB and TSB models remain comparable. Under the same settings, Ta-
ble 5.9 compares SB-BM and TSB-BM models across all datasets. The additional memory
and training time introduced by TSB-BM remain below 4%.

Dataset TSB-BM SB-BM

: - 10000
—— Time SB-VE Seismi 516 512
5 359 —— Time TSB-VE _ esmic 50.17 51.48
g Time TSB-VE, Spar: [ 8000 o
2 3.07 ime » oparse = Traffic 510 504
] L6000 $ 52.25 50.62
£ g Ocean 5976 5892
5207 / F4000 2 106.68 102.67
C .
g 15 —=- Memory SB-VE g Brai 486 468
S Memory TSB-VE 2000 = ram 49.62 48.97
1.01 Memory TSB-VE, Sparse 4425 4294
T T T T T Single-cell
0 10000 20000 30000 40000 94.30 92.54

Graph si d
raph size (nodes) Table 5.9: Complexity (first row:

memory (in MiB), and second
row: training time (in seconds)).

Figure 5.11: Training time and memory comparison when training
SB-VE and TSB-VE w.r.t. different-sized graphs.
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CONCLUSION

Depending on the data type and the involved domain, machine learning is often divided
into sub-fields or sub-topics. For instance, computer vision focuses on images and videos;
natural language processing focuses on texts; and graph machine learning puts its focus on
data involved with graphs. The different nature of the data and the domains results in that
the specific techniques for processing and learning in these sub-fields differ to some extent.
For example, convolutions in image processing are operated within a regular grid of pixels,
different from graph convolutions which operate within local neighborhoods in a graph.
Also, the construction and use of kernels for images are different from graph kernels. While
the definition of distances is rather straightforward in a grid, it remains unclear in a graph.
However, in some way, the underlying principles to develop these techniques often share
the same core. That is, in each sub-field, most of the techniques attempt to leverage the
local relationships between data points to aid learning. This is often done by defining a
shift operation, which shifts the data points in the domain to their local neighborhoods,
and a sum operation, which aggregates the shifted data points. This offers interpretability
to some extent and reduced complexity, and explores the invariants of the domain. For
instance, convolution in image processing can be unified as a special graph convolution
on grid graphs, because they are fundamentally a shift-and-sum operation, despite that
the shift and sum operations might differ per domain. Also, kernel is a similarity measure
between two points in the domain, though the definition of similarity varies per domain.

In this thesis, we have presented our attempt towards a systematic study of machine learning
on simplicial complexes with signal processing principles such as convolutions and spectral
analysis. Although this establishes a new sub-field, our methodologies are developed
using the same train of thought nonetheless — respecting the underlying principles while
taking into account the specific characteristics of the signals and the nature of the domain.
Specifically, we bear in mind the Hodge decomposition of simplicial signals and the discrete
nature of simplicial complexes. In other words, exploiting these intrinsic properties of
signals and the domain allows us to incorporate priors or inductive biases to the processing
and learning, which in turn leads to better efficiency, interpretability and flexibility. The
tools we have developed make up a principled learning framework on simplicial complexes.
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The simplicial convolutional filters in Chapter 2 perform efficient processing of simplicial
signals within local simplicial neighborhoods, respect the convolution theorem, and allow
for individual filtering of the signals in the different Hodge subspaces. The simplicial
complex CNNs in Chapter 3 allow for efficient learning on simplicial complexes, and carry
with interpretability and flexibility, as well as being stable to domain perturbations. Beyond
the deterministic approaches, the Hodge-compositional simplicial Gaussian processes in
Chapter 4 offer Gaussian modeling of simplicial signals, which is simple, principled, and in-
terpretable, allowing for individual modeling in the different Hodge subspaces. These tools
are well-suited for modeling, processing and learning of simplicial signals, and enjoy inter-
pretability owing to their ability to account for the Hodge decomposition and the practical
properties of the signals, e.g., beging divergence-free or curl-free. Finally, the topological
Schrodinger bridge matching in Chapter 5 provides a framework for transporting one
simplicial signal distribution to another and offers a principled way to generative modeling
of simplicial signals. This work makes use of the three tools we have developed in the
previous chapters, reflecting their fundamental roles in learning on simplicial complexes.

FuTurRE WORK

While our work has presented a few fundamental tools for simplicial signals, much work
remains unexplored in addition to the future work we have presented after each chapter.
First, these tools can be, respectively, improved and extended, in analogy to how graph
signal processing and machine learning tools advance over the years. In fact, some of the
recent works have made efforts in this direction. For instance, simplicial filters have been
accompanied with autoregressive time series filters for processing simplicial-time signals
[Krishnan et al., 2024]. A number of more powerful simplicial neural network architectures
have been developed, analogous to the advance of graph neural networks, as summarized
in Besta et al. [2024]. While this is a promising general direction, we highlighted the
importance of exploiting the Hodge decomposition of simplicial signals.

Second, as we have discussed in Chapter 4, simplicial signals (cochains) can be viewed
as discrete analogues of differential forms on manifolds — informally, graph signals are
analogous to scalar fields and edge flows to vector fields; and both graph Laplacians and
Hodge Laplacians have their continuous counterparts. This discrete-continuous analogy
has inspired us in developing some of the tools in this thesis. For example, when modeling
the Hodge-compositional edge Gaussian processes, we build the kernels based on several
differential equations which have their analogy in continuous domain. This train of thought
can be futher exploited — by taking inspiration from time domain processing, different
dynamics can be constructed on simplicial complexes. We have made attempts on this in
Chapter 5 where we studied stochastic heat diffusions on simplicial complexes. In analogy
to Nikitin et al. [2022] for the graph case, this allows for nonseparable temporal-simplicial
kernels to model temporal-simplicial Gaussian processes.

Third, our current research on dealing with simplicial signals of different orders remains
limited. In a 2-simplicial complex, when we have a system of node signals, edge flows, and
triangle flows, our filtering and learning tools are limited to the basic linear interactions
between them via the incidence matrices (first-order derivatives). Having the continuous
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analogy in mind, we expect more complex interactions between these signals especially
when there is a time factor involved. For example, Giambagli et al. [2022]; Nijholt & DeVille
[2022]; Nurisso et al. [2024]; Ziegler et al. [2022], among others, constructed a system of
differential equations on simplicial complexes to model the interactions between node
signals, edge flows, and triangle flows, resembling the continuous diffusion, convection
dynamics and their nonlinear variants, like Kuramoto dynamics. Machine learning models
based on these dynamics have not been well studied yet, though a number of works have
constructed GNNs inspired by complex dynamics on networks such as Chamberlain et al.
[2021a;b]; Chen et al. [2022a]; Eliasof et al. [2021]; Rusch et al. [2022]. They may be helpful
to model more complex interactions between simplicial signals across different orders
in many real-worl physical systems involved with scalar fields, vector fields and other
quantities, such as electromagnetic waves [Tarhasaari et al., 1999; Teixeira, 2001] and
shallow water flow [Lee et al., 2018]. This in turn raises the question of modeling more
real-world systems in simplicial complexes, and brings us to the next point.

Finally, future work can be explored application-wise. Notably, one can model electric
power systems and circuits as graphs or simplicial 2-complexes where voltages and currents
are edge flows. In these systems, the edge flows can be complex-valued due to the presence
of reactive power, which poses the imporance of performing complex-valued simplicial
signal learning. Also, most of the real-world physical applications in our work involve edge
flows, which are limited to 1-simplicial signals. Potential applications involving simplicial
signals of different orders and of higher-orders can be explored, which we foresee in the
context of electric networks, biological (e.g., brain, population) networks, social networks.
As a limitation, the experimental implementations in this work are more in the exploratory
phase, as a proof of concept of our tools, which however allows domain expertise to bring
them closer to practice. We also look forward to exploring the potential of our work in
more forward physics and engineering problems that remain to be addressed. We note that
Kerimov et al. [2024; 2025] have made progress in applying some of the tools developed in
this work to water supply networks.

Overall, this thesis provides foundational advances in the intersection of topology, signal
processing, statistics and dynamics, with the goal of contributing to the field of topological
machine learning (including neural networks, statistical learning and generative modeling).
Due to this interdisciplinary nature, we believe that our work can be further developed in
both the signal processing and machine learning communities, as well as in the network
science, physics and engineering communities. We hope that our work can inspire more
researchers to explore the potential of simplicial machine learning in various applications,
and to further the tools presented in this thesis.
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